Uniqueness of the Cheeger set of a convex body

F. Alter *, V. Caselles'

Devoted to the memory of Thomas Lachand-Robert

Abstract

We prove that if C C IRN is a an open bounded convex set, then there is only
one Cheeger set inside C' and it is convex. The Cheeger set of C is the set which
minimizes for sets inside C' the ratio perimeter over volume.

1 Introduction

Given an nonempty open bounded subset € of IRY, we call Cheeger constant of  the
quantity

o = BT .
Here |F'| denotes de N-dimensional volume of F' and P(F') denotes the perimeter of F.
The minimum in (1) is taken over all nonempty sets of finite perimeter contained in €.
A Cheeger set of Q is any set G C Q which minimizes (1). If Q minimizes (1), we say
that it is Cheeger in itself. We observe that the minimum in (1) is attained at a subset
G of Q such that OG intersects 02: otherwise we would diminish the quotient P(G)/|G]
by dilating G.
For any set of finite perimeter F' in IR, let us denote

P(F)

Ap = ——=.
||
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Notice that for any Cheeger set G of ), A\g = hg. Observe also that G is a Cheeger set
of Q2 if and only if G minimizes

min P(F) = Ac|F|. (2)

We say that a set Q C IRYN is calibrable if  minimizes the problem

min P(F) — Ag|F]. (3)

In particular, if G is a Cheeger set of €2, then G is calibrable. Thus, €2 is a Cheeger set
of itself if and only if it is calibrable.

Finding the Cheeger sets of a given € is a difficult task. This task is simplified if
Q) is a convex set and N = 2. In that case, the Cheeger set in {2 is unique and is
identified with the set QF @ B(0, R) where QF := {z € Q : dist(x,09) > R} is such
that [Qf| =7R?2and X @Y :={z+y:2€ X,y € Y}, X,Y C IR? [2, 22]. We see in
particular that it is convex. Moreover, a convex set ) C IR? is Cheeger in itself if and
only if max,caq ka(x) < Aq where ko (x) denotes the curvature of 92 at the the point x.
This has been proved in [12, 5, 22, 2, 23|, though it was stated in terms of calibrability
in |5, 2]. The proof in [12] had also a complement result: if € is convex and Cheeger in
itself, then €Q is strictly calibrable, that is, for any set F' C Q, F # Q, then

0=P(Q) — Al < P(F) = Aq|F|,

i.e., there is no other Cheeger set inside {2, and this implies that the capillary problem
in absence of gravity (with vertical contact angle at the boundary)

—div L =)Xg inQ
1+ |Dul?

D
R N g | in 0N

1+ |Dul?

has a solution. Indeed, both problems are equivalent [12, 21].

Assuming that ¢ C IRY is an open uniformly convex set of class C?, in [7], the
authors proved the uniqueness and convexity of the Cheeger set contained in C. As
a consequence, this implies the extension of Giusti’s results on existence of solutions
of problem (4) when © C IR? is convex and calibrable [12] to the case where Q is the
Cheeger set in an open uniformly convex set C' C RN of class C2. Our purpose in this



paper is to remove these regularity assumptions proving that the uniqueness result of
the Cheeger set holds inside any non-trivial convex body of RN,

Recall that a convex body of IRY is a compact convex subset of IRY. We say that a
convex body is non-trivial if it has nonempty interior.

Theorem 1. There is a unique Cheeger set inside any non-trivial convez body of RN .
The Cheeger set is convex and of class C1.

Moreover, the characterization of a calibrable (i.e. Cheeger in itself) non-trivial
convex body ©Q C RN of class C*! in terms of the mean curvature of its boundary was
proved in [1]. The precise result states that such a set €2 is calibrable if and only if

(N —1)Hgq(z) < Aq for any = € 09, (5)

where Hq(x) is the mean curvature of 9 at x (so that (N — 1)Hgq(x) denotes the sum
of the principal curvatures of the boundary of 2 at x). We observe that this result can
be slightly strengthened to say that a non-trivial convex body of Q@ C IRY is calibrable
if and only if is of class C*'! and (5) holds.

Collecting these results we obtain the full extension of Giusti’s results to IRY (N > 2),
that is, we obtain that Q C IRY is the unique Cheeger set of itself, whenever (2 is a non-
trivial calibrable convex body and those sets are characterized by the bound on the mean
curvature (5). We point out that, by Theorems 1.1 and 4.2 in [12], this uniqueness result
is equivalent to the existence of a solution u € VV&)COO(Q) of the capillary problem (4).

Let us explain the plan of the paper. In Section 2 we reduce the proof of Theorem 1
to the case of non-trivial C1'! convex bodies. For that we prove the existence of a C'!
maximal Cheeger set inside any non-trivial convex body of IR™. The rest of the paper is
devoted to the proof of Theorem 1 for non-trivial convex bodies of class Cb!. We start
in Section 3 by proving some basic linear algebra inequalities to be used in Section 4 to
prove the behavior of the mean curvature of the boundary of the convex combination of
two smooth strictly convex sets. In Section 5 we prove an auxiliar property, namely that
the free boundary of an isoperimetric region inside a convex body of class C' is strictly
convex. Finally, in Section 6 we prove the uniqueness of Cheeger sets inside non-trivial
convex bodies of class C11.



2 Nontrivial convex bodies contain a maximal C! Cheeger
set

The purpose of this Section is to prove the existence of a C'»! maximal Cheeger set inside
any non-trivial convex body of IRY. This reduces the proof of Theorem 1 to the class of
Ch! calibrable sets. Let us recall some results proved in [1].

Lemma 2.1. (/1]) Let C be a bounded convex subset of IRY . For any p > 0, the problem
the problem
(Phu: min P(F) ~ plF|. (©)

has always a minimizer. The following properties hold:
(i) Let Cy,C, be minimizers of (P)yx, and (P), respectively. If X < p, then Cy C C,.

(i) Let A, T X. Then CY =, C\, is a minimizer of (P)y. Moreover P(Cy,) —
P(CY). Similarly, if A, | X, then CY := ), Ch, is a minimizer of (P)y, and
P(Cy,) — P(CY).

(11i) Assume that C' has bounded mean curvature. Let A := (N — 1)|H¢||so. Then C is
a solution of (P)y for any A > NA.

If C C IRY is be a non-trivial convex body of class C!', we denote by H¢ the
(HN~1-almost everywhere defined) mean curvature of C, nonnegative for convex sets.
If C is of class C?, then H¢ is defined everywhere on 9C.

Theorem 2. ([1]) Let C C RN be a non-trivial convez body of class CY'. Then there
is a convex calibrable set K C C' which is the mazimal Cheeger set contained in C.
Therefore K minimizes
. . . P(K)
}I%gP(F) M| F| where Mg := . (7)
For any p > Ak, there is a unique minimizer Cy, of (P),, the function n — C), is

increasing and continuous and C,, — K as p — Ag+. Moreover, we have C,, = C if
and only if p > max(Ac, (N — 1)||Hel|oo)-

As a consequence of Theorem 1 (or Theorem 6) we will be able to say that K is the
Cheeger set of C and Ax = h¢. Let us refine a result proved in [1].



Proposition 2.2. Let C be a non-trivial convex body of RY . Letu € BV (IRN)NL?(IRY)
be the (unique) solution of the variational problem

. A )
Qe M;nqégﬁmamw){/;N’D“|+zzf;N““‘Xc)dw}- (8)

Then 0 <u <1. Let Es:=[u>s|, s€ (0,1]. Then E; C C, and, for any s € (0,1], Es
is a minimum of (P), for p = X1 —s). Moreover, each level set E is convex and the
function u restricted to [u > 0] is concave.

Proof. The facts that 0 < u <1 and FEj is a solution of (6) with 1 = A(1 — s) coincides
with Proposition 4 in [1]. The rest of assertions were proved assuming that C'is C*! and
for A\ > 2N(N — 1)||H¢||so- Let us observe how can they be extended to any convex set
and any A > 0. First we assume that C'is C*! and A > 0. We follow the construction in
[1]. Let K be the calibrable set contained in C' defined in Theorem 2. For each p € (0, 00)
let C,, be the solution of (P),. We take C,, = () for any p < Ak, and, by Theorem 2 we
have that C,, = C for any pu > max(Ac, (N — 1)||H¢||s). Following the approach in [1]
(see also [4, 14]), using the monotonicity of C,, and |C'\ U{C}, : p > 0}| = 0, we may
define

—inf{p:2€C,} ifreC

He(z) = (9)

0 if RN\ C.
Observe that Ho(x) = —Ag for any « € K. Then as it was proved in [1] uy(z) :=
(1+ XHc(x))T X¢ is the solution of (Q)y ¢ for any A > 0. Moreover for A > 2N(N —
1)||H¢||oo we have that uy > 0 and is concave in C'. This amounts to say that Hco(z) is
also a concave function. Now, this implies that for any s € (0, 1] the level set [uy > s] is
convex and wuy restricted to [uy > 0] is concave.

Assume that C' is any bounded convex set in IRY and A > 0. Let C),, be bounded
convex subsets of IRY of class C1! such that C C C, and C,, — C in the Hausdorff
distance (such sets exist, see for instance, [26], pp. 158-160, [3, Proposition 1.9], or
Lemma 4.3 below). Let u, x, ux be the solutions of (Q)A,C and (Q)A,Cn7 respectively.
We know that 0 < uy < wuy,\ <1, u,\ = 0 outside O, uy = 0 outside C, and u, \ — uy
in L2(IRY). Since the level sets [u, \ > s], Vs € (0,1], are convex and u,, \ restricted to
[unx > 0] is concave, we deduce that for almost any s € (0,1] the level sets [uy > s| are
convex and uy restricted to [uy > 0] is concave. Hence u) is continuous in [uy > 0] and
the level sets [uy > s] are convex for any s € (0, 1]. O

Remark 2.3. Notice that, as proved in [1, Lemma 3], we have that uy # X¢ for any
A >0 and uy — x¢ in L2(IRN) as A — oo.



Theorem 3. Let C C RN be a non-trivial convex body. For any p > hc, there is a
unique solution C, of (P), which is convexr. The set K = N,>p,Cy is a solution of
(P)p, which is conver and a mazimal Cheeger set. The function u € [hc,00) — C), is
increasing, continuous and C, — C as jp — o0.

Proof. Notice that the isoperimetric inequality implies that Ao > 0 and any Cheeger
set has positive measure. Let K’ be a Cheeger set of C. Let u > he. Let A > 0 be large
enough and s € (0, 1] be such that 4 = A(1 — s). We observe that, using Remark 2.3,
by taking A > 0 large enough we may assume that s < ||uy||ec. If wy is the solution of
(@), then [uy > s] is a solution of (P), and, by Lemma 2.1.(i), [uy > s] O K’. Thus,
[uy > s] is a nonempty convex solution of (P),. Now, if G is any other solution of (P),,
then by Lemma (2.1).(i) we have

[ux > 8] = Uesolun = s+ €] € G C Nesolun 2 s — €] = [uy = s]. (10)

Since uy is concave in [uy > 0], we have that G = [uy > s] = [uy > s] modulo a null set.
Thus, the solution of (P), is unique and convex.

By Lemma 2.1.(ii), the set K = N>, C), is a convex solution of (P),. Notice that
P(K)—h¢|K| < P(K')—he|K'| = 0. Hence K is a Cheeger set. Notice that, by Lemma
2.1.(i), any Cheeger set is contained in K.

The construction of K, together with the argument in (10) proves that the map
p € [he,00) — C,, is continuous. By Remark 2.3 (Lemma 3 in [1]), we know that
uy — X¢ as A — oo, and this implies that C), — C as p — oo. 0

Remark 2.4. Thanks to Proposition 3 , we may repeat the construction of Ho(x) in
the proof of Proposition 2.2 to conclude that uy(z) = (1 + AH¢(z))" X¢ is the solution
of (Q)) ¢ for any A > 0. Moreover, the set [uy = [luy o] = K.

Remark 2.5. As in [1], we can prove that for any V € [|K|,|C|] there is a unique
solution of the isoperimetric problem with fixed volume

in  P(F). 11
pelin (F) (11)

Moreover, this solution is convex.

Proposition 2.6. The mazimal Cheeger set K is C11.

Proof. Since K is a solution of (P)j,., classical computations (see, for instance, [29])
it follows that 0 < Hxg < he. Since K is convex, it follows that K is C'! (see, for
instance, |3, Proposition 1.3] for a more general statement). O



Remark 2.7. As we proved in [1], as a consequence of Theorem 2, if C' C IR" is non-
trivial convex body of class C!, then C is calibrable if and only if (N — 1)H¢g < Ac.
Notice that the proof of Proposition 2.6 implies that if C' is non-trivial convex body of
IRV, then C' is calibrable if and only if C is of class C™! and (N — 1)H¢ < A¢.

3 Some linear algebra inequalities

We begin with some classical inequalities inside the cone of symmetric positive definite
matrices.

Proposition 3.1. The inversion A — A~L is strictly convez in S3T(IR), the set of real
symmetric positive definite matrices, i.e. YA, B € S]'\F,"'(B), A # B,V € (0,1), we have

M+ (1 -NB) ' —aA" - (1-NB e SET(R). (12)

Proof. From a classical result on the simultaneous diagonalization of two quadratic
forms [11], we know that there exists an invertible matrix P and a diagonal matrix
D = diag(d;)icqi,...n} such that A = tPP and B = 'PDP, where 'P denotes the
tranpose of P. Using this, we can write

M+1-NB) = at—-a-NB!
— P (My+0=ND)" = Ay — (1=AND ) (*P)~!

where Iy denotes the N x N identity matrix. Now, the result follows by observing that,

since x — % is strictly convex for x > 0, each diagonal element of (A\y + (1 —\)D)~! —

My — (1 — A\)D~! is non-negative. O
Since Tr(A) > 0 for any A € ST (IR), we get the following useful consequence.

Corollary 3.2. A — Tr(A™Y) is strictly convez in ST (IR).

Proposition 3.3. Let A and B € S5 (IR). Then

1 1 1
T(A+B) 1) = T(A 1) T (B )

(13)

Moreover, the equality holds if and only iff A and B are homothetic, i.e. it exists A > 0
with A = AB.



Proof. Observe that we can rewrite the inequality (13) as
Tr((A+B) HTr(A™ + B - Tr(AH)Tr(B~Y) < 0. (14)
Let P and D be as in the proof of Proposition 3.1. We may write
Tr(A+B)™Y) = Te((*P(Ix +D)P)™') = Te((Ixn + D)1 (*P)~' P
Te(A™Y) = Te(P7H('P)™Y) =Te(("P)~'PT)
Tr(B™Y) = TP 'D'(P)™)=Te(D (PP

Let us write C' = (Cij)?]j:l = ("P)71P7! € S§T(IR). Using the above identities, proving
(14) is equivalent to prove that

Te((I, + D) 'C)Tx(C + D™'C) — Tr(C)Tr(D~'C) < 0

Since ¢;; > 0 for all i = 1,..., N, the result follows from next elementary computations

Tr((Iy + D)~*C)Tr (C+D 1C) — Tr(C)Tx(D~1C)

N N N N,
- Zl+d >_ci(l+ ZC“Zf
i=1 v =1 i=1 =1 "'

Mz

B ii di(d ) di(di +1) _ ZN:CC d; — d;
e CiiCjj d;(1+ d; ‘o BT gd; (1 + dy)

=Y e di — d; di
- I\ G0t dy) 1 @
1

7

1<i<j<N

_ (di —dj)(1 +d)) + <d — )1+ )
— Z CiiCyj did; (14 d;)(1 4+ d;)

1<i<j<N

= Y e —(di — dj)?
1<i<j<N P didi (14 d;)(1+dj) —

the last inequality being an equality if and only if D = d1Iy, that is, when A and B are
homothetic. O

4 Some convexity properties of the mean curvature

In this section, we apply the inequalities proved in last Section to study the behavior of
the mean curvature of the boundary of the convex combination of two smooth convex
and strictly convex sets.



We denote by X @Y the Minkowski’s addition of two convex sets X, Y C R", .e.,
XY ={zr+y:zeX,yecY}.

In this Section K and L will be two non-empty open bounded convex sets in IRY.
For all ¢t € [0,1], let

Ki=(1-t)KotL={1—-t)z+ty: (x,y) € K x L}.
Notice that K; is also an open bounded convex set.

Lemma 4.1. Assume that v € SN is a normal to 0K at x and to OL at y, and let
xy = (1 —t)z +ty. Then z; € 0Ky and v is normal to 0K, at x;.

Proof. Recall that v is normal to 9Ky at z; if Ky C Hy, , :=={z € RY : (z,v) < (x4,v)}
with z; € K;. Observe that, since z € K and y € K, by continuity of the addition we
have z; € K;. Now, as v is normal to 0K at x and to OL at y, we have that K C H,,
and L C H,,. It follows that K; = (1 -¢)K ®tL C (1-t)H,, ® H,, = H O

T,V°

When K is of class C', we denote by v (z) the outer unit normal to z € 9K, so
that v : 9K — S™~!is the spherical image map. We say that K is C? and strictly
convex near x € 0K if 0K is C? and v* is a diffeomorphism in a neighborhood of z.

The following result is an application of the linear algebra inequalities of the previous
section.

Theorem 4. Suppose that K and L are C? and strictly convez near x and y, respectively,
and v € SV~ is normal to K at x and to OL aty. Let x; = (1 — t)x +ty. Then K,
is C% and strictly conver near x; and the functions t € [0,1] — Hg,(x¢) € (0,00) and
te[0,1] — m are conver and concave in t, respectively.

Proof. Recall that the support function of a convex body B C IRY is defined by

hp(u) = sup{x,u), Yu € IRN. Tt is a sublinear function in u and is additive with respect
zeB
to the Minkowski sum (in particular, we have hg, = (1 — t)hx + thy). It is also well-

known that if the convex body B is smooth, the eigenvalues of its Hessian matrix at
vB(z) are 0 (with eigenvector vP(z)) and the principal radii of curvature r1,...,75_1
of OB at x |26, Corollary 2.5.2, p. 109].

First, we observe that our assumptions imply that K; remains C? and strictly convex
near x; because this property is equivalent to have a C? support function with bounded
positive radii of curvature locally around xy.



Let v = v®(z) and let (e1,...,en_1,7) be an orthonormal basis of IRY. Let A, B be

the Hessian matrices of hx and hy, restricted to v+, i.e.,

. <82h[((1/)

> 82hL(l/)
Oz;0x; 1<i,j<N—-1

and B = <> .
Ox;0x; 1<4,j<N—1

Then A, B € 837, (IR) because all radii of curvature are positive. The mean-curvature
Hp, (x;) is given by

Tr(((1 —t)A+tB)™1)
N -1 '

HKt (xt)

Now, Corollary 3.2 shows that ¢t — Hpg, (x;) is convex, with strict convexity if A # B,
and Proposition 3.3 shows that
1 1-t¢ t
>

Hy, (e) ~ Hr(z)  Hi(y)

(15)

This proves the concavity of the function ¢ — Hp, (z;) . O

Corollary 4.2. Let K, L be two nonempty open bounded convez sets in RN of class C™!,

Then K; is CYt and, if H(t) = esssup Hg,(x), then the functions t € [0,1] — H(t)
IEGaKt

and t € [0,1] — ﬁ are conver and concave, respectively.

Proof. If K and L are C2 (i.e. C? and strictly convex), this is a straightforward
consequence of the previous theorem as the supremum of convex functions is convex,
and the infimum of concave functions is also concave.

The general case is a consequence of the previous case and the following convergence

and approximation result concerning C' convex sets.

Lemma 4.3. (i) Convergence: If (K,)nen a sequence of Cb1 conver bodies in IR with
esssup Hpg, (z) < H for alln € IN, and K,, — K in the Hausdorff sense, then K is
r€OK,
CH! and esssup Hg(z) < H.
z€0K
(ii) Approzimation: Let K be a CY' conver body in IRYN with esssup Hg(x) < H.
r€O0K
Then there exists a sequence K, € C_%_ with K, — K in the Hausdorff sense and

max Hy (z) < H, with H, — H.
r€OKy

10



Proof. (i) It is a straightforward application of the Blaschke’s Rolling Theorem |26,

Theorem 3.2.9] extended in [3, Corollary 1.13] for C1'! convex sets (see also [6] where

such extension is also derived in the general context of smooth anisotropic norms).
Almost everywhere in 0K, the principal curvatures are bounded by (N — 1)H,

because ess sup Hp, (x) < H. Using [3, Corollary 1.13], we deduce that a ball B(r) of
rz€OKy,

radius r = ﬁ > 0 “rolls freely” inside K, i.e. there exists a convex body K], such
that K, = K, ® B(r). In particular, we have hg, = hx: + hp(.

As hg, converge uniformly to hg, hix: = hk, — hp(,) are sublinear convex functions
uniformly convergent to hx — hp(). We deduce that hx — hp( is a sublinear convex
function, so there exists a convex body K’ in RY such that hxr = hyx — hp() and
K = K' @ B(r). Hence, K is a C! convex body.

The fact that the mean curvature remains bounded above by H is a consequence
of the well-known property that the curvature measures of K, weakly converge to the
curvature measures of K |26].

(7i) We approximate K by K(t) where K(t) is the motion by mean curvature of K at
time ¢ > 0. By the results in [9, 10], for any initial convex set, and in particular for K,
there is a generalized motion by mean curvature K (t) such that K(t) — K as t — 0T
in the Hausdorff sense, K(¢) is smooth (C*) for any ¢ € (0,7}, for some T' > 0, and
satisfies

Xt = —HK(t)l/K(t)

where X is a parameterization of K (t) and v5® the outer unit normal to K (t).

Now, the results in [6] for smooth anisotropies prove that if K is C'™!, then the
generalized motion is also C'*! with a uniform bound for mean curvature for some time,
say again for ¢t € [0,T], T > 0. Notice that, in the present case, the uniform bound in
the curvature can be characterized by a uniform norm in the Laplacian of the signed
distance function to K (¢). Using these results and passing to the limit in formula (59)
in [6], we obtain that [[Hg e < |[Hx ||ooe®? for some constant C' > 0, and this proves
that |[Hg()lloo — [[Hilloo as t — 0+. Now, by the result is [18, 8], the sets K (t) are
cz. O
Remark 4.4. We have derived the approximation Lemma 4.3.(ii) as a consequence of
the estimates in |6] though it could also be derived with some additional work from the

estimates in [18]. At this point, let us first proceed formally to explain the argument.
Using the formulas in [18], Hpy) satisfies the PDE

aHK(t)
ot

= AHg ) + |A(t)[PHg (16)

11



where A(t) = (hi;(t)) is the second fundamental form of OK (t), g¥/(t) is the inverse of
the metric g;;(t) of OK(t), and |A(t)|? = ¢¥ (t)g* (t)hir(t)hji(t). Notice that Hygq is a
weak solution of (16). Since |A(t)]* < (Hg(s))?, Hg(y is a subsolution of

Qi =AQ+Q°
with initial condition
Q(0) = [[Hx||oo-
If Hp(y) is bounded in L, then after some standard computations we obtain that

& [ @y 7 < ¢ [ (g - euw)>

for some constant C' > 0, and this implies that

Hg)2 \"Y*
< [ M7 llcc
Fole < (1 gmm) (17)
if we know that
/K (i = QW) a0 (18)
t

as t — 0. Notice then that (17) implies that [|[Hyllco — [[Hrlloo as t — 0.
At this point, we only know that as K(t) — K as ¢t — 07 in the Hausdorff sense, we
have that Hy ) — Hyi weakly” as measures, but this is not enough. To prove (18), as
in [10], we observe that we may write locally the evolving convex sets as the graph of a
function u(t, z) satisfying
D?u(Du, Du)
1+ [Dul?

Then, by convexity, we have a uniform bound on Du (the bound is also proved in [10]).

up = Au — (19)

Then, by standard local estimates for uniformly parabolic equations [25], Ch. IV, Thm
9.1 and Ch. VI, Thm. 1.1, we have that u(¢,z) is uniformly bounded in T/Vlif for any
p € [1,00). After some computations and using the results in [25] one can prove that
Hy ) € C([0,T],L*) and the comparison argument leading to (17) can be justified.

In the statement of next theorem we use the notation of Theorem 4.

Theorem 5. Let Q C 0K, Q' C OL be open and connected subsets where K and L are
C? and strictly convez, respectively, and suppose that € = Z/L_l ovk(Q). If Hig(x) =
H (v; ' ovk(x)), Vo € Q, and the convezity (resp. concavity) int of the mean curvature
(resp. inverse mean curvature) function Hp, (z¢) is not strict, then Q' is a translate of
Q, i.e. there exists z € RN with Q' = 2z + Q.

12



Proof. Let x € Q and y = v} ' o vg(z). We use the same notation as in the proof of
Theorem 4. From Corollary 3.2 and Proposition 3.3, the equality in (15) arises if and
only if there is A > 0 such that A = AB. Since Tr(A~!) = Hg(z) = Hy(y) = Tr(B™Y),
the equality in (15) arises if and only if A = B.

Thus, we have that d?h(v) = d?h(v), Vv € vg(Q) = v (). As hy and hy, are
positively homogeneous (of degree 1), this equation extends to a neighborhood U c RN
of vk (€2) which can be chosen connected because v (2) is connected. This shows that
there exist z € IR and « € IR such that

hr(u) = hg(u) + (z,u) + a, Yu e U.

Since hi(0) = hr(0) = 0, we deduce that o = 0. As the support function describes the
convex set locally, we get that Q' = 2z + Q. O

5 Strict convexity of the free boundary of an isoperimetric
region

In order to prove Proposition 5.2 we state without proof the following known result about
convex sets.

Lemma 5.1. Let K C IRYN be a conver set. Let z,y € 0K and v € SN™1 be such that v
is normal to OK at x,y. Then the segment [z,y] C OK and v is also normal to 0K at
the points of [z, y].

Proposition 5.2. Let K a non-trivial convez body of class C', and C C K an isoperi-
metric region inside K which is convez, then 0C\OK is C™ and strictly convez.

Recall that we say that C C K an isoperimetric region inside K if C' minimizes
perimeter with a volume constraint among all sets contained in K which satisfy the
constraint.

Proof. As C are isoperimetric regions inside K, we know that the boundary ¥ = 0C\0K
satisfies [15, 16, 30, 13]:

1. There is a closed singular set X3 C X of Hausdorff dimension less than or equal to
N — 8 such that ¥, = ¥\X, is a smooth embedded hypersurface;

2. 9C is of class C' on a neighborhood of 0K N AC;
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3. At every point z € 3, there is a tangent minimal cone C, different from an
hyperplane. The square sum |o|?> = k% + -+ + k%,_, of the principal curvatures of
>’ tends to oo when we approach x from X;

4. ¥, has constant mean curvature with respect to the inner normal.

But, in our case, as C' is a convex set, the tangent minimal cone is included in an half-
space, but the only kind of such minimal cone is the hyperplane [27], so 35 = @), which
implies that 3 is a C°° constant mean curvature surface.

In order to prove the strict convexity of ¥, by the result of [17, Theorem 3, p.297],
we know that a constant mean curvature hypersurface with non-negative sectional cur-
vatures follows a strong minimal principle for its Gaussian curvature K. When applied
to our case in X := {z € X : dist(z, 0K) > €}, we have

iy Ko@) = iy Kelw)
where K¢ has no interior minimum except if it is constant. So, if there exists a € X,
with K¢ (a) = 0, then Ko(a) = 0 Va € X, so X, is a part of a cylinder. Thus, either
our statement is true or X is part of a cylinder. The last possibility cannot happen.
Indeed, let L be a maximal segment contained in 3. Notice that its extrema points
z,y € 0C NOK. Since v¥ () = v¥(y), by Lemma 5.1 we deduce that L C 9K and this
is a contradiction since L C 9C \ OK. Hence, C' is strictly convex in X. O]

6 Uniqueness of the Cheeger set inside a C!*! convex body

In this section, we prove the following result, which (in view of Proposition 2.6) implies
Theorem 1.

Theorem 6. Let C a CY' convex body in RYN. Then we have a unique Cheeger set
nside C.

Let C be a convex body in IRY of class C1'1. By the results in [7] we know that there
exist two convex sets C, and C* which are the minimal and maximal (with respect to
inclusion) Cheeger sets of C. Both are solutions of mingccP(E) — he|E| [1, 7). Thus,
for both of them we know that (N — 1)H < h¢ with equality inside C' (see Proposition
2.6). Since they are convex, we have that they are of class C''. The uniqueness of
Cheeger sets inside C' is implied if we prove that C, = C*. This was done in |7| when C
is of class C? and uniformly convex. We are going to remove both assumptions.

14



Thus, in the rest of this section, we suppose that C* # Cy, and write hg = ronmin

P(C*)
[

Proposition 6.1. For any t € [0,1], Cy := (1 —t)Cy @ tC* is a Cheeger set.

the Cheeger constant.

Proof: As C* and C, are C"! convex Cheeger sets with

es{psggz He«(z) < o1 and eswsesaucfi He, (z) < Nhf T
from Corollary 4.2, we obtain that C; is C*! and
esssup He, (z) < he . (20)
2€dC, N—-1
Observe that hgo < %, since C; C C*. With the inequality (20) and the characteri-

zation of calibrable sets proved in [1], this shows that C; is calibrable. In other words,

C; minimizes

. e
Pgnggt P(E) — A, |E| where \¢, = I(th)-
But C, C Ci, and this implies that P|(CC;T) < PI(CC*YT) = hc. We conclude that C; is a

Cheeger set. O

Proposition 6.2. For any t € [0,1] the sets Cy and C; are equivalent by telescoping,
more precisely, 32 € RN such as Cy is a translate of C\ @ [0,]Z.

Proof. In the context of this proof we assume that C, and C* are open sets. Since the
result is obviously true for t = 0 (take z = 0) and follows for ¢ = 1 by passing to the
limit as ¢ — 1—, we may assume that ¢ € (0, 1).

Step 1. Let © be a connected component of dC, \ 9C* and let
Q= () o (Q) C OC,.

Then both  and Qf € C;\dC* are open, connected, C2, and strictly convex. Moreover
v%* and v are diffeomorphism from Q, resp. €y, onto v+ (Q).

As 0C,\OC* is an open set of OCy, §2 is also an open set of dC,. By Proposition 5.2
we know that Q is C? and strictly convex. This implies that v%*|q is a diffeomorphism
onto its image. Then, by definition of €, we know that ) is an open set. Let us prove
that Q; N OC* = (). Indeed, if p € Q; NOC*, then there is T € Q such that v%*(T) =
v (p) = v° (p). Then, by Lemma 4.1, p; := (1 — )T + tp € 9Cy, v (p;) = v°*(p) and
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pt # p, a contradiction. Since 0y C 9C; \ 0C* and C} is a Cheeger set, by Proposition
5.2, we know that € is C? and strictly convex. Then v is a diffeomorphism from €
onto v“*(Q). In particular, Q; is connected.

Observe that we may identify €; by a point x; in the following way. Let z € ,
y € 9C* with v%(2) = v (y). As 2 € C*\0C* = C*, y € HC*, and C* is a convex
non-empty open set, it is straightforward to show that z; := (1 — ¢t)z + ty € C* and, by
Lemma 4.1, z; € OC;, and v (x;) = v (). Thus x; € Q.

Step 2. Let us prove that there exists z € IRYN, z # 0, such that ; = tz + Q for all
t€(0,1), and
VO (Q) =S, where S = {uec SN (u,z) > 0}. (21)

z

Thus, we conclude that v“* and v¢* are diffeomorphisms from Q and Q, respectively,
onto S

To prove the first assertion, we observe that by Step 1 we have that 2 and §2; satisfy
Hc,
is a translation of 2. By the observation previous to Step 2, we know that all z; €

o = Hg, o, = % together with the other assumptions of Theorem 5. Thus, €

with the same normal are collinear. This implies that there exists z € RN, z # 0, with
Oy =tz + Q where z does not depend on t € (0, 1).
To prove (21) we prove both that

(W% (x),2) >0 Vo € €, (22)
and
W (x),2) =0  Vax € dso,Q. (23)
To prove (22), observe that for any x € Q, writing z; := x + tz € dCy and knowing that
C} is strictly convex near z;, we get
Ty — X

(v (@), 2) = (V5 (1), 2) = (" (), =

) >0.

To prove (23), let z € 9y¢,f2. By approximating x by points inside 2 and using (22)
we have that (v“*(x),2) > 0. On the other hand, 2 € dC* and, by letting t — 1— in
r = x + tz € 0C%, we also have that x + z € 9C*. This implies that

W (z),2) = (v (), 2+ 2 — ) <0.

Now we observe that (22) and (23) can be written respectively as v%+(Q) C S} and
v (95c,Q) € 8V := {u € SN~ :ulz}. On one hand, we know that v*(£2) is open in
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S+. On the other hand, since v+ () = v%*(Q), we also have that v () is closed in
S Indeed

vO-(Q) N ST =@ NS = Q)N SH) U (1% (0sc,9Q) N ST) =vP () N ST

Being nonempty, open and closed in S, we have (21).

Step 3. Conclusion. If  is the only connected component of dC,\OC*, then last equality
(21) implies that Cy = C,.®|0, 1]tz. In this case, we take Z = z. If ' is another connected
component of dC,\OC*, by Step 2 we know that there exists 2’ € IR™, 2/ # 0, such that
v and v are diffeomorphisms from €' and €} := (v%*)71(v%*(Q)), respectively, onto
ST,. Moreover Q) = Q' + tz'. Notice that, since QN €’ = () and v~ is a diffeomorphism
restricted to Q and €, we have S} N S;C = (). This implies that there exists o > 0 with
2 = —az, and we deduce that Cy = C. @0, t]2®[0,t](—az) = Cu ® [0, 1]t(1 + )z — taz.
In this case, we take z = (1 + «a)z. O

Proposition 6.3. For all t > 0, let C' := C. & [0,t]Z, Z being the vector found in
Proposition 6.2, i.c., such that Cy is a translate of C* for any t € [0,1]. Then C* is CH!
and calibrable with 7(076;? = h¢.

Proof. As C' = C, & [0,t]z, we know that P(C*) and |C!| are two linear functions of
t, i.e., there exists a, 3 > 0 such that P(C') = P(C,) + at and |C!| = |C4| + Bt [26,
Theorem 6.7.1, p.379]. As P(C*) = P(C,) and |Ct| = |Cy| if t € [0,1], and £ = pe,

ICt]
this equality extends to all ¢ > 0, that is, 17(07(/;? = hg forall t > 0.

As C, is CY! and (N — 1)esssup Hg, (z) < he, it is straightforward to show that

Ctis C%! and PiC
(N —1)esssup Hee(z) < he = #
z€dCt ’C ’
Hence, by the results in [1], we have that C? is calibrable. O

Proposition 6.4. If D := Proj,. (Cy) (the basis of the cylinder), which is a convex body

in RN™Y, then % = he.

Proof. Let t big enough to have an hyperplane H, , := {z € RY : (x,z) = a} such
that H,o, N C* = D. TLet t' > t, then we have (¢’ — t)P(D) = P(C¥) — P(C*) =
he(ICY| =€) = he(t' —1)|D]. O

Let us choose ¢ big enough and « such that H,, NC' = D, and C, C C' N H,,
where H_, = {z € R" : (x,2) < a}. Let us consider the convex S = (C* N H_,) U
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Sympo (C'N H,) which is symmetrical and C"! (we denote by Sympo (C*NHZ,)
the symmetrization with respect to H, o of C* N H_,).

Proposition 6.5. S is calibrable, with % = he.

Proof. As for ¢’ big enough, we can translate C* to have S C C*, we get that % > he.
Since we have
(N —1)esssup Hg(z) < he < @,
r€ds N
by the results in [1] we obtain that S is calibrable. Since we have chosen ¢ big enough

to have C, C S, then

)< — he.
S| (o
P(S)

Thus W = ho L]

P(S) _ P(C*)
|

Proof of Theorem 6. We suppose C, # C*, and we take S as above. Observe that
there is a function u : D — IR such that we can write S as

S ={z+tu(z)z29,2 € D,t € [-1,1]}, where 2o = 5.

Ly
2 D ’

At the same time, u is solution of

—div (L) — he (24)

1+ |Dul?

and the graph of u is a C™! surface above D having zero contact angle with D x IR,

We have

and

l.e.

Du

V1+|Dul?

P =—1. (25)
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Then we compute

PO [ (2
5 = hc2 = Ddlv( 1—|—|Du2)u
| Du/?

Du D
_= _—_— _— u
/D\/l—HDu\2 3D<\/1+|Du|2 )
/ | Dul®
D 1+ |Dul?  Jap

P
< / 1+|Du|2+/ u:ﬁ,
D oD 2

and we obtain a contradiction. Our statement is proved. O
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