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Thermoelasic systems



























utt(t, x)− uxx(t, x) + mθx(t, x) = 0, 0 ≤ x ≤ 1,

θt(t, x)− θxx(t, x) + muxt(t, x) = 0, 0 ≤ x ≤ 1,

u(t, x) = 0, θ(t, x) = 0, t ≥ 0, x = 0, 1
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H1 := L2([0, 1]) =: H2.

A := −∆D. C := −△D,
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utt(t, x)− uxx(t, x) + mθx(t, x) = 0, 0 ≤ x ≤ 1,

θt(t, x)− θxx(t, x) + muxt(t, x) = 0, 0 ≤ x ≤ 1,

u(t, x) = 0, θ(t, x) = 0, t ≥ 0, x = 0, 1

H1 := L2([0, 1]) =: H2.

A := −∆D. C := −△D,

B := m∇, D(B) = H1

0
([0, 1]).
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Abstract thermoelasic systems

(1)

{

utt + Au + Bθ = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)
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Abstract thermoelasic systems

(1)

{

utt + Au + Bθ = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)

● H1 and H2 : Hilbert spaces
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● H1 and H2 : Hilbert spaces

● A : D(A) ⊂ H1 −→ H1 and C : D(C) ⊂ H2 −→ H2 :
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{
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θt + Cθ −B∗ut = 0 ( in H2)

● H1 and H2 : Hilbert spaces

● A : D(A) ⊂ H1 −→ H1 and C : D(C) ⊂ H2 −→ H2 :

positive, and self adjoint.
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Abstract thermoelasic systems

(1)

{

utt + Au + Bθ = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)

● H1 and H2 : Hilbert spaces

● A : D(A) ⊂ H1 −→ H1 and C : D(C) ⊂ H2 −→ H2 :

positive, and self adjoint.

● B : D(B) ⊂ H2 −→ H1 : closed operator.
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Abstract thermoelasic systems

(1)

{

utt + Au + Bθ = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)

● H1 and H2 : Hilbert spaces

● A : D(A) ⊂ H1 −→ H1 and C : D(C) ⊂ H2 −→ H2 :

positive, and self adjoint.

● B : D(B) ⊂ H2 −→ H1 : closed operator.

● D(C
1

2 ) ⊂ D(B) and D(A
1

2 ) ⊂ D(B∗).
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(1)

{

utt + Au + Bθ = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)
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(1)

{

utt + Au + Bθ = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)

The decoupled abstract system :

(2)

{

utt + Au + BC−1B∗ut = 0 ( in H1)

θt + Cθ −B∗ut = 0 ( in H2)
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H = D(A
1

2 )×H1 ×H2.
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H = D(A
1

2 )×H1 ×H2.

(1)←→ A1 =







0 I 0

−A 0 −B

0 B∗ −C






, D(A1) = D(A)×D(A

1

2 )×D(C)
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H = D(A
1

2 )×H1 ×H2.

(1)←→ A1 =







0 I 0

−A 0 −B

0 B∗ −C






, D(A1) = D(A)×D(A

1

2 )×D(C)

(2)←→ A2 =







0 I 0

−A −BC−1B∗ 0

0 B∗ −C






, D(A2) = D(A1)
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Assumptions :



Partial Diff. Eq., Optimal Design and Numerics Benasque, 26.08—07.09, 2007 - p. 6/15

Assumptions :

● C−1B∗A
1

2 : H1 −→ H2 bounded .
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2 is bounded .
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Assumptions :

● C−1B∗A
1

2 : H1 −→ H2 bounded .

● BC−
1

2 is bounded .

Theorem 1 :

A1 and A2 generate contraction semigroups

(T1(t))t≥0 and (T2(t))t≥0.
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D.B. Henry, Lopes, Perissinitto

Theorem 2 :

If BC−γ is compact for some 0 < γ < 1,

then

T1(t)− T2(t) is compact on H for t > 0.
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D.B. Henry, Lopes, Perissinitto

Theorem 2 :

If BC−γ is compact for some 0 < γ < 1,

then

T1(t)− T2(t) is compact on H for t > 0.

σess(T1(t)) = σess(T2(t)), t > 0
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M. Li, X. Gu and F. Huang (2002)

Theorem 3 :
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Theorem 3 :

If

(i) ∆(t) := T1(t)− T2(t) is norm continuous for t > 0,



Partial Diff. Eq., Optimal Design and Numerics Benasque, 26.08—07.09, 2007 - p. 8/15

M. Li, X. Gu and F. Huang (2002)

Theorem 3 :

If

(i) ∆(t) := T1(t)− T2(t) is norm continuous for t > 0,

(ii) R(λ,A1)−R(λ,A2) is compact ∀λ ∈ ρ(A1) ∩ ρ(A2),
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M. Li, X. Gu and F. Huang (2002)

Theorem 3 :

If

(i) ∆(t) := T1(t)− T2(t) is norm continuous for t > 0,

(ii) R(λ,A1)−R(λ,A2) is compact ∀λ ∈ ρ(A1) ∩ ρ(A2),

then

∆(t) is compact for t ≥ 0.
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Lemma 4 :

The map t 7−→ T1(t)− T2(t) is norm continuous on
(0,∞).
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Lemma 4 :

The map t 7−→ T1(t)− T2(t) is norm continuous on
(0,∞).

Proof : x0 = (u0, v0, θ0) ∈ D(L) : ‖x0‖ ≤ 1.

T1(t)(u0, v0, θ0)− T2(t)(u0, v0, θ0) =

(

u(t)−u(t)
v(t)−v(t)

θ(t)−θ(t)

)

.
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Lemma 4 :

The map t 7−→ T1(t)− T2(t) is norm continuous on
(0,∞).

Proof : x0 = (u0, v0, θ0) ∈ D(L) : ‖x0‖ ≤ 1.

T1(t)(u0, v0, θ0)− T2(t)(u0, v0, θ0) =

(

u(t)−u(t)
v(t)−v(t)

θ(t)−θ(t)

)

.

● θ(t)− θ(t) =

∫ t

0

e−C(t−s)B∗(v(s)− v(s))ds
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Lemma 4 :

The map t 7−→ T1(t)− T2(t) is norm continuous on
(0,∞).

Proof : x0 = (u0, v0, θ0) ∈ D(L) : ‖x0‖ ≤ 1.

T1(t)(u0, v0, θ0)− T2(t)(u0, v0, θ0) =

(

u(t)−u(t)
v(t)−v(t)

θ(t)−θ(t)

)

.

● θ(t)− θ(t) =

∫ t

0

e−C(t−s)B∗(v(s)− v(s))ds

●

(

u(t)−u(t)
v(t)−v(t)

)

=

∫ t

0

S(t− s)
(

0
f(s)

)

ds



Partial Diff. Eq., Optimal Design and Numerics Benasque, 26.08—07.09, 2007 - p. 9/15

Lemma 4 :

The map t 7−→ T1(t)− T2(t) is norm continuous on
(0,∞).

Proof : x0 = (u0, v0, θ0) ∈ D(L) : ‖x0‖ ≤ 1.

T1(t)(u0, v0, θ0)− T2(t)(u0, v0, θ0) =

(

u(t)−u(t)
v(t)−v(t)

θ(t)−θ(t)

)

.

● θ(t)− θ(t) =

∫ t

0

e−C(t−s)B∗(v(s)− v(s))ds

●

(

u(t)−u(t)
v(t)−v(t)

)

=

∫ t

0

S(t− s)
(

0
f(s)

)

ds

● f(s) = Bθ(s)−B−1CB∗v(s)
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Lemma 5 :

Assume A−
1

2 BC−1 is compact from H2 to H1.
Then,
R(λ,A1)− R(λ,A2) is also compact on H for
λ ∈ ρ(A1) ∩ ρ(A2).
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Lemma 5 :

Assume A−
1

2 BC−1 is compact from H2 to H1.
Then,
R(λ,A1)− R(λ,A2) is also compact on H for
λ ∈ ρ(A1) ∩ ρ(A2).

Proof :

A−1
1 −A

−1
2 =









0 0 A−1BC−1

0 0 0

0 0 0








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Lemma 5 :

Assume A−
1

2 BC−1 is compact from H2 to H1.
Then,
R(λ,A1)− R(λ,A2) is also compact on H for
λ ∈ ρ(A1) ∩ ρ(A2).

Proof :

A−1
1 −A

−1
2 =









0 0 A−1BC−1

0 0 0

0 0 0









H = D(A
1

2 )×H1 ×H2.



Partial Diff. Eq., Optimal Design and Numerics Benasque, 26.08—07.09, 2007 - p. 11/15

Theorem 6 :

Assume that A−
1

2 BC−1 is compact. Then

T1(t)− T2(t) is compact for t > 0.
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Theorem 6 :

Assume that A−
1

2 BC−1 is compact. Then

T1(t)− T2(t) is compact for t > 0.

Remark :

BC−γ is compact =⇒ A−
1

2 BC−1 is compact
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Example :

B. Simon : Jelly Roll domain :

Ω = {(x, y) ∈ R
2 :

1

2
< r < 1} \ Γ,
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Example :

B. Simon : Jelly Roll domain :

Ω = {(x, y) ∈ R
2 :

1

2
< r < 1} \ Γ,

Γ is the curve, in R
2, given in polar coordinates by

r(φ) =
3π
2

+ Arctang(φ)

2π
, −∞ < φ <∞.
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Ω = {(x, y) ∈ R
2 :

1

2
< r < 1} \ Γ,

Γ is the curve, in R
2, given in polar coordinates by

r(φ) =
3π
2

+ Arctang(φ)

2π
, −∞ < φ <∞.

● ∂Ω = Γ ∪ {r = 1} ∪ {r = 1

2
}.
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Example :

B. Simon : Jelly Roll domain :

Ω = {(x, y) ∈ R
2 :

1

2
< r < 1} \ Γ,

Γ is the curve, in R
2, given in polar coordinates by

r(φ) =
3π
2

+ Arctang(φ)

2π
, −∞ < φ <∞.

● ∂Ω = Γ ∪ {r = 1} ∪ {r = 1

2
}.

● ∆N , H2 = L2(Ω),
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Example :

B. Simon : Jelly Roll domain :

Ω = {(x, y) ∈ R
2 :

1

2
< r < 1} \ Γ,

Γ is the curve, in R
2, given in polar coordinates by

r(φ) =
3π
2

+ Arctang(φ)

2π
, −∞ < φ <∞.

● ∂Ω = Γ ∪ {r = 1} ∪ {r = 1

2
}.

● ∆N , H2 = L2(Ω), has no compact resolvent,
i.e., (λ− C)−1 is not compact.
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Example :

B. Simon : Jelly Roll domain :

Ω = {(x, y) ∈ R
2 :

1

2
< r < 1} \ Γ,

Γ is the curve, in R
2, given in polar coordinates by

r(φ) =
3π
2

+ Arctang(φ)

2π
, −∞ < φ <∞.

● ∂Ω = Γ ∪ {r = 1} ∪ {r = 1

2
}.

● ∆N , H2 = L2(Ω), has no compact resolvent,
i.e., (λ− C)−1 is not compact.

● ∆D, H1 = L2(Ω, R2), has compact resolvent.
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
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





















utt(t, x)−∆u(t, x)− β∇( div u(t, x)) + m∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + m div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

β, m, k are positive constants.
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







utt(t, x)−∆u(t, x)− β∇( div u(t, x)) + m∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + m div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

β, m, k are positive constants.

H1 = L2(Ω, R2), H2 = L2(Ω)
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
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









utt(t, x)−∆u(t, x)− β∇( div u(t, x)) + m∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + m div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

β, m, k are positive constants.

H1 = L2(Ω, R2), H2 = L2(Ω)

A = −∆D − β∇( div ), D(A) = D(∆D).
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
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









utt(t, x)−∆u(t, x)− β∇( div u(t, x)) + m∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + m div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

β, m, k are positive constants.

H1 = L2(Ω, R2), H2 = L2(Ω)

A = −∆D − β∇( div ), D(A) = D(∆D).

C = k −△N ,
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





















utt(t, x)−∆u(t, x)− β∇( div u(t, x)) + m∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + m div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

β, m, k are positive constants.

H1 = L2(Ω, R2), H2 = L2(Ω)

A = −∆D − β∇( div ), D(A) = D(∆D).

C = k −△N , B = m∇, D(B) = H1(Ω).



Partial Diff. Eq., Optimal Design and Numerics Benasque, 26.08—07.09, 2007 - p. 13/15



























utt(t, x)−∆u(t, x)− β∇( div u(t, x)) + m∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + m div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

β, m, k are positive constants.

H1 = L2(Ω, R2), H2 = L2(Ω)

A = −∆D − β∇( div ), D(A) = D(∆D).

C = k −△N , B = m∇, D(B) = H1(Ω).

B∗ = −m div , D(B∗) = {u ∈ H1(Ω, R2) : u ·−→n = 0 in ∂Ω}
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• A−1 and A−
1

2 BC−1 are compact.
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• A−1 and A−
1

2 BC−1 are compact.

• C−1 is not compact.
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• A−1 and A−
1

2 BC−1 are compact.

• C−1 is not compact.

• ∀γ ∈ (0, 1], BC−γ is not compact.
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• A−1 and A−
1

2 BC−1 are compact.

• C−1 is not compact.

• ∀γ ∈ (0, 1], BC−γ is not compact.

• BC−1 is not compact.

C−1B∗BC−1 = m2C−1(−∆N )C−1

= m2 C−1(C − kI)C−1

= m2 (C−1 − kC−2).
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We have obtained the same results for the thermo-viscoelastic
systems (cf. W. J. Liu)


























utt(t, x)−∆u(t, x) +
∫ t

−∞
g(t− s)△u(s, x) ds +∇θ(t, x) = 0, x ∈ Ω,

θt(t, x)−∆θ(t, x) + kθ(t, x) + div ut(t, x) = 0, x ∈ Ω,

u(t, x) = 0, ∂θ
∂n

(t, x) = 0, t ≥ 0, x ∈ ∂Ω,
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