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Three Types of the Thin Structures

Having assumed that the parameters h and ¢ are related
by h = h(e) — 0 as € — 0 we shall divide all thin
structures 1nto three classes, namely:

(Ay) sufficiently thick, when lim % = 0;

e—0

(Ay) sufficiently thin, when lim % — +00;

e—0

(A3) structures of critical thickness, when

li_r)r(l)%zﬁé (0, 00).

It 1s the principal difference between this type of domains and the

periodically perforated ones for which the another rule takes a place,
namely, h = h(e) — const € (0,1] ase — 0.
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The statement of BVP

We consider the following initial-boundary value

problem in 2. x (0,7

Oye — div (A(z/e)Vy:) = [,
Oy Y= = 0,

Oy,sYe = €°(=d ye + ge),

Yo = Us,

Op,Ye = EDe,

y5(07 QZ’) — Ye 0 5

in (0,7) x €2,

on (0,7) x 5¢,,
on (0,7) x S .,
on (0,7) x I'P,
on (0,7) x I'Y,

fora.a. x € (..
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Admissible controls

Neumann control: p. € L?(0,T; L*(T'Y));
Dirichlet control: u. € U., where

Ug:{u

o - UE L*(0,T; H'(To)), u|| 200,7; 5 (Tg)) < €

A —
Ug, Ug=P¢(Ug) /

e

I'g

I'o

P.: L2(0,T; H{T.)) — L2(0,T; H(T)).
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The Cost Functional

L(tep., y.) — % /Q (4.(T, ) — )2 da

T
/ / ) dxdt %(8)/ / u” dadt
o Jrp
//pgdet%mf
I‘N

where y* € L°((0,T) x Q.) and y! € L*(QQ) are given functions,
k() is a given value.
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The Optimal Control Problem (OCP)

Find a triplet (u2, p?, ¢?) such that

(P.): L(ul,plyl)= inf  I(uc,p:,y.),

(u€7p€ 7y€)€ E‘5
where
E. C L*(0,T; HY(TY)) x L*(0,T; L*(TY)) x L*(0, T; H' (€2.))

1s the set of admissible triplets.
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The distinctive features of the OCP

1.

2.

We have the optimal control problem for blowing up systems
with mixed boundary controls;

The control zones I'? and 'Y each of controls are imposed on
the different parts of the boundary (I'’” N 'Y = &), have an
highly oscillating geometrical form, are non-connected, and

they coincide in the limit, i.e. lim._,oT? = 'y = lim._o T'Y;

. The thin domain €, are such that its thickness h = h(e) is

related with the parameter of periodicity € by the supposition:
h(e) — 0ase — 0.
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1. Provide the asymptotic analysis of the P, ase — 0
and obtain the full identification of the structure of a
limit problem

(Br) o {(CF™™), (CC™™), (SEM™)}.

2. Study the dependence of the P on a "volume" of

the boundary I'? C 9. occupied by the Dirichlet
control zone, and how h tends to zero as ¢ — 0
(so-called "scaling effect").
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The main supposition

For given f € L*((0,7) x Q), g. € L*(0,T; L*(S% ,)),

we L*0,T; H (I'?)), and p. € L*(0,T; L*(TY))

the BVP, in general,

y. € L*(0,T; H'(€).)) in the time.

Nevertheless we shall always suppose that for every € > 0 there
exists a triplet

(ul,pl,y) € U. x L*(0,T; L*(TY))
x [L°(0,T; L°(Q.)) N L*(0, T; H'(9.))]

such that (u?, p¥, y¥) € =..
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EXistence of optimal solutions

Theorem 1. For every value € > 0 there exists a solution

(ul, pY, 1Y) € Z. for the optimal control problem P, if
and only if =. # O.
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The Diagram of Homogenization

(B.) = (P.) (Phom) = (Phom)
(CP,) (CPhom)

l T

< inf Jg(ag,vg,wg,zg)> 20, < inf Jo(a,v,w,z)>
(

(ae,Ve ,We,2¢ ) E X a,v,w,z)E X g

The main variational property:
If (u2, p?,vy?) € =. is an optimal triplet of P.-problem, and if
(u?, p?,4?) tends (in some sense) to (u", p", ") then (u", p°, ") is
an optimal solution for the limit problem.
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Virtual Extension ]/P\’6 of the P.-problem

Oy, — div (A(x/e)Vy.) —y° = g., in (0,T) x €.,

1
] (qeau&pe 7y€) — —)/ (yg(T, Qj) — yg)2 dx

T
—I——/ / )6 dadt + K )/ / w? dxydt
FD
/ / pgdHl—l—E/ / )* dwdt — inf,
I\ 5

where (=) > 0 is a penalizing coefficient, and
q. € L*(0, T L?(€).)) is a virtual control.
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Motivation to the problem @5

The main reasons to consider the I@g—problem instead of
the original one are

1. In contrast to the original problem P, the sets of admissible

S

solution =, for @5 are always non-empty for every € > 0;
2. The problem I/Esg 1s always solvable;

3. Due to the structure of the cost functional IA6 one can take the
penalizing coefficient 7(¢) > 0 such that any optimal solution
of IP.-problem will take the form (f., u?, p¥, v?), where

u?. p°, y°) be an optimal triplet for the original problem P..
€ g g p p g p
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Definition of (' -extended optimal control problems

Definition 1. We say that some optimal control problem

CP; is a ('-extension of I@e one 1if their sets of admissible
states coincide.

Remark. We accept the notion of "(C'-extension" or
"extension by control” since not every admissible control

for CIP.-problem is that for I/P\’g. It means that these
problems may have different sets of admissible solutions
in a general.
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The structure of the C'-extended problem CP.
Opze — div (A(z/e)Vz:) = a., in (0,T) x €1,

1
J-(ae, v, we, 22) = —)/ (2(T,z) — yl)? dx

T
+—/ / )6 dwdt + K )/ / v? dxy dt
o Jrp

+/ / w?dHler/ /(ae—zf—fe)dedtHinf,
0o Jry he) Jo Ja.

where a. € L*((0,T) x €.) is a distributed control.

Lemma 2. CP.-problem is a C'-extension of P.-one.
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Properties of CP.-problem

Theorem 2. Assume that the original problem IP. 1s uniformly
regular, that is:

(H1) =. # O forevery ¢ > 0;

(H2) there 1s a sequence of admissible solutions
(ul, pi,yz) € 2.}, such that

if
imsup | [z By + 192 ey, + 1921 g ] e < oo
£—

Then there 1s a constant v* > 0 such that having assumed v = "

one has for every ¢ > 0: "(u?, p?,y?) € =. is an optimal solution to
the original problem P, if and only if the quaternary

(fe + (y2)2,u2, pY, 4/0) is an optimal one to CP.-problem" .
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Jiagram of Homogenization

(B.) = (P.) (Phom) <= (Phom)

l T

(CP,) (CPphom)

l T

Js(ag,ve,ws,z€)> 20, < inf Jo(a,v,w,z)>

(a,v,w,2)E X0




The Periodicity Cells for ().

V2

o9)
@)

1 V5 A D
A D A B -y,

(a) The cell Y7 (b) The cell Y5 (c) The cell Y3

Each of these figures indicates zones Al A}f), and A%, where the
corresponding boundary conditions for CPP.-problem are located. Here the

index h indicates the dependence of these sets on the thickness of the thin
grid F".
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Singular Measures

Let v, 1", \* be the probability measures, concentrated and
uniformly distributed on the sets A%, A", and A%, respectively.

/duh:/ d/ﬁ:/ d\" = 1.
Yi Y5 Y3

Then for any smooth function ¢ € C*°(R*) we have

/A gde1:2(1—h)/Ylgpduh,/A
/

pdr) = h/ o dp”,
Yo

h
D

wdH' = 4(1 — h)/ 0 d\".

Y3

h
N

h
R
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Scaling Measures

Since the homothetic contraction of the plane at ! times takes the
grid F" to F" = eF", we introduce so-called "scaling" measures
v, p”, and \" by the following rules

[ ok “YBN0O.), itBNO. # o:
)\Z(B):€2)\h(€_lB>, Vh(B):< eV (8 ( )) 1 7é

0, otherwise;
\

e (e Y (BN O,)), itBNO, # o;

/

ul(B) = 4

\ 0, otherwise,

where B 1s any planar Borel set, and
O, = {(ZCl,SCQ) cR? : 0 < X9 < 5}.
A" is an e-periodic measure on R?, whereas v" and p” are e-periodic

measure along x-axis.
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Weak Convergence of the Singular Measures

We relate the parameters h and € assuming that ~ = h(e) — 0 as
e — 0.
Proposition 1.

1. The measure A" weakly converges to the planar Lebesgue

measure as € — 0 (in symbols d)\g ) dx), that 1s

i [ pax® = [ pdrvie Cr®)
dV?(E) 630 5{$2:0}d33, d,ug 2 €_>O 5{332 O}daz

where by 0¢,,—0ydx we denote the product of the linear
Lebesgue measure dx; and the Dirac measure 0,,—0ydxs.
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Reformulation of ('-extended optimal control problem CP,

Find a quaternary (a°,0°, @ ", Zz") such that

8757878

@0, 50, 0.0,20) € Z.

= L*(0,T; L*(Q,dn")) x L*(0,T; [Hl(ro) N L*(Q,dph)])
x L*(0,T; L*(Q,dvl)) x [ L*(0,T; H' (92, dnl)) N L*(0,T; L* (2, dA?

S

T/(50 ~0 ~0 20 : ~ o~ o~
J&(a’g 7U5 7w5 725 ) — lnf J&(a%‘:)vé?w&)Z&)) (1)

(aéi 765 7@8 7/2:\8 ) E i&:

where |h(£)(2 — h(e))|dn" = x" dz, and the cost functional J. and
the set of admissible solutions f]s have the following analytical

representation
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The Cost Functional fg

7@, ., @.,3) = (2 — h(e)) / (B(T, ) — y7)? dif?

/ / Z. — y) P dnldt + k( / / 2dul dt
—hg))/ /f@gdugdt
/ /ag—z — hdt
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The Set of Admissible Solutions f]e

_/\

AN

(asa 667 @87 Es) SIS

if

e = Vg

pt — ae.on (0,7T) x Q,

/Z\s(oa ) — Ye, 0

n? —ae.in

H@HB 0,7:H'(Tp))

fo fQ Zep )’ dn; dt+f0 fQ
+4d B(e) [ [iy et N2t =
+4 G(e fo Jo et d\dt+2 (e

V€ CP(R%TD), Vo € C5°(0,T).

|5

CO)
(x/e)Vze - Vi) dnhdt >
Jo Jodc e dnldt

fo Jo Wetp) dvldt,
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Convergence in the variable spaces

Let {2 € L?(0,T; L*(2, dA)) N L2(0,T; HY(Q,dn™)) } be a
bounded sequence, i.e. lim sup fo [, (z1)?2 dA2dE < 400

e—0

1. The weak convergence 2" — zin L?(0,7T; L*(Q, d\")) means that

z € L?((0,T)x) and hm/ /z o) ANVt = / /zgpwd:cdt

e—0

for any p € C§°(2) and ¢ € C§°(0,T);

2. The strong convergence 2" — zin L?(0,T; L?(£2, d\")) means that

z € L*((0,T) x Q) and hm/ /z yt d\Pdt = / /zyda:dt

e—0

if y» — yin L?(0,T; L?(Q, d\"))
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Convergence of the State Functions

Definition 2. Let {z?}€>0 be a bounded sequence in

M. = L*(0,T; H'(Q,dn2)) N L*(0,T; L*(Q, d\L)),

i.e. lim sup fOT 120 (€)]|? dt < +oo.

e—0

2t F LI, o swe,
We say that this sequence is Weakly convergent in the variable space M, if
there is a function z € L(0,T; H'(Q)) such that

. in L*(0,T; L*(Q, dnl));

N in L2(0,T; L?(Q, d\!));

fo [ |28 =22 dnldt — 0 as € — 0.
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Convergence Formalism of Dirichlet Boundary Controls. 1.

Dirichlet control

v) € L*(0,T; H'(T'y)) N L*(0, T; L*(Q,du)) Ve > 0.

A —
Ug, Ug=Pg(ug) /

b
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Convergence Formalism of Dirichlet Boundary Controls. 2.

Definition 3. We say that a function u™ is s,-limit for the sequence of
Dirichlet controls {0, € L*(0,T; H*(T))} _o \f some sequence of its
images { P (V.)}.., converges to u* weakly in L#(0,T; H(T)). And we
say that the sequence {0, € L?(0,T; L*(Q,dul))} -
an element u** € L?(0,T; L*(I'y)) if this sequence is uniformly bounded
and U, — u** in the variable space L?(0, T; L?(€), dul)).

1S Sp-convergent to

Theorem 4. Let {@5 C ﬁg} . be a sequence of admissible Dirichlet
g>

controls. Then one can extract an s,-convergent subsequence of {v: }_

for which its s,- and sp-limits coincide.
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w-Convergence of Admissible Solutions to the @I\Ps-problem

Definition 4. We say that a bounded sequence {(a., Ve, W, 2:) € Z:} <
is w-convergent to a quaternary (a, v, w, z) in the variable space Z . as €

tends to zero (in symbols, (a., v, we, 2:) — (a,v,w,2) ), if:
(a,v,w,2) € L*((0,T) x Q) x L*(0,T; H'(Ty)) x L*((0,T) x I'y) x L*(0,T; H'
a: — a in L*(0,T; L*(Q,dn"));
ve — v in L*(0,T;L*(Q,du")), wve L*(0,T;  H (Ty));
we —w in  L*(0,T; L3(Q, dv™));
2t — zin L2(0,T; L*(Q,dn")); 2l — zin L*(0,T; L*(Q, d\")):;

T
/ /|z?—z|2dnfdt—>0 as ¢ — 0.
0 JQ
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Compactness property

Theorem 3. Let {(a., v.,we, 2.) € Z.}_., be a bounded sequence

of admissible solutions to C'-extended problems CP.. Then this
sequence 1s relatively compact with respect to the w-convergence in

the variable space X . and moreover if

(G, Ve, w2, 2.) — (a,v,w, z) then

Z. — Z 1n LG(O,T; L6(Qad77?))a

(ze)° = 2° in L*(0,T; L*(Q, dnl)).
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Result of Recovery of the Limit Singular OCP P o™

The singular OCP P takes the following form

Ig(u,y):2/( (T, ) — daz—i—Z/ / y — y*)° dadt
—|—/<;/ /u dxidt — inf,
I'o

Oy — div (AhomVy) +2d¢*y —y3 = f+26%g, in (0,T) x €, ]
O i hom¥ =0, on (0,T) x 9\ I, |
y=uwu, on (0,7T)x I,

y(0,x) =yo fora.a. x €,

UELQ(O»TQHl(FO))a ||U||L2(0TH1(FO)) Co.

where £* = hm neye = lim k(e)h(e).
e—0
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Variational Properties of the Homogenized Problem P"°™

Theorem 5. Let (u?, p?, 1Y) € Z. be an optimal solution to the
original problem for every € > 0. Then there can be found a
sequence of indices {¢;} converging to 0 as k — oo, and functions

y? € L?(0,T; H(Q)), and u° € L*(0,T; H*(T'y)) such that
u) — u’ stronglyin L?(0,T; LZ(Q,d,ui”k));
pe — 0 weaklyin L*(0,7; L*(Q,dv] ));
Uor — y° strongly in L*(0,T; L*(Q,dn2,));
(72)" — (4°)° stronglyin L*(0,T; L (9, il ));
(V32 — Vi) 27 e L2(0,T; L2(, Viot));
lim I (ug, pe, y2) = To(u”,y"),

where the pair (u°, y°) is an optimal solution to P?°™,
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Example of the Fattened Graph which is not a Thin Grid.

aoo o oo o (v =] ;
LA A A A Aol gl i
2 DLﬁDL‘GD;—GLD;—[[D]—ELD]—ﬁDLﬁD]: =
dd d e dddd [
dd A4 Adddd T
%@—Eﬂ}—ﬁu;ﬁuj—éuj—éuj—ﬁ@—ﬁu; I
—ELD}[ED]—ﬁD}ED;—ELD;—ELD@D}ED%

dddddAddd L :y
T T T T 7T T T T

(d) The structure of the F". (e) The periodicity cell of F 2,
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Example of Optimal Control Problem (h(c) = 1/¢/(40 + 7))

Opye — div (A(z/e)Vy:) —y2 = [, in (0,77) X €,
Ovsye = 0, on (0,T) X Sy,
Ovae = (yetge)  on (0,T)x 85, |
ye = 0, on (0,T) x I'?,
Oy, Ye = EPe, on (0,7T) x 'Y,
y(0,z) = 0 fora.a. = € Q,,

/

pe € L?(0,T; L*(TY)),

I (Ue, pe,ye) = h 1 / y2(T,z)dx + h™ / / y° drdt

/ / p6 dH'dt — inf.
FN
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Result of Homogenization for h(e) = , /5

aty — div (Ahomvy) - 27Ty - yS — f - 27—‘-97 n (07 T) X Qa )
aVAhomy = 0, on (Ov T) X (aQ \ FO) y
y=0, on (0,7) x Iy,
y(0,2) =0 ae. x €,

Variational properties: if {(pg, yg)} 1s a sequence of optimal solutions to the
above stated problem on ()., then there can be found a sequence of indices {cj }
converging to 0 as k — oo such that (0, p? ,y. ) — (0,0,y°), where the
function y° € L2(0,T; H(Q)) is a solution to the P"o™,
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Thank you for your uncommon

patience!
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