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Abstract. The main purpose of this paper is to characterize the calibrability of bounded convex
sets in /RY by the mean curvature of its boundary, extending the known analogous result in
dimension 2. As a by-product of our analysis we prove that any bounded convex set C of class
C!! has a convex calibrable set K in its interior, and and for any volume V € [|K|, |C|] the
solution of the perimeter minimizing problem with fixed volume V in the class of sets contained
in C is a convex set. As a consequence we describe the evolution of convex sets in IR™ by the
minimizing total variation flow.

Mathematics Subject Classification (2000): 35]70, 49J40, 52A20, 35K65

1. Introduction

Let C € IR" be a bounded convex set whose boundary dC is of class C"!. The
main purpose of this paper is to prove that the following conditions are equivalent:

(a) C is a solution of the problem

P(C)

min P(X) — Ac|X| where A\¢ = ——, )
xec C

and P(X), | X|, denote the perimeter and the N-dimensional volume of the
set X, respectively.

(b) We have

(N —1)esssup He(x) < Ac, )
xedC

where H¢ (x) denotes the mean curvature of dC at the point x.
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(c) There is a vector field z € L®(C, IR"), ||zllsc < 1 such that

—divz = A¢ in C
z-v9=—-1 ae.indC (3)

where vC (x) denotes the outer unit normal to dC at the point x € C.

Since the first variation of the perimeter (resp. the N-dimensional volume) in the
normal direction is (N — 1)H¢ (resp. the constant 1), if (a) holds, by taking inner
perturbations of the set C, we deduce the inequality (2). We shall prove that this
inequality is a sufficient condition for C to be a solution of (1). The equivalence
of (b) and (c) permits to relate geometric conditions on C with the existence of a
vector field satisfying the partial differential equation (3). In case that the convex
set C satisfies (c) we say that C is calibrable, and our result gives a geometric
characterization of C!! convex calibrable sets in IR".

The above result has some implications in the study of the capillary problem in
absence of gravity and the Minimizing Total Variation flow. Indeed, if C € IR" is
aconvex calibrable set, then the following capillary problem in absence of gravity

. Vu .
—div <—) = Ac in C
ST [Vul?
v
M \C(x)=cosy indC &)

V14 |Vul?

has a solution for any contact angle y € (0, %] (even for y = 0, [27]). Our result
proves that the geometric condition (2) guarantees (and is equivalent to) the cal-
ibrability of C. The corresponding result when N = 2 was proved by Giusti [27]
(see also [22]).

In a different context, as proved in [11] (for N = 2, but the proof is true in
general), if C C IRV is a convex calibrable set, then u = X ¢ is a solution of the
eigenvalue problem

div (L) = » in RV (5)
—div| —— = n .
iDuf) ="
In this case, the solution of
u Du
— =div|[ — i =10, T[xR", 6
o 1V(|Du|) in Or ] [x (6)

with u(0, x) = X ¢(x) is explicitly given by
ut,x) =1 —rct) ™ Xc(x).

This shows that, in case of calibrable sets, the gradient descent flow associated
to the Total Variation tends to decrease the height of X without distortion of
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its boundary. As we proved in [11], this kind of behavior is also exhibited by
the solution of the Total Variation approach to the denoising problem in image
processing

min / |Dul +ﬁ/ w— f)2dx  (u>0) %)
ueBV(RV)NL2(RN) J rN 2 JrN

when f = X¢. In this case, using (5), it is not difficult to prove that the explicit

solution of (7)isu = (1 — A}—f)*Xc [11]. These results were proved in [11] when

N = 2, but being C calibrable, they also hold in IR". What was missing in [11]
was the geometric characterization of calibrability stated above for N > 3.

Let us mention that the calibrability of plane convex sets in the case of Finsler
metrics has been extensively studied by G. Bellettini, M. Novaga, and E. Paolini
[14] (see also [13]). In this case, the Euclidean distance in the plane is replaced
with some anisotropic distance ¢ (x —y), with ¢» a convex one-homogeneous norm,
whereas the isotropic perimeter P(C) is replaced with an anisotropic perimeter
f sc ®°(v)d HN=1, ° being the polar of ¢. The crystalline case is the case where ¢
and ¢° have polygonal level sets. The problem of the calibrability of convex sets
is in connection with the problem of facet breaking of crystals which evolve under
anisotropic mean curvature flow [14], [13]. The development of facets in crystal
evolution has also been considered in [25], [26] using a variational approach.

The proof of the equivalence (a) < (c) is already contained in [11] (though
stated for N = 2) and is included in Proposition 2. To prove the equivalence
(a) & (b) we shall embed the variational problem (1) in a family of problems

min P(X) — A| X]|, A >0, (8)
xXcc

and we shall study the dependence of its solution on A. In particular, we shall
prove that C is a solution of (8) if and only if A > max(A¢, (N —1)||H¢|lo). The
solutions of (8) are related to the solution of the variational problem

min / |Du|+ﬁ/ w—=x)ldx  (u>0). (9
ueBV (RN)NL2(RV) J gN 2 JmrN

Indeed, it turns out that the level sets of the solution of (9) embed the solutions of
(8) for the values of A € [0, u]. Since the solution u of (9) satisfies the equation

14 Dv .
v—pu divl— ) =1 in C.
|Dv|
Dv c .
Dol - =—1 a.e.in 0C (10)
v

(the meaning of |I§_ﬁ| will be explained below) and the solutions of (10) can be

approximated by the solutions u, of
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Dv
—1q: .
v—pu div] ———=] =1 in C.
(‘/e2+|Dv|2>

D
Y | ae.in 9C (11)

Vver+|Dv|?

as € — 0, we may use the result of Korevaar [30] to conclude that « is concave in
C, hence also continuous there. Now, this implies the uniqueness and convexity
of solutions of (8). Thus, by studying the dependence on A of solutions of (8), we
prove that if C satisfies the curvature estimate (2) but is not a minimum of (1),
then it can be approximated from inside by solutions C, of (8) with A — p and
1 > Ac.Aswe shall prove in Proposition 5, this implies that (N —1) |H¢ || o > Ac,
a contradiction.

As an interesting by-product of our analysis we obtain that solutions of (8) are
convex sets. Since (8) can be considered as the functional obtained by applying
the Lagrange multiplier method to the area minimizing problem

min  P(X) (12)
XCC,|X|=V

where 0 < V < |C|, we shall obtain that, for some range of volumes, the solutions
of this isoperimetric problem with fixed volume V are convex sets. The range of
values of V for which the above result holds is [| K|, |C|] where K is a convex
calibrable set contained in C obtained as solution of (8) for a certain value of
A (see Section 4). A similar result has been proved by E. Stredulinsky and W.P.
Ziemer [41] in the case of convex sets C containing a ball B suchthatd BNaC isa
large circle of B. There is also a proof of C. Rosales [36] when C is a rotationally
symmetric convex body.

Besides the explicit evolution of (characteristic functions of) convex calib-
rable sets in IRY by (6), our results permit us to describe the evolution of any
C"! convex set -more generally, of a union of convex sets which satisfy some
additional separation condition- in /R". The analogous result when N = 2 was
proved in [1].

Let us describe the plan of the paper. In Section 2 we collect some preliminar-
ies about functions of bounded variation, Green’s formula, the subdifferential of
the total variation in IR", calibrable sets, and the corresponding Dirichlet prob-
lem for total variation in a bounded domain in IR". Section 3 is devoted to the
characterization of the calibrability of a convex set in terms of the mean curvature
of its boundary. For that we first study the basic properties of the minimizers of
problems (8) and (9). In Section 4 we prove the convexity of solutions of (12)
when V € [|K|, |C|] where K is a certain convex calibrable set contained in
C. Section 5 is devoted to the description of the evolution of convex sets by the
minimizing TV flow (6). We also discuss the case of a finite union of convex sets.
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2. Preliminaries

2.1. BYV functions and sets of finite perimeter

Let Q be an open subset of IR". A function u € L'(Q) whose gradient Du in the
sense of distributions is a (vector valued) Radon measure with finite total variation
in Q is called a function of bounded variation. The class of such functions will be
denoted by BV (Q). The total variation of Du on Q turns out to be

sup {/ udivzdx : z € C(Q; RY), ||zl (g) 1= esssup |z(x)| < 1} , (13)
o

xeQ

(where for a vector v = (vy,...,vy) € RY we set [v> := YV v?) and will

i=1Yi
be denoted by |Du|(Q) or by fQ | Du|. It turns out that the map u — |Du|(Q)
is LIIOC(Q)—lower semicontinuous. BV (Q) is a Banach space when endowed with
the norm fQ |u| dx + |Du|(Q). We recall that BV (IRN) < LN/N=D(IRN). The
total variation of u on a Borel set B € Q is defined as inf{| Du|(A) : Aopen, B C
A C Q}. We denote by BVj,.(Q) the space of functions w € LIIOC(Q) such that
we € BV(Q) forall ¢ € C;°(Q). For results and informations on functions of
bounded variation we refer to [4], [21].

A measurable set E C IRY is said to be of finite perimeter in Q if (13) is finite
when u is substituted with the characteristic function X ; of E. The perimeter of £
in Q is defined as P(E, Q) := |DX;|(Q),and P(E, Q) = P(IRV \ E, Q). We
shall use the notation P(E) := P(E, IRV). For sets of finite perimeter E one can
define the essential boundary 0* E, which is countably (N — 1) rectifiable with
finite HV~! measure, and compute the outer unit normal vZ(x) at HV~! almost
all points x of 3* E, where H"~! is the (N — 1) dimensional Hausdorff measure.
Moreover, | DX ;| coincides with the restriction of H¥ ! to 9*E.

If u is a (possibly vector valued) Radon measure and f is a Borel function,
the integration of f with respect to u will be denoted by [ fdu. When p is the
Lebesgue measure, the symbol dx will be often omitted.

If E is a subset of IRY of class C!'!, we denote by H, the (HV~!-almost every-
where defined) mean curvature of 0 E, nonnegative for convex sets. As observed
in [12], the following result can be proved as in [35].

Proposition 1. Let i € IR, E be a set of class C"*' and x € 9 E. Assume that there
exists an open set A > x such that A N OE is the graph of a C"! function, and

P(E,A) —nlENA[ < P(EUB,A) — p|(EU B) N A, (14)

for any bounded measurable set B with B C A. Then (N — DHg(x) > u for
HN=-almost every x € A N JE. Similarly, if in place of (14) there holds the
inequality

P(E,A) —ulENA| < P(E\ B, A) — pl(E\ B)N Al
then (N — D)Hg (x) < u for H¥N'-almost every x € AN JE.
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2.2. A generalized Green’s formula

Let Q be an open subset of IRY. Following [8], let
X5(Q) :={z € L®(Q; RY) : div z € L*(Q)}.

If z € X»2(R) and w € L*(Q) N BV (L) we define the functional (z, Dw) :
C°(2) — IR by the formula

< (z, Dw), ¢ >:= —/

wgodivzdx—/wz-Vgodx Vo € CP ().
Q

Q

Then (z, Dw) is a Radon measure in £2,
/(z, Dw) = f z-Vwdx  Ywe LX(Q)NnWwWH(Q),
Q Q
and

‘/(Z,Dw)
B

We denote by 6(z, Dw) € Lfgwl (£2) the density of (z, Dw) with respect to | Dw|,
that is

< / |(z, Dw)| < ||z||oo/ |Dw| VB Borel set C Q.
B B

(z,Dw)(B):/G(z,Dw)dlDw| V Borel set B C Q. (15)
B

We recall the following result proved in [8].

Theorem 1. Let @ C IRN be a bounded open set with Lipschitz boundary. Let
z € L®(Q; RN) with div z € L*(2). Then there exists a function [z - v] €
L*>(0R2) satisfying ||[z - vQ]||Loo(aQ) < llzllLo(q: ®N), and such that for any u €
BV () N L*(Q) we have

/udivz dx+/9(z,Du)d|Du|: [z - v u dHN L.
Q Q Q2

When Q = IRY we have the following integration by parts formula [8], for
z € Xo(IRY) and w € L2(IRY) N BV (IRV):

/ wdiv z dx + (z, Dw) = 0. (16)
RN RN

In particular, if 7 € X,(IR") and Q is bounded and has finite perimeter in IR,
from (16) and (15) it follows

/divzdx:f (z,—DXQ)z/ 6z, —DXy)dH ™' (17)
0 RN "0

Ifadditionally, Q is abounded open set with Lipschitz boundary, then6(z, —DX )
coincides with [z - v€].
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Remark 1. Let Q C IR? be abounded LipschEz open set, and let z;,, € L™ (2; Hf)
with divzip, € L?(RQ), and zow € L¥(IR? \ Q; IR?) with divzey € L% (IR* \ Q).
Assume that

[Zion - V21(X) = —[zow - VE\ 9] (x)  for HV~! —ae x € 992.

Then if we define z := zjy, on Q and z := zgy on IR? \5, we have 7z €
L®(IR?*; IR?) and divz € L2 (IR?).

loc

2.3. The subdifferential of the total variation. Calibrable sets

Consider the energy functional ¥ : L2(IR") — (—o0, 4+00] defined by

/ |Du| ifu € L>(IRY) N BV (IRV)
\IJ(M) = IRN
+00 ifu € L>(IRN) \ BV (IRV).

(18)

Since the functional W is convex, lower semicontinuous and proper, then 0W is a
maximal monotone operator with dense domain, generating a contraction semi-
group in L2(IRV) (see [15]). Next Lemma gives the characterization of dW (see
[5,11] for a proof).

Lemma 1. The following assertions are equivalent:

(a) v e dV(u),;
(b)u € L*(IR") N BV(IR"), v € L*(IR"), and there exists z € X,(IR") with
zlloo < 1, such that

v = —divz in D'(IR"),

and

/(Z,Du>=/ \Dul. (19)
RN RN

From now on we shall write v = div (lg—’;‘) instead of v € W (u).

Given a function g € L?(IRY), we define

/ g u(x)dx|:u e L* (RY) N BV (IRY), / |Du| < 1}.
RN RN

gl == Sup{

Note that ||g||+ may be infinite. Let us recall the following Lemma ([11],[34]).
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Lemma 2. Let f € L>(IRN) and A > 0. The following assertions hold.

(a) the function u is the solution of

A
min D(w),  D(w) ::/ |Dw|+—[ (w— f)*dx
weL2(RN)NBV (IRN) RN 2 Jrv
(20)

if and only if there exists 7 € Xo(IRN) satisfying (19) with ||z]lec < 1 and
—A"Mdivz = f —u.

(b) The function u = 0 is the solution of (20) if and only if || f ||« < %

(c) We have dW(0) = {f € L2(RN) : || fll« < 1}.

Obviously, part (a) follows from Lemma 1 since 0W (1) + A(u — f) > O is
the Euler-Lagrange equation for (20). Part (b) can be found in ([11],[34]), and it
is easily deduced from (a). Part (c) follows from (a) and (b), or as an immediate
consequence of duality.

Remark 2. We observe that if z € X,(IRY), u € BV(IRV), and (z, Du) = |Dul|
then [(z, DX ,-,)| = |DX -, | as measures in IRY for almostany t € IR.Indeed,
by [8, Proposition 2.7], we have

o0

< (z, Du), ¢ >= f < (z, DXyy=py), @ > dt, @ € Cy° ().

—0Q0
Since | Du|(p) = ffooo |DX (=1 (9), we may write (z, Du) = |Du| as
o o0
/ < (2, DX oy 9 > di =/ IDX oyl @) dt, ¢ € CE(RY),
—0o0 —0o0

and this implies our claim.

Definition 1. Let E be a bounded set of finite perimeter in IRN. We say that E is
calibrable if there exists a vector field € € L*(IR"N, RN) with ||&|s < 1 such
that (€, DX ) = |DX g| as measures in RN, and

—divé = AgXg in D'(IRV), (21)
for some constant Ag.

Notice that, a set of finite perimeter E is calibrable if and only if it exists Ap €
IR such that Ag xg € W (xg). Observe that if E is calibrable, then A g = %.
Indeed, multiplying (21) by X £ and integrating in IR" we obtain

RN RN RN

On the other hand, if E is convex, by the results in [12] (see Theorem 13), there is
always a vector field £¢ € L¥(IRV \ E, IR) with ||£°||», < 1suchthatdiv&® =0



A characterization of convex calibrable sets in IRY 337

inD'(IRY \ E) and [£° - vE] = —1 a.e on dE. Then E is calibrable if and only if
there exists a vector field £ € L®°(E, IRV) with |||« < 1 such that (21) holds in

E and [£ - vE] = —1 a. e on E. This is consistent with the concept of calibrable
set used in the introduction.

Let us recall the following result (see, for instance, [11]). We shall include its
proof for the sake of completeness.

Proposition 2. Let E be a bounded set of finite perimeter in IRN. Assume E to be
convex. The following assertions are equivalent

(i) E is calibrable
(ii) E minimizes the functional

P(X) — rplX]| (22)
on the sets of finite perimeter X C E.

Proof. (i) — (ii) Let X be a set of finite perimeter in IR". We have

AE|EOX|=—/

divE Xy dx =/ (&, DXx) < P(X).
RN RN

Hence P(X)—Ag|X| > 0= P(E)—Ag|E| for any set of finite perimeter X C E.
(ii) — (i) Letus prove that the function f := Ag X g satisfies || f]l, < 1. Indeed,
if w € L>(IRY) N BV (IRV) is nonnegative, we have
o0 o0
/ fwkx)dx = / / AEXEX > dx dt = / AelEN{w >t} dt
RN o JRY 0

< foo P(EN{w >t} dr < foom{w > 1)) di
0 0

2[ | Dw|
IRN

where we have used that for all # > 0 for which {w > ¢} is a set of finite perimeter
we have that

P(EN{w =1}) < P({w = 1})

which is a consequence of the convexity of E (see, for instance, [3]). Splitting any
function @ € L*(IRN) N BV (IRV) into its positive and negative part, using the
above inequality one can prove that | f1RN fw(x) dx| < f/RN | Dw|. It follows
that || £l < 1. Then, by Lemma 2, there is a vector field £ € L*°(IR"; IR") with
| € [loo< 1 such that

—divé = f = ApXE. (23)

Now, multiplying (23) by X ¢ and integrating by parts, we obtain
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/(SsDXE)Z)»E/ Xde:P(E):/ IDXEl,
RN R? RN

hence X g is calibrable. m]

Proposition 3. Let B be a ball in IRY, and ). > 0. The solution of

D
u—rldiv(|Dz|) — Xy (24)

isu=(1—28)"xp

For a proof, we refer to [11], [5].

2.4. The minimizing TV flow

The following notion of strong solution is adapted from the notion of strong solu-
tion in semigroup sense [15] (see also [5], [11]).
Definition 2. A functionu € C([0, T1; L>(IR")) is called a strong solution of (6)
if

u € W20, T; L*(RV)) N L,,(10, T[; BV (R™))

and there exists 7 € L™ (]0, T[xR"; RN) with ||Z|lee < 1 such that

u,=divz  inD (J0, T[x R")

and
/ (z(t), Du(t)) = / |Du(t)| forae.t>0. (25)
RN RN

Theorem 2. Let ug € L?>(IRY). Then there exists a unique strong solution in the
semigroup sense u of (6) in [0, T forevery T > 0, i.e.,u € C([0, T]; L>(IRV))N
W20, T; LX(IRY)), u(r) € D(d®) ae.int € [0, T] and

—u'(r) € 90 (u(t)) ae.int€[0,T]

Moreover, any semigroup solution is a strong solution, and conversely. Finally,
if u and v are the strong solutions of (6) corresponding to the initial conditions
uo, vo € L*(Q), then

[u(t) = v(D)l2 < lluo — voll2  forany s > 0. (26)
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2.5. The Dirichlet problem

Let 2 be an open bounded subset of IR" with Lipschitz boundary, and ¢ € L' ().
Let ¥, : L*(Q) — (—00, +00] be the functional defined by

1 2
W, (u) := /Q|D”|+fm|”_¢| if ueL*(Q)NBV(R) N
oo if u e L*(Q) \ BV(S).

The functional W, is convex and lower semicontinuous in L*(Q), hence oY, is
a maximal monotone operator in L3 (Q).
Let us recall the characterization of W, given in [6].

Theorem 3. The following conditions are equivalent

(i) vedV,(u)
(i) u,v € L*(RQ), u € BV(Q) and there exists z € X(Q) with ||z]le < 1,
v = —div(z) in D' () such that

/(W—M)US/Z'VW—||DM||+f |W—§0|—/ lu — ¢,
Q Q 90 90

Yw € WhH(Q) N L>®(Q).

(iii) u, v € L*(Q), u € BV () and there exists z € X () with ||z]lec < 1, v =
—div(z) in D'(Q) such that (z, Du) = |Du| and [z - v¥] € sign(p —u)HV~!
a.e. on 0%2.

The following result was proved in [6].

Theorem 4. Let f; € L*(Q), ¢; € L'(9Q), i = 1,2. Assume that fi < f> and
@1 < @y Letu;, i =1, 2, be the solution of

u—+ 10V, (u) > f;. (28)
then u, < u,.
Lete > 0.

. / €2 + |Dul| +f lu—¢| ifueL>(Q)NBV(Q)
\IJ(p(u) = Q Ele}
+00 ifu e L2(Q) \ BV(RQ).

(29)

By the results in [32],[6], we know that 8\11; is a maximal monotone operator
which can be characterized in an analogous way as 0¥, and Theorem 4 also
holds for 8\11(;. Moreover, as € — 0, the solutions of

u—+ XS\D;(M) > f,

where f e L?(2) converge to the solution of u + AdW,(u) > f.
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3. A characterization of convex calibrable sets

3.1. Properties of level sets of the solution of a Variational Problem

Proposition 4. Let C be a bounded convex subset of RY. Let u € BV (IRY) N
L?(IRN) be the (unique) solution of the variational problem

A
(0); : min {/ |Du|+—/ (u —Xc)zdx}. (30)
ueBV(RVNL2(RN) | J RN 2 JRN

Then 0 < u < 1. Let Eg :=[u > s], s € (0,1]. Then E; C C, and, for any
s € (0, 1], we have

P(Es) —A(1 = $)|Es| = P(F) — A1 — $)|F| 3
forany F C C.

Proof. Recall that u satisfies the following partial differential equation

u — 2" 'div ( Du

| Du|

Let = = min(u, 0). Multiplying (32) by 4~ and integrating by parts, we deduce

that ¥~ = 0. Similarly, multiplying (32) by (u — 1)* we deduce that u < 1.

Let us prove that u = 0 outside C. Let H be a half-plane containing C. Since

Xc < Xpg,and v = X is the solution of (32) with right-hand side equal to v, by

the comparison principle proved in [11] we have that u < X g. This implies that

u = 0 outside C. This implies that E; C C for all s € (0, 1].

Let F C C be aset of finite perimeter. By Remark 2, we have that (z, DX g, ) =

|DX g, | for almost all s € (0, 1]. Hence, for such an s € (0, 1], we have

—/ diVZ(XF—XES)dX=/ (Z, DXF)—/ (Z, DXEX)
RN RN RN

:/ (z, DXp) — P(E;) < P(F) — P(Ey)
H?N

):Xc in RV, (32)

and we deduce

P(F) — P(Ey) = )\/

R

=\ (Xe =)+ —u)Xr —XEg,).
RN

Since (s —u)(Xr — Xg,) > 0 we have

N(XC —u)(Xr — Xg,)

P(F) — P(Ey) = k/ Xe =)Xp = Xg) = A1 =) F| — [Eg]).
RN

Since all sets E; are contained in C, the perimeter is lower semicontinuous, and
the area is continuous for increasing or decreasing families of sets contained in
C, we deduce that (31) holds for any s € (0, 1]. |
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Lemma 3. Let C be a bounded convex subset of RN of positive measure. Let u;,
be the solution of (Q);, A > 0.

(i) u, # Xc for any A > Q.
(ii) u, — X¢ in L*(IRN) as A — oo.
(iii) Assume that C has bounded mean curvature. Let A := (N — 1)||H¢ || 0. For
any A > 0, we have

A
u;, > (1 —N7)+Xc.

(iv) u; # 0 if and only if A > m

(v) Assume that C is not calibrable (i.e., it does not exist a vector field 7 €

L®(RY, RY), |zllee < 1 such that —divz = AcXc). For any A > HchII

u; cannot be a multiple of X ¢. Thus, for any such X, there is some s € [0, 1]
such that [u, > s] # C.

Proof. (i) Suppose that there is A > 0 such that u; = X¢. Then there is a vec-
tor field z; € L¥(R"Y, R"), ||zsllsc < 1, such that (z;, DX¢) = |DX |
and

divz, =0.

Multiplying this equation by X ¢ and integrating in IR", we obtain

O=—/ diVZAXCdx=/ (Zx,DXc)=/ |[DXc| = P(C).
RN RN RN

This contradiction proves that u; # X .
(ii) Since

A
/ IDuA|+—/ (u — Xc)* dx 5/ |IDXc| = P(C)
RN 2 RN IRN

we deduce that

(up — Xc)dx < %P(C)

RN A
i.e.u; — Xcin L? as A — oo. Moreover, u, is bounded in BV (IRV).

(iii) Bydefinition of A, we have that each principal curvature of dC is < A.Thus
there is a ball B of radius % which is osculating at each point of dC from
inside ([39], Corollary 3.2.10). Let p € 9C, let B, be the corresponding
osculating ball. Let us compare u, with the solution u,, of

— -1 4; Du J—
u— A" div = X3,.
| Du| !
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(iv)

(v)

Since X B, < Xc, by the comparison principle [11] we deduce thatu , < u;.
The solution u, is given explicitly by

AB
I/lp = (1 — Tp)+XB’).

But
. P(B,) N

Ag, =

; = —— = NA.
1Bl /A

Hence
A
u, = (1— NX)WB,,.

Since this is true for any p € dC, and also for any p in the interior of C,
we deduce that

Ay
u; > (1 —NI) Xc.
We know that u; is characterized by the solution of
u, — A7 Mdivz, = X¢

where 7, € L*¥(IRY, R"Y), ||z:lleo < 1, with (z,, Du;) = |Du,|. Thus
u; = 0 if and only if —divz, = AX¢, i.e., if and only if ||AX | < 1.
Statement (iv) is proved.

Suppose that for some A > ” ch i we have u; = c; X ¢ for some constant
0 < ¢, < 1. Observe that, by (i), ¢, < 1, and, by (iv), ¢; > 0. Then

—CﬁVZ)L = )\,(] — C)L)XC

Since (z;, Du;) = |Du,|,and ¢, > 0,wehavethat(z,, DX¢c) = |DXc| =
P(C). Multiplying the PDE by X ¢ and integrating by parts we deduce that

Ml —cy) = Ac
Hence
—diVZ)L = )ch(;,

and therefore C is calibrable, a contradiction. The final assertion is a simple
consequence of the first.

O
Lemma 4. For any A > 0, let us consider the problem
(P)) : min P(F)— A|F]|. 33)
FcC

Then
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(i) Let Cy, C,, be minimizers of (P),, and (P), respectively. If A < u, then

C, € Cy.

(ii) Let . > M. Assume that C is a solution of (P),. Then C is a solution of (P),,.

(iii) Let A, 1 A. Then C} := \U,, Cy, is aminimizer of (P),. Moreover P(C;,) —
P(C}). Similarly, if A, | A, then C) := (", Cy,, is a minimizer of (P);, and
P(C;,) — P(CD).

(iv) Assume that C has bounded mean curvature. Let A := (N — 1) ||Hc¢ || 0. Then
C is a solution of (P), forany A > NA.

Proof. (i) Observe that we have

P(Cy) = ACi = P(CLNCy) = AC.NC
P(Cy) — pulCyul = P(CLUCy) — pl|Co U Cyl.

Adding both inequalities and using that for any two sets of finite perimeter
X, Y in RN we have

P(XNY)+ P(XUY) < P(X)+ P(Y) (34)
we obtain that
AIC N Cul = I1CD = u(ICul — 1CL U CLl),
1.€.,
plC\ Cul = MG\ Cpul.

Since A < u, this implies that |C, \ C,| = 0, hence C;, € C,,.
(ii) It follows as a consequence of (i).
(iii) Let A, 1 A. For each n and each F € C, we have

P(Cy,) = MlCy, | = P(F) — Ay| F]|
Using the lower semicontinuity of the perimeter we deduce that
P(C}) = AIC}| < P(F) = A|F|,
i.e, Cy is a minimizer of (P);. Now, taking lim sup in
P(Cy,) = MGy, | < P(C}) = MalCY|
we have that

limsup P(C;,) < P(C;).
n

Using this, together with the lower semicontinuity of the perimeter, we
deduce that lim, P(C,,) = P(C f). The proof of the other assertion is
similar.
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(iv) By (ii), it suffices to prove that C is a solution of (P)y. For that let
n>NA.Take0 <s, <1— N% such that n(1 —s,) | NA. We observe
that, by Lemma 3.(ii7), [u,, > s,] = C and, by Proposition 4, is a minimum
of

P(F) —n(1 = sy)|F|. (35)

Now, by assertion (iii) in the present Lemma, we deduce that C is also a
minimum of

P(F) — NA|F|. (36)
O

Remark 3. In Proposition 4 we have proved that for any s € (0, 1], the level set
[u,, > s]is a minimizer of (P),—s). Moreover, by Lemma 4, the sets [u; >
S|V i= Uesolur = s +€l,s € [0,1), and [u; > s]7 := Neooluy > s — €,
s € (0, 1], are also minimizers of (P),(—s) (obviously [u, > 1Y = @ is also
a minimizer of (P)g). Notice that, except on countably many values of s, they
coincide with [u; > s].

3.2. The concavity of solutions of (Q);

Our purpose is to prove the following result.

Theorem 5. Let C be a bounded convex domain in IRY of class C' such that
(N —1DH¢ < %, R>0IfA > %, then the solution u; of (Q), is concave in
C. In particular [u; > s] is convex for any s € [0, 1].

Before going into the proof, we observe that, being concave in C, u, is con-
tinuous in C. In particular [u; > s]” = [u; > s] and [u; > s]Y = [u) > s].
Moreover [u; > s] = [u; > s] (modulo a null set) for any s € (0, max(u,)).

For that we recall two auxiliary results. The following theorem was proved by
Korevaar in [30]

Theorem 6. Let 2 be a C!, strictly convex bounded domain in IRN. Let b :
R x RN — IR be such that

ab 2p
— >0 —8 > 0.
ou ou?

Assume that u € C(2) N C2(Q) satisfies

div (L) — b(u, Du)

J1+ |Duf?
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and the graph of u is a C' surface above Q making zero contact angle with
Q2 x IR, i.e.,

Du
V14 |Du|?

Then u is a concave function.

¥ =1, (37)

The sense of the boundary condition (37) will be made precise during the proof
of Theorem 5. Let us recall the following result which was proved by Atkinson
and Peletier in [9].

Theorem 7. Let f : [vy, Y] = IR be a Lipschitz function such that f > 0 on
[0, 1. Let us consider the problem

. Du . N
div (—) +fw) =0 in IRY,N>2. (38)
V' 1+ |Dul?
Let
fm = min f(u), fu = max f(u)
u€lyo,y1 u€lyo,vl

and let L = Y=L, Assume that

N
v =v0)(fm —Lfu) = 1. (39)

Then there are numbers R > 0 and U € (vo, v) and a radial solution of (38) such
that

0>u'(r)>—o00, yw<u@)<y for0O<r <R, and
W' (r) = —oo, u(r)—>U asr—> R—.
and satisfying the inequalities
1 1
fu = Lfn fu—Lfu
; U<vy-— 1
fm — Lfu fu—Lf

We now prove the following result:

IA
X
|/\

(40)

IA
IA

Y = (41)

Theorem 8. Let C be a bounded convex domain in IR of class C''. Assume that
(N —DH¢ < %, R > 0. Let A > ZTN. Let us consider the following problem

S (=2 =1 c

Je€2 4+ |Dul?

u=20 on 0C

(42)
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Then there is a unique solution u® of (42) such that 0 < u¢ < 1. Moreover
u¢ > a > 0in aneighborhood of dC for some o > 0. Hence, u satisfies

|: Du¢
V€% + |Duc|?

Proof. Existence and uniqueness of a solution u€ of (42) satisfying the Dirichlet
boundary condition in the generalized sense follows by the results in [7],[32].
Multiplying (42) by test functions as in the proof of Proposition 4 and integrating
by parts we deduce that 0 < u€ < 1.

Let us prove that u¢ > o > 0 for some « > 0. For that we shall use Theorem
7. Since (N — D)H¢ < %, by [39] Corollary 3.2.10, we know that at each point
p € 0C, there is a ball B, of radius R such that B, € C and p € 9B,,.

uC] — sign(0 — u) = —1 on dC. 43)

Lemma 5. There is a radius R < R and radial solution u i of

i Du _ . ~ ~
u—A div{————) =1 in B =B(,R)

JeZ + [Dul?

(44)
u=20 on 9B
such that
0> u’é(r) >—00, U<ug(r)<y forO<r< R, and
u’é(r) — —o00, up(r)y—>U asr— R—.
for some values y > 0, U > 0.
Proof. By rescaling v% (x) := u (%), we may look for a radial solution of
V(L>+&(1—U)=O in B
/14| Dv|? €
(45)

v=~0 on 8(el§).

We shall obtain it as an application of Theorem 7. Let yp = 0,and 0 < ¥y < 1 to
be precised in a moment. In this case f(u) = %(1 — u), hence

A A
Jm==-0=v), fu=~-
€ €

and assumption (39) amounts to write

Vg(l—NJ/)ZN- (46)
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By Theorem 7 there exists a radius R, satisfying the statement of that Theorem.
The inequality (40) can be written as
N AR; N
< < .
1+(N—-1)y = € — 1—Ny

(47)

Let us fix y = ﬁ and we look for solutions v of (45) bounded by y = ﬁ
Assumption (46) can be written as

A > 4N7%, (48)
and inequality (47) as
2N? AR
< 9N, (49)
3N —1 €

We fix A > 4N?2¢. Since we need that R, < €R, by (49), this will be guaranteed
if
2Ne
—— <€R
A

ie.if A > ZTN. Finally, observe that (41) can be written as

1 2Ne 1 2N2%e
— s - (50)
2N A 2N  ABN-1)
Hence, if we take
A > 4NZ%, (51)

then U = min v% > 0. Summarizing, if we take

€ and A > —,

< —
2NR
then (51) holds and, by Theorem 7, we have a solution v% of the PDE in (45) on
eé, where B = B(0, 1?) and R = % < R, such that v;} > O on 8(e§), the graph
of v% having zero contact angle with 3 (¢ B) x IR. Hence there is a solution u g of
the PDE in (44) such thatu3; > o > O on 9B, and this solution has zero contact
angle with 9B x IR. ~
Now, since u 3 has a zero contact angle with 9 B x IR, we have
D ~ ~
Ve + |[Dugl?
Since Theorem 3 in Subsection 2.5 also holds for 8\11(; [71,[32], we deduce that
u j represents a solution of (44) with Dirichlet boundary data on B. O

=—1=ysign(0—uz) on dB.
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We come back to the proof of Theorem 8. By our remarks previous to the
proof of Lemma 5 we know that at each point p € dC, there is a ball B p» of radius
R such that Bl, C Candp € 81?,,. Since the solution u€ of (42) in C satisfies
u¢® > 0in Ep, by applying the comparison principle for the problem (44) in Bp
instead of B (see Subsection 2.5) we deduce that u€ > u B, = o Since this is true
for all balls B »» we deduce that #© > « in a neighborhood of 9C (in C). Finally,
by Theorem 3 in Subsection 2.5 we have (43). O

Proof of Theorem 5. Assume first that C is a bounded strictly convex domain
in RN of class C*. Let u¢ be the solution constructed in Theorem 8, and let
vi(x) = ue(f). We know that v€(x) is a solution of

div (L) +20-w=0 in e (52)
J1+|Dv)2/ € ’
satisfying
D €
[—v . vec] =sign(0 —v) =—1 on 3d(C). (53)
Vv 1+ |Dvej?

Moreover, by the results of L. Simon and J. Spruck [40], since C is a bounded
convex domain of class C*, we have that v¢ € C?(eC) N C(eC). Let us clarify
this conclusion. By the result of L. Simon and J. Spruck [40], there is a solution
w¢ € C%(eC) N C(eC) of (52), the boundary condition being understood in the
following sense:

1
lim —/ |Twe -Vd(x)+1]dx =0 54
wnld(x)<n]

for each W C €C, where d(x) = d(x, 3(eC)), and
Dw*

TwS ' = ——.
V1 + |Dwe|?
Let us prove that
[Tw® - v“1=—1 ond(eC). (55)

For that, let ¢ € C!(eC), and let us multiply the PDE (52) by ¢ and integrate it
on (eC)s := {x € (eC) : d(x) = 8} for § > 0 small enough. After integrating by
parts, we obtain

fwedx = — / div Tw® ¢ dx
(€C)s

:f Tuf-D(pdx—f (Tw€ - vED)pdx (56)
(eC)s 9(eC)s

(€C)s
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where f(w€) = %(1 — w°). Let
1 €
Gx) = ;X[d<,,]|Tw -Vd(x) + 1].

Now, we observe that (54) proves that G(x) — 0in L'(W), hence also
Gx)p(x) = 0 in LY(W). (57)

Take W = €C. If we write
n
/ G(xX)p(x)dx = / / G(x)p(x)dH N ds,
eC 0 3(eC)y
using (57) we deduce that for some sequence 8, — 0 we have

/ |Twe - Vd(x) + 1jex)dH" ' - 0
3(eC)s,

as 8, — 0. Now, we take 6 = §, and pass to the limit as § — 0 in (56) to obtain

f(wedx = f Tw* - Dpdx —/ (=Dedx
(€C) (€C) 3(eC)
= —f div Tw® ¢ dx +/ [Tw - v pdx —f (—Dedx.
(€C) () 3(eC)
Since div Tw* = f(w€) the above equality implies that [Tw¢ - v€©)] = —1 on

d(eC). We conclude that w€ is a solution of (52) and, both v¢ and w€ satisfy
the same boundary condition given in (53) and (55). A uniqueness result for this
equation proves that w¢ = v¢ ([7],[32]). Hence v¢ € C?(eC) N C(eC).

Under these circumstances, by Korevaar’s Theorem [30], we deduce that v€ is
concave. Hence, also u€ is concave. Since, as € — 0, u¢ converges to the solution
wj of

D
u—rldiv(D”)=1 T

u=20 on 0oC

we deduce that wj is also concave. Moreover we know that w; > g > 0 (com-
parison with balls), but we may also deduce this lower bound from Theorem 8
and Lemma 5 (a derivation based on inequality (41)). Thus the vector field &;,
&1l < 1, satisfies (&,, Dw,) = |Dwy|, wy — divé, = 1 on C, and [£), - vC] =
—1. Hence, if we define w; = 0 outside C, we have that w;, is a solution of (32)
in IRN. Hence w; = u,. We conclude that u, is concave in C. We have proved
Theorem 5 when C is strictly convex and of class C*.
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Let us consider now the general case where C is a bounded convex set of class
C'! with (N — DHe < %. Let C,, be a sequence of bounded strictly convex sets
of class C* such that C € C,, and C = (), Cn. Moreover we may assume that
(N -1H¢, < RLH with R, — R. By the previous paragraph the solution u, of

. Du
u— A div

) :ch inRN
| Dul

is concave in C,. Since u, converges to the solution of

D
w—"div (S5 ) =Xe in R
|Dul
we deduce that i, is concave in C. The Theorem is proved. O

3.3. A characterization of calibrable sets by its mean curvature

Proposition 5. Let C be a bounded convex subset of RN of class C"'. Let 1, —
. Let C, be a minimizer of (P),,. Assume that the C,, are convex, converge to
C,and C,, # C.Then u < (N — 1)||Hc¢ || co-

Proof. Observe that our assumptions imply that C is a minimizer of (P),. We
recall that the integral of the mean curvature of a convex set K

B(K) = / Hyg dHV T,
0K

being a multiple of a quermassintegral [39], is an additive, continuous, and mono-
tone functional. In particular, since C, € C, we have that B(C,) < B(C).

Now, since C, is convex, we know that H¢, is a positive measure supported on
0Cy. On the other hand we know that He < H¢e, on 9CN9dC, and (N —1)H¢, =
u,ondC, \ aC. Hence

B(C,) = / He, dHN "+ / dHN!
(3C,NIC) (N —=1) Jacnac

3/ He dHV-! +L/ dHN,
9C,NAC (N =1 Jac,nac

and we have

0 < B(C) — B(Cy) < f HedHY ' — —M _3¥-165¢,\ 00)
IC\IC, (N—-1)

< [Hellow®" 1 @C\ 9C,) — (N“—_"DHN*%acn \90),

which may be written as

MV (0C, \ 9C) < (N = D[ Hc oMY (0C \ 9C,). (59)



A characterization of convex calibrable sets in IRY 351

Assume first that H¥=1(dC \ 9C,) does not converge to 0 as n — oo. Since
C, C C and both sets are convex we have that P(C,)) < P(C). Since

0< P(C)— P(C,) =H"""@C\dC,) —H"'(BC, \ 3C), (60)
and P(C,) — P(C),dividingby HY~1(dC\dC,), and lettingn — oo, we obtain

HN'@C,\IC)  P(C) = P(Cy)

_ — 0.
HV-1(9C\aC,)  HV-1(9C\aCy)

Assume now that H¥~1(dC \ 9C,) — 0. Since C minimizes (P)u, we have
P(C) — plC| = P(Cp) — |Gyl
hence, using the isoperimetric inequality, we may write

0 < P(C) = P(C,) < p|C\ Cy| < uP(C\ C)N NP
< uHN'@C\ aC,) + HYL@BC, \ C)N/ V=D
< 2N/(N_1)MHN_1(8C \ 8Cn)N/(N‘1),

where the last inequality follows from the convexity of C,. Using (60) we may
write the above inequality as

0<HNY@ac\ac,) —HNLDC, \ dC)
< 2N/(N—1)MHN—1(8C \ 8Cn)N/(N_1).

Dividing by HV=1(dC \ 9C,), we obtain

N-—1
0o HeC\00)
= HN-I@OC\AC,) —

PN/IN=D N1 (5C \ 3C,)/N=D

Letting n — oo, we deduce that

HNL@DC, \ dC)
HN-1(C \ aC,)

— 1 asn — oo.

Thus, in any case, dividing (59) by H¥=1(dC \ 9C,) and letting n — oo we
obtain that

=N —=DlHc|leo-
O

Theorem 9. Let C be a bounded convex subset of IR of class C''. Let A =
(N — D ||Hc||o- Let C,, be the solution of (P),, i > 0. Then C,, = C if and only
if © = max(ic, A).
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Proof. Assume that C;, = C is asolution of (P),. Then (N —1)H¢ < pisacon-
sequence of Proposition 1. On the other hand, P(C) — u|C| < P(¥) — n|d| = 0,
1.€., n = Ac.

Assume now that y > max(A¢, A), but C is not a minimizer of (P),. In par-
ticular, by Proposition 2 and Lemma 4.(ii), C is not calibrable. We shall construct
a sequence of sets £, # C each one being a solution of (P),,, for a certain value
of u, such that u;, — BasiA — oo, with 8 > u. Let A > max(NA, m Ww.

By Lemma 3.(iii), we know that u; > (1 — N%)JFXC. Let us define

. 14
By :i=1nfly 1u; > (1 — X)JFXC}'
Obviously, we have 8, < NA, and

w, = (1= %)J’Xc- (61)

Case. 8, < u.Takes =1 — % Then, by Proposition 4, [u; > s]is a solution of
(P)r—s) = (P),. Finally we observe that [u; > s] = C. Thus C is a solution of
(P),. Hence, we may assume that the following case holds for any choice of A.

Case. u < f8;, < NA. For each A > max(NA, m), take 5, € (1 — % 1-—

’i—* + %], €4 > 0 a sequence converging to 0. Then
Bi— € <Al —s3) < B

Let E, = [u; > s,]. Since A(1 — 55) < B, and by Lemma 3.(v), we know that
u; is not constant, by an appropriate choice of s, we may assume that E; # ¢,
E, # C. By Lemma 3.(ii), choosing s, sufficiently near 1 — fi—* i.e., €, suffi-
ciently small, we have that £, — C as A — oo. Without loss of generality we
may assume that 8, — B where u < 8 < NA.If 8 = pu, then L(1 —5;) — u.
Since E, is a solution of (P);(1—y,), then C would be a solution of (P),,, and this

would conclude. Therefore we may assume that © < 8 < NA.

Summarizing, if @, := A(1 — s;), then E; is a solution of (P),,, ur — B as
A—> oo, u<pB<NA,and E, - C, E; #C.

Moreover, since E, is an upper level set of u;, if we take A > 2N A, by Theo-
rem 5 we know that u; is concave, hence E; is convex. By Proposition 5, sending
A — 00 we have that

p=(N—-D|Hcllw=A=<pu,

and we obtain a contradiction. We have proved that C minimizes (P),,. |
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Corollary 1. Let C be a bounded convex subset of RN of class C"*!. Then E = C
is a solution of

min P(F) — Ac|F]. (62)
FcC

if and only if (N — 1)H¢ < Ac.

Remark 4. Corollary 1 extends to IRV the analogous result proved in [27] when
N = 2. From Corollary 1 and Theorem 1 in [22] (see also [19], [28]), if (N — 1)
H¢ < A we deduce that the capillary problem in absence of gravity can be solved
for any angle y € (0, Z].

Remark 5. Observe that, if C is not calibrable, then NA > I\ch\l . Otherwise,

INAXclls < 1 and there would exist a vector field z € L®(IRY, R") with
lzlloo < 1 such that —divz = N AX¢. Multiplying by X ¢ and integrating in IR"
we obtain

NA|C| =/ (z, DX¢) < P(C).
RN

Hence A < NA < A¢, and C would be calibrable, by Corollary 1. In particular,
in the proof of the second case of Theorem 9 it suffices to take 1 > NA.

Remark 6. Taking into account the regularity results of Korevaar and Simon [31],
the above results can be extended, under some smoothness assumptions, to the
case of anisotropic perimeter, that is, when P(C) is replaced by |, ac @° (W) dHN!
with ¢, ¢° being smooth norms, ¢° being the polar of ¢. This will be considered
in a subsequent paper.

4. Convexity of the minima of the perimeter with fixed volume

We assume that C is a bounded convex set of class C!!.

Proposition 6. Let o« > ZTN, A > a(l — |luglleo) where u, denotes the solution of
(Q)q. Then (P); has a unique solution. Moreover, the solution is convex.

Proof. Let F be a minimizer of (P),. Let us write A = «(l — s) for some
s €(0,1),s < |luglloo- Lets, 15,2, | s.Sinceax(1—s,) | A, anda(l —1¢,) 1 A,
by Lemma 4.(i), we have that

U Co—1) S F C m Co(l—s,)-
n n

where Cy(1-1,) = [Ug > t,], Ca(1—s,) = [Ua > s,]. Finally, since u, is concave
and s < ||uy ||, We have that

U Co(l—1) = ﬂ Cati—s,) = [Ug = s] (modulo a null set).
n n
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Hence F = [u, > s] and the Proposition follows. Being a level set of u,, the
convexity of F follows from the concavity of u,. O

From Proposition 6 and Lemma 4.(iii) we deduce the following consequence.

Proposition 7. Let o, 8 > 2TN. Then a(1 — |luglleo) = B — lluglloo)-

Proof. Assume that these two numbers are not equal. Without loss of generality,
we may assume that

a(l = luglloc) < B(1 = [lugllo)-

Let us take A such that o(1 — [Jualleo) < A < B(1 — |luglleo). Let us write
A =oa(l —s) = B(1 —t) for some values s < |[uy|loc, and ¢ > |luglloo. Since
[ug > t] = ¥, and, by Proposition 6, the solution of (P);, is unique, being [uy > 5]
a solution of (P);, we deduce that [u, > s] = @, a contradiction. This proves our
proposition. O

Let A* be the unique value of a(1 — |luy]loo), for @ > ZTN, determined by the
above proposition. Using Lemma 4.(iii), and Propositions 6 and 7 we obtain the
following result.

Corollary 2. If C; denotes the minimum of (P);, the functions A — P(C,) and
A — |C,| are continuous for A € (A*, 00).

Proposition 8. Ler o, § > ZTN. Then [ug > |lualloc] = [up > llugllcl, and

2* = P([ug = lluglloc])
e > llugllooll

As a consequence, we obtain that this set is calibrable.

(63)

Proof. Since [ua = ”ua”OO - ﬁ], and [I,tlg > ”Mﬂ”oo — ﬂLn] are both solutions of
(P),+, 1, we have that

1
Uy = |luglloc — —1=1[ug = |lu - —1
[ lualloo = —-1 = lup = lluglloo ]

Bn

Since

1
> = > —
[g > lltg ool |n|[ua > |ug oo (xn]’

and

1
[ug > lluglloo] = O[uﬁ > Jluglloo — ﬂ—n]

we deduce that [uy > [luglloc] = [up > lluglloc], and this set minimizes (P ).
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Now, since [uy > ||Ugllco + €] = @ is a solution of (P),+_y, for all € > 0, by
Lemma 4.(iii), we have that @ is also a solution of (P);+. Then

P(lug = llualloc]) = A[[ue = lluallcoll = P(#) — 2*8] = 0,

and (63) follows. Since [uy > ||uu|lxo] 1S @ minimizer of (P);+ we deduce that
this set is calibrable. O

Collecting the above results, we have obtained the following Theorem.

Theorem 10. Let C be a bounded convex set of class C'-'. Then there is a convex
calibrable set K C C. Moreover K minimizes

min P(F) — Ak |F|. (64)
FCC
Forany A > Ak, there is a unique minimizer C; of (P); and the function A — C,,
is increasing and continuous. Moreover A — P (C,) is also continuous.
Let us state without proof the following observation.

Lemma 6. Let C be a bounded convex subset of IRY. Let ;1 > 0 and let E be a
solution of the variational problem

min P(F) — pulFl. (65)

Let V = |E|. Then E is a solution of

min P(F). (66)
FCC.|F|=V
Theorem 11. Let C be a bounded convex set of class C"'. Forany V € [|K|, |C|]
there is a unique convex solution of the constrained isoperimetric problem (66).

Proof. Any solution of (66) corresponding to a value V € [|K]|, |C|] coincides
with the solution obtained from the corresponding problem (P), for some A €
[Ak, 00).Indeed,if V € [|K]|, |C|], thereis avalue of A € [Ag, 00) such that, if C;,
is the minimum of (P);, then |C;| = V. By Lemma 6 we know that C;, is a solu-
tion of (66). Now, let Q be another solution of (66). We have that P(Q) = P(C,),
and |Q| = |C,|. Hence

P(Q) —A|Q| = P(Cy) — A|Cy| = P(F) — A|F|
for any F C C. Thus, Q is a minimum of (P);, hence Q = C,. |

Remark 7. By virtue of Lemma 6 and Proposition 4, the algorithm described in
[16], [17], permits to compute the solution of (66) for any V € [|K]|, |C|].
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5. Evolution of convex sets in IR™ by the minimizing Total Variation flow

5.1. The evolution of a convex calibrable set

We are interested in computing the evolution of convex sets by the minimizing
Total Variation flow, i.e., the solution of the equation

u Du
— =di i = 10, T[x IR?, 67
2 1V(|Du|) in Q7 := 10, T[x (67)

coupled with the initial condition
u(0) = ug € L*(IR?), (68)

when 1y = X¢, C being a bounded convex subset of IR". Since we need the
results of Section 3 we shall assume that C is of class C!.

Let © be a set of finite perimeter in IRY . We shall say that the set 2 decreases
at constant speed A if

u(t,x) =0 —-xr)*txq) (69)

is the strong solution of (67) and (68) corresponding to ug = X . It can be easily
checked (see [11]) that 2 decreases at speed A if and only if the function v := X
satisfies the equation

. Dv
—div = Av, (70)
| Dv|

i.e.,ifand only if there exists a vector field& € L>®(IRY; IRV) suchthat ||£], < 1,

—divE = av (71)

and

/ (5,Dv)=/ |Dv]. (72)
RN RN

In other words, the convex set decreases at constant speed if and only if it is calib-
rable. Now, using Theorem 9 we obtain a characterization of the bounded convex
sets of class C!*! which decrease at constant speed.

Theorem 12. Let C be a bounded convex subset of R of class C'-'. The following
conditions are equivalent:

(i) C decreases at constant speed.
(ii) C is calibrable.
(iii) (N = 1) sup,cyc He(p) < e
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5.2. The evolution of several convex calibrable sets with no interaction

LetCy, ..., C, beboundedconvex subseti of IRY ofclass C!! such that aﬂC_j =
¢ foranyi # j,andlet F := IRV \|J'_, C;. We are concerned with the existence
of a vector field z € L™ (F, IR") such that

—divz=0 in D'(F),
<1,
||z||ooF_ ] . (73)
[z-vi]=-1 HN-l—ae.ondC;, i €{1,...k},
z-vi1=1 HNl-ae.ondC;, jefk+1,...m}.

The following result was proved in [12] in IR? but the proof extends to IR",
N > 3.

Theorem 13. The following conditions are equivalent.

(i) Problem (73) has a solution.
(ii) let E| be a solution of the variational problem

m k
min{ P(E): | J ¢;SEC R\ JCit. (74)
j=k+1 i=1

Then we have

m

P(E)= ) P(C)). (75)

j=k+1

Let E; be a solution of the variational problem

k m
min{ P(E): | Je;cECRY\ | C;¢. (76)
i=1 j=k+1

Then we have
k
P(Ey) =) P(C)). (77)
i=1

Moreover, if k = 0, condition (ii) can be stated only for E1; if k = m, condition
(ii) can be stated only for E».

Remark 8. Let Cy, ..., C,, be bounded convex subsets of IRY of class C!! such
that C; N C; = ) for any i # j. The following conditions are equivalent:
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(i) The following problem admits a solution:

—divz=0 inD'(F),
z€ L¥(F,RY), {|zlle <1, (78)
[z-v]=1 HM'-ae.ondC;, je{l,...m}.

(ii) if E be a solution of the variational problem

min { P(E): | JC, S E L, (79)
j=1
then we have
P(E)) =) P(C). (80)
j=1

(iii) let 0 < k <m and let {i}, ..., i} € {1,..., m} be any k-uple of indices; if
we denote by E;, _; asolution of the variational problem

k m
min { P(E) : E of finite perimeter , | JC;; CECRY\ ] Ci; ¢,
j=1 Jj=k+1
(81)
we have
k
P(Ej....i) = Y _ P(Ci). (82)
j=1

Indeed, by Theorem 13, (i) and (ii) are equivalent. Obviously, (iii) implies (ii).
Assume now that (i7) holds. Let E;,  ; be aminimum of (81). Let E = E;, ;U

Uj—is1 Ci;- Then, we have

P(E) = > P(C).

j=1

Since P(E) < P(E;,..;,) + Z;f':kH P(C;,) we deduce that

Jj=1

Now, since E;, . ; 1s a minimum of (81), we also have that

.....

k
P(E;..;) <Y P(Ci)

j=1



A characterization of convex calibrable sets in IRY 359

and we obtain (82). In particular, if one of the equivalent conditions (i), (ii),
or (iii) in this Remark holds, then condition (ii) of Theorem 13 also holds for
all values of k € {0, ..., m}. In other words, the solvability of (78) implies the
solvability of (73) for all values of k € {0, ..., m}.

Theoreml4. L_et Ci,...,Cy, be bounded convex subsets of RN of class C L1
suchthat C;NC; =W foranyi # j. Let @ = U C;. Then v := Xq is a solution
of (70) if and only if

(i) the following inequalities hold:

P(C;
ess sup Hci(p)fM Vi=1,...,m;
PpedC; |Cil
(ii) ) = Pl(cci-i')foranyi,j e{l,...,m};
(iii) If E| is a solution of the variational problem

min P(E):UC]-QE , (83)
j=1
then we have
P(E)) =) P(C). (84)
j=1

Proof. Assume that X g is a solution of (70). Then each set C; is calibrable. By
Theorem 9, condition (i) holds. Now, integrating (70) on each C; we obtain

)\,Q=)\,Ci Vie{l,...,m}.

Finally, we observe that, since X is a solution of (70), then there is a solution of
(78). Thus, by Remark 8.(ii), we obtain that (iii) of the Theorem holds.

Conversely, assume that (i) — (iii) hold. Letus write Ag = A¢,,i = 1,...,m.
Then, by Theorem 9, on each C; there is a vector field &; such that

—divé =i onC;

and [& - v©] = —1 on dC;. By (iii), there exists a vector field &, such that
—divgy =0
and [& - V4] = —1 on 9C;. We define
6 {gi onCi,iefl,...,m

& onRN\ U™ C;

We have
—divé = hgXq

and (&, DXg) = |DXgq|. We deduce that X is a solution of (70). O
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TheoremlS. Le_t Cy,...,Cy be bounded convex subsets of RN of class C 11
suchthat C; N Cj =W foranyi # j. Letb; > 0,i =1,...,m, ke {l,...,m}.
Thenv:= —Y"_ biXc, + Y it biX ¢, is a solution of
. Dv
—d1v< ) — (85)
| Do
if and only if
(i) the following inequalities hold:
P(CH ,
ess sup He, (p) < ——— Vi=1,...,m;
PpedC; |Cil
(ii) b; = P‘(C)foranyl e{l,...,m};

(iii) If E is a solution of the varlatlonalproblem (74), then (75) holds. If E, is a
solution of (76), then (77) holds.

Proof. Let us write Q = U;”:l C;. Assume that v is a solution of (85). Let £ €
L®(RYN, IRM), |I€|lec < 1, be such that

—divE =v  on RN (86)
and (¢, Dv) = |Dv|. Fori € {1, ..., k}, we have
—divé = —b; on C; (87)
and [£-v%] = 10ondC;. Integrating the above equation in C; we deduce that b; =
P|(Cci ,and C is calibrable, i € {1, ..., k}. Similarly, since fori € {k+1, ..., m},
we have
—divé = b; on C; (88)

PG

and [£ - V4] = —1 on 3C;, we also deduce that C; are calibrable and b; = T ‘

i € {k+1,...,m}. Then (i) and (ii) hold. Finally, we observe that §|zn\q 1
solution of (73) Hence, by Theorem 13, (iii) holds.

Assume now that (i) — (iii) hold. By (i) and (ii), we know that there are
solutions &; of (87) such that [£ - v¢i] = 10ndC;,i € {1,...,k}. Similarly, there
are solutions & of (88) such that [§ - v¢1] = —10n dC;,i € {k+1,...,m}.
Now, by (iii), we know that there is a solution of (73). By pasting all these solu-
tions we find a vector field £ € L®°(IRY, RV), ||l < 1, satisfying (86) and

(&, Dv) = [Dv. O
As a consequence we obtain the following result.

Theorem 16. Let C,, ..., C,, be bounded convex subsets of RN of class C'!
such that C; N C_] = 0 for any i # j. Assume that C; satisfy the assump-
tions (i) — (iii) of Theorem 15. Let ug = Z;":l biXc,, bi € IR. Then the solu-
tion u(t) of (67) corresponding to the initial condition u(0) = ug is u(t) =
>y sign(i) (1bi| — Ae;)F X,
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5.3. The evolution of a general convex set of class C''!

In this Section we assume that C is a bounded convex set of class C"'!'. Let K be
the calibrable set contained in C defined in Theorem 10. For each A € (0, co) let
C,. be the solution of (P),. We take C, = ¥ for any A < Ak, and, by Theorem
9 we have that C;,, = C for any A > max(i¢, A). Following the approach in
[101,[29], using the monotonicity of C, and |C \ U{C, : A > 0} = 0, we may
define

—inf{A :x € Cy} ifxecC
He(x) = (89)
0 if RN\ C.

Observe that Ho(x) = —Ag forany x € K.
Definition 3. Let H € L' (IR"). Let Fy be the functional

Fur(X) = P(X) —|—/ H(x)dx,
X

X being a set of finite perimeter in IRN. Let E be a set of finite perimeter in IR" .
We say that H is a variational mean curvature of E if

Fu(E) < Fu(X) VX set of finite perimeter in IR .
The following Proposition was proved in [10],[29].

Proposition 9. We have

(i) Hc is a variational mean curvature of C. Moreover ||Hc || 1y = P(C).
(ii) Hc X ¢, is a variational mean curvature of C, and fCA He(x)dx = —P(Cy).

Lemma 7. We have ||Hc ||« = 1. In particular, there exists a vector field Ec €
L®(RN, RN), ||éc|loo < 1 such that div&c = Hc in IRN. Moreover

(éc, DX¢,) = |DXc,| forany i > 0.

Proof. Since Fy(C) = 0, we have that — [, Hc(x) dx < P(X) for any rectifi-
able set X C IR". As in the proof of Lemma 2 this implies that | H¢ ||, < 1. Since
fc He(x)dx = —P(C) we deduce that || H¢ ||« = 1. Hence, by Lemma 2, there
exists a vector field &¢ satisfying the properties of the statement of the Lemma.

Now, multiplying div&c = Hc by X ¢, and integrating in IRY we deduce that

—/ (éc, DXc,) = Hc(X)dX=—P(Cx)=—/ IDXc,|.
RN Cs N

R

Since ||éc]loo < 1, we deduce that (§c, DX¢,) = |DXc, |- O



362 F. Alter et al.

Theorem 17. Let C be a bounded convex subset of RN of class C"'. Let Hc(x)
be the variational curvature of C constructed in Proposition 9. Then u(t, x) =
(14 He(x)t)T X c(x) is the solution of (67) corresponding to the initial condition
u(0, x) = Xc(x).

Proof. Lett > 0. We have u, (¢, x) = sign™ (1 + Hc(x)t) Hc (x). Now, observe
that sign™(1 + Hc(x)t) = 1 if and only if ¢ < —ﬁ, i.e., if and only if
x € Cyj;. Otherwise sign®™ (1 + Hc(x)t) = 0. In particular, we observe that for

t > ||HLC|ILoo(c) = i we have u, = 0 and also u(t) = 0. Thus

u(t,x) = He(x)X¢,,, (x) X[0,1)(2)

where T := i Let &c be the vector field given by Lemma 7. In particular, we
have (§c, DX¢,,,) = [DXc,,| for almost all 5. In other words, we have

[&c - UCI/S] = —1 on 8C1/s (90)

for almost all s. Observe that, since Cy/, is a convex set, there is a vector field
gRN\Cur e L®(RN \ Cyyp), || §%"\Cr || < 1 such that
div%‘lRN\Cl/’ =0 inR"Y \ Cl/t
[gﬂ?N\C]/, . URN\Cl/t] =1 on 8C1/[-

1

When ¢ < = let
K

§c(x) ifx € Cyyy

E(I,X) = {%-H?N\Cl/t(x) ifx € RN \ Cl/t'

When ¢ > 5L let £(,x) = 0. Let# < ;-. By Remark 1 we have that £(1) €

X>(IRN). We have

/ (S(t),DM(f))=/ / @), DXpuy=11) d2
RN RN Jo

=/ N(E(I),DX[u(z)zx])d)L
o Jr

[lee (t) I oo
_ / / (1), DX puyo) d
0 RN

lu(®) oo
[ ew e,
0 *[u(®)=A]

(@)oo
—— [ [ tew e,
0 *[u(t)=A]
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[le() o
. / / [Ec (1) - v d,
0 *[u(t)=A]

[lee ()l oo
_ f P@*[u(t) = A))dA  (by (90))
0

:/ | Du()].
RN

Also, for t > -1, we have (£(¢), Du(t)) = |Du(?)|.

A‘ b
On the othel; hand, by construction of £(z, x) we have

divE(r) = He(n)Xe,, (x)

if 1 < 7. If 1 > 5, we have div&() = 0. Thus we have that u, (t) = div (1)
for almost all t € (0, T) (also in D'((0, T) x IR") for any T > 0). By the char-
acterization of W given in Lemma 1 we have that u(¢) is a strong solution in the
sense of semigroups of (67). Finally, by Theorem 2, u is also the strong solution
of (67) corresponding to the initial condition u (0, x) = X ¢ (x). O

5.4. Solutions constructed from convex sets

Theorem 18. Let Cy, ..., C,, be bounded convex subsets of RN of class C'!
such that C; N C_j = () for any i # j. Assume that C; satisfy condition (ii)
in Remark 8. Let Hc, be the variational curvature of C; defined in Subsection
53 Letb; € R, by < 0,i =1,....,k; b >0,i =k+1,...,m. Then
u(t,x) = Z;"zl sign(b;)(|b;| + Hc, (x)t)* X ¢, (x) is the solution of (67) corre-
sponding to the initial condition u(0,x) = > /L, b Xc,.

Proof. By Lemma 7, for each i = 1,...,m, there is a vector field &, € L™
(RN, R"), |l6¢,lloo <1, such that

div SC,' = HC[ in RN,

and

/ (Sc,»,DXcM)Z/ |DXc,,| forany A > 0.
RN ' RN '
Observe that this equality implies that
[éc, -vEi]l=—1  HN"'-ae. ondC;. 1)

Now, since C; satisfy condition (i7) in Remark 8, there is a vector field &, €
L®(IRN \ (C;U...C,)) with ||&|lsc < 1 such that

—divg, =0 inD'(RV\| G,
i=1

(&, -vCi1=—1 HN-1—ae.ondC;, i €{l,...,m).

(92)
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Let us put together all these vector fields, i.e., let

() ifxeC
e ) ifxeRVY\(CLU---UC,).

Since [£, - vCi] = ¢, - V¢l = —1HN"'-a.e. on 9C;, we have that

§(x)

m
—divé = —> " He,xe, inR". (93)
i=1

Let F = =YL He,xe, = Yy |He,Ixe, > 0. The inequality (93) says that
| F]l« < 1. We have that

m m
0= |Helxc,,, < Y 1Helxc,
i=1

i=1
hence
m m
1Y 1He Xl < 1 1He lxe Il < 1.
i=1 i=1

By Lemma 2, we conclude that there exists a vector field & € L*®(R"Y, R")
such that ||&]loc < 1 such that

m
—divE, =Y |He,l X,
i=1

and this implies that
divg, =0 in RY\ (CrisU---UChiss),
and
(& - vCis] = —1 HN"'—ae.ondC; s, i €1{1,...,m}.

Let It :={i : b; > 0}, I~ :={i : b; < 0}. By Remark 8 we know that there is a
solution there is a vector field §* € L*(IRY, R"), ||£¥]lo < 1 satisfying

—diver =0 in D'(RV\ | Ciijo).

i=1 (94)
[EF - vCn] = —1 HN'-ae.ondC; s, i €17,
[EF-vCin] =1 HN—a.e.ondCj ), jeI.

Now we finish the proof as in Theorem 17, the vector field £ playing the role of
the vector field & R™\C1/t i the proof of that Theorem. O

Acknowledgements. The second author acknowledges partial support by the Departament d’Uni-
versitats, Recerca i Societat de la Informacié de la Generalitat de Catalunya and by PNPGC
project, reference BFM2000-0962-C02-01.



A characterization of convex calibrable sets in IRY 365

References

1.

2.

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

Alter, F.,, Caselles, V., Chambolle, A.: Evolution of Convex Sets in the Plane by the Mini-
mizing Total Variation Flow. Interfaces Free Boundaries April 2005.

Ambrosio, L.: Corso introduttivo alla teoria geometrica della misura ed alle supefici minime.
Scuola Normale Superiore, Pisa, 1997

Ambrosio, L.: Minimizing movements. Rend. Accad. Naz. Sci. XL Mem. Mat. Appl. (5)
19, 191-246 (1995)

Ambrosio, L., Fusco, N., Pallara, D.: Functions of Bounded Variation and Free Disconti-
nuity Problems. Oxford Mathematical Monographs, 2000

Andreu, F., Ballester, C., Caselles, V., Maz6n, J.M.: Minimizing total variational flow.
Differential Integral Equations 4(3), 321-360 (2001)

Andreu, F., Ballester, C., Caselles, V., Mazo6n, J.M.: The Dirichlet Problem for the Total
Variation Flow. J. Funct. Anal. 180, 347-403 (2001)

Andreu, F., Caselles, V., Mazén, J.M.: A parabolic quasilinear problem for linear growth
functionals. Rev. Mat. Iberoamericana 18, 135-185 (2002)

Anzellotti, G.: Pairings between measures and bounded functions and compensated com-
pactness. Ann. Mat. Pura Appl. 135, 293-318 (1983)

Atkinson, E.V., Peletier, L.A., Bounds for vertical points of solutions of prescribed mean
curvature type equations. Proc. Roy. Soc. Edinburgh Sect. A 112, 15-32 (1989)

Barozzi, E.: The curvature of a boundary with finite area. Atti Accad. Naz. Lincei CI. Sci.
Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 5, 149-159 (1994)

Bellettini, G., Caselles, V., Novaga, M.: The Total Variation Flow in IRYN . ]. Differential
Equations 184, 475-525 (2002)

Bellettini, G., Caselles, V., Novaga, M.: Explicit solutions of the eigenvalue problem

—div ( Du ) — u. Siam J. Mathematical Analysis, 2005.

[Dul
Bellettini, G., Novaga, M., Paolini, M.: On a crystalline variational problem. II. BV reg-
ularity and structure of minimizers on facets. Arch. Ration. Mech. Anal. 157(3), 193-217
(2001)
Bellettini, G., Novaga, M., Paolini, M.: Characterization of facet-breaking for nonsmooth
mean curvature flow in the convex case. Interfaces Free Bound. 3, 415446 (2001)
Brezis, H.: Operateurs Maximaux Monotones. North Holland, 1973
Chambolle, A.: An algorithm for total variation minimization and applications. J. Math.
Imaging Vision 20, 89-97 (2004)
Chambolle, A.: An algorithm for mean curvature motion. Interfaces Free Bound. 6(2).
195-218 (2004).
Chen, J.T.: On the existence of capillary free surfaces in the absence of gravity. Pacific J.
Math. 88, 323-361 (1980)
Concus, P, Finn, R.: On Capillary Free Surfaces in the Absence of Gravity. Acta Math.
132, 177-198 (1974)
Crandall, M.G., Liggett, T.M.: Generation of semigroups of nonlinear transformations on
general Banach spaces. Am. J. Math. 93, 265-298 (1971)
Evans, L.C., Gariepy, R.F.: Measure Theory and Fine Properties of Functions. Studies in
Advanced Math. CRC Press, Ann Harbor, 1992
Finn, R.: Existence and non existence of capillary surfaces. Manuscripta Math. 28, 1-11
(1979)
Finn, R.: A subsidiary variational problem and existence criteria for capillary surfaces.
J. Reine Angew. Math. 353, 196-214 (1984)
Finn, R.: Equilibrium Capillary Surfaces. Springer Verlag, 1986
Giga, M.H., Giga, Y., Kobayashi, R.: Very singular diffusion equations. Proc. of Taniguchi
Conf. on Math. Advanced Studies in Pure Mathematics 31, 93—-125 (2001)



366

F. Alter et al.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Giga, Y.: Singular diffusivity-facets, shocks and more. Hokkaido University Preprint Series
in Mathematics, Series 604, September 2003

Giusti, E.: On the equation of surfaces of prescribed mean curvature. Existence and unique-
ness without boundary conditions. Invent. Math. 46, 111-137 (1978)

Giusti, E.: Boundary Value Problems for Non-Parametric Surfaces of Prescribed Mean
Curvature. Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 3, 501-548 (1976)

Gonzalez, E., Massari, U.: Variational Mean Curvatures. Rend. Sem. Mat. Univ. Politec.
Torino 52, 1-28 (1994)

Korevaar, N.: Capillary surface convexity above convex domains. Indiana Univ. Math. J.
32, 73-82 (1983)

Korevaar, N., Simon, L.: Equations of mean curvature type with contact angle boundary
conditions. Geometric analysis and the calculus of variations, Internat. Press, Cambridge,
MA, 1996, pp. 175-201

Lichnewski, A., Temam, R.: Pseudosolutions of the Time Dependent Minimal Surface
Problem. J. Differential Equations 30, 340-364 (1978)

Massari, U.: Frontiere orientate di curvatura media assegnata in L?. Rend. Sem. Mat. Univ.
Padova 53, 37-52 (1975)

Meyer, Y.: Oscillating patterns in image processing and nonlinear evolution equations.
The fifteenth Dean Jacqueline B. Lewis memorial lectures. University Lecture Series, 22.
American Mathematical Society, Providence, RI, 2001

Miranda, M.: Un principio di massimo forte per le frontiere minimali e una sua applicazione
alla risoluzione del problema al contorno per 1’equazione delle superfici di area minima.
Rend. Sem. Mat. Univ. Padova 45, 355-366 (1971)

Rosales, C.: Isoperimetric regions in rotationally symmetric convex bodies. Indiana Univ.
Math. J. 52, 1201-1214 (2003)

Rudin, L., Osher, S., Fatemi, E.: Nonlinear total variation based noise removal algorithms.
Physica D 60, 259-268 (1992)

Santald, L.A.: Integral geometry and geometric probability. Encyclopedia of Mathematics
and its Applications, Vol. 1. Addison-Wesley Publishing Co., Reading, Mass.-London-
Amsterdam, 1976

Schneider, R.: Convex Bodies: The Brunn-Minkowski Theory. Encyclopedia of Mathemat-
ics and its Applications, 44, Cambridge University Press, 1993

Simon, L., Spruck, J.: Existence and Regularity of a Capillary Surface with Prescribed
Contact Angle. Arch. Ration. Mech. Anal. 61, 19-34 (1976)

Stredulinsky, E., Ziemer, W.P.: Area Minimizing Sets Subject to a Volume Constraint in a
Convex Set. J. Geom. Anal. 7, 653-677 (1997)

Ziemer, W.P.: Weakly Differentiable Functions. Springer Verlag, Ann Harbor, 1989



