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Abstract

In this paper we deal with a fluid-structure interaction problem for a compressible fluid and a rigid structure
immersed in a regular bounded domain in dimension 3. The fluid is modelled by the compressible Navier-
Stokes system in the barotropic regime with no-slip boundary conditions and the motion of the structure is
described by the usual law of balance of linear and angular moment.

The main result of the paper states that, for small initial data, we have the existence and uniqueness of
global smooth solutions as long as no collisions occur. This result is proved in two steps; first, we prove the
existence and uniqueness of local solution and then we establish some a priori estimates independently of
time.

Résumé

Dans cet article, nous considérons un probléme d’interaction fluide-structure entre un fluide compressible et
une structure rigide évoluant a I'intérieur d’un domaine borné et régulier en dimension 3. Le fluide est décrit
par le systeme de Navier-Stokes compressible barotrope avec des conditions de non-glissement sur le bord et
le mouvement de la structure est régi par les lois de conservation des moments linéaire et angulaire.

Nous montrons, pour des données initiales petites, I’existence et 'unicité de solutions globales régulieres
tant qu’il n’y a pas de chocs. Ce résultat est obtenu en deux temps; tout d’abord, nous prouvons ’existence
et 'unicité de solutions locales puis nous démontrons des estimations a priori indépendamment du temps.

1 Introduction

1.1 Statement of problem

We consider a rigid structure immersed in a viscous compressible fluid. At time ¢, we denote by Qg(t) the
domain occupied by the structure. The structure and the fluid are contained in a fixed bounded domain
Q) C R3. We suppose that the boundaries of Q5(0) and 2 are smooth (C® for instance) and that

Qs5(0) is convex, d(25(0),90) > 0. (1)

For any t > 0, we denote by Qp(t) = Q\ Qg(¢) the region occupied by the fluid. The time evolution of the
eulerian velocity « and the density p in the fluid are governed by the compressible Navier-Stokes equations
and the continuity equation: V¢t > 0, V& € Qp(t)

{ (pe + V- (pu)) (t,z) = 0, -
(pue + p(u-V)u)(t, @) = V - (2ue(u) + @/ (V - w)Id)(t,z) + Vp(t, ) = 0,

where €(u) = $(Vu + Vu') denotes the symmetric part of the gradient. The viscosity coefficients p and p/
are real constants which are supposed to satisfy

w>0, p+u >0. (3)
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We suppose that we are in a barotropic regime where a constitutive law gives the relation between the
pressure of the fluid p and the density p. Thus, we suppose that

p = P(p) where P € C*(R%.), P(p) >0 and P'(p) >0,V p > 0. (4)

For instance, P(p) := p? with v > 0 is admissible.

Concerning the compressible fluids, a local in time result of existence and uniqueness of a smooth solution
was proved in [21]. In [18], the authors proved the existence and uniqueness of a regular solution for small
initial data and external forces.

Next, for isentropic fluids (P(p) = p7, v > 0), the global existence of a weak solution for small initial
data was proved in [13] (for v = 1) and in [14] (for v > 1). Also for an isentropic fluid, the first global result
for large data was proved in [15] (see also [16]) (with v > 9/5 for dimension N = 3 and with v > N/2 for
N > 4). Finally, this last result was improved in [9] (see also [11]) (with v > N/2 for N > 3).

At time ¢, the motion of the rigid structure is given by the position a(t) € R? of the center of mass and
by a rotation (orthogonal) matrix Q(t) € M3x3(R). Without loss of generality, we can suppose that

a(0) =0 and Q(0) = Id. (5)

At time ¢, the domain occupied by the structure Qg(t) is defined by
Qs(t) = xs(t,2s(0)), (6)

where xg denotes the flow associated to the motion of the structure:
xs(t,z) =a(t) + Qt)z, Vo € Qg(0), YVt > 0. (7)

We notice that, for each ¢t > 0, xs(t,) : Q5(0) — Qg(¢) is invertible and
Xs(t, )7 (@) = Q) (z —a(t)), Vo € Qs (1)

Thus, the eulerian velocity of the structure is given by

(xs)e(t, ) o xs(t, )~ ) = alt) + Q()Q) ™ (& — a(t)), Yz € Qs(1).

Since Q(t)Q(t) ! is skew-symmetric, for each t > 0, we can represent this matrix by a unique vector w(t) € R3
such that )

QR 'y =w(t) Ay, Vy e R,
Reciprocally, if w belongs to L?(0,T), then there exists a unique matrix @Q € H'(0,T) such that Q(0) = Id

and which satisfies this formula.
Thus, the eulerian velocity ug of the structure is given by

us(t,z) = a(t) + w(t) A (z — a(t)), Vo € Qs(t). (8)

For the equations of the structure, we denote by m > 0 the mass of the rigid structure and J(t) € M3x3(R)
its tensor of inertia at time ¢. This tensor is given by

J(t)b-b= /Q o po,s(x)(bAQ(t)x) - (bAQ(t)x)dw Wb, b e R?, (9)

where pg g > 0 is the initial density of the structure. One can prove that
J(t)b-b > Cy[b|?> > 0 for all b€ R3\ {0}, (10)

where C; is independent of ¢ > 0. The equations of the structure motion are given by the balance of linear
and angular momentum. We have, for all ¢ € (0,7)

mii — / (2pe(u) + 1 (V - w)Id — pId)ndo,
N5 (t)

(11)

so= () nwt [ @) (Cnew) + 4 (7 w)1d = pld)n) o



In these equations, n is the outward unit normal to 9Qg(t). On the boundary of the fluid, the eulerian
velocity has to satisfy a no-slip boundary condition. Therefore, we have, for all £ > 0

u(t,x) =0,V € 99, 12)
u(t,z) = a(t) +w(t) A (x —a(t)), Vo € 00s(t).
The system is completed by the following initial conditions:
u(0,) = up in Qr(0), p(0,-) = po in 2r(0), a(0) =0, a(0) = ag, w(0) = wo, (13)
which satisfy
ag, wo € R3, po, ug € H*(Qp(0)), po(z) >0, Vo € Qp(0). (14)

Since we will deal with smooth solutions, we will also need some compatibility conditions to be satisfied:

ug = ag + wo Az on 90g(0), wue =0 on 9N (15)
and
1 ) 1 1 )
—V - (2ue(ug) + ' (V - up)Id) — —VP(pg) = — (2ue(ug) + 1/ (V - ug)Id — P(po)Id)ndo
Po Po M Jo0s(0)

+(J(0) (T (0)wo) Awo) Az + J(0)? </6 x A ((2ue(ug) + ' (V - ug)Id — P(po)Id)n) da> Ax

Qs(0) (16)

+wo A (wo A x) on 9025(0),
V - (2ue(ug) + p' (V - ug)Id) — VP(pg) = 0 on 99

These two conditions are formally obtained by differentiating system (12) with respect to time and taking
t = 0. To do this, we consider the second equation of (12) on a fix domain by setting x = xs(¢,y), with
y € 00s(0).

Let us now recall some of the most relevant results in problems of fluid-structure interaction. In the
below lines, when we refer to a global result, we mean before collision (in the case of a rigid solid) or before
interpenetration of the structure (in the case of an elastic solid).

e Incompressible fluids:

As long as rigid solids are concerned, a local result was proved in [12], while the existence of global weak
solutions is proved in [5] and [7] (with variable density) and [19] (2D, with variable density); in this last
paper, the existence of a solution is proved even beyond collisions. Later, the existence and uniqueness of
strong global solutions in 2D was proved in [20] as well as the local in time existence and uniqueness of
strong solutions in 3D.

When talking about elastic solids, a first existence result of weak solution was proved in [8], when the
elastic deformation is given by a finite sum of modes. A local existence result of a strong solution for an
elastic plate was proved in [1] (2D). The local existence of a strong solution is proved in [6]. In [4] and [3]
(with variable density), the authors proved the global existence of a weak solution.

e Compressible fluids:

Concerning rigid solids, the global existence of a weak solution was proved in [7] for v > 2 and in [10]
for v > N/2. For elastic solids, in [2] the author proved the global existence of a weak solution in 3D for
v > 3/2.

In this paper, we will prove the existence and uniqueness of smooth global solutions for small initial data
(Theorem 3). We can also prove the same result for initial data close to a stationary solution (p, u,a,w) =
(pe,0,0,0) and for special right hand sides (see Remark 6 for more details).

We give a lemma which allows to extend the flow xg by a flow y defined on the global domain €.



Lemma 1 Let T € (0,+0c0) and (a,w) € H3(0,T) x H%(0,T) be given. We suppose that (a,Q) satisfies (5)
where Q € H3(0,T) is the rotation matriz associated to w. We consider the associated flow xs, the eulerian
velocity us and the domain defined by (6) to (8). We suppose that there exists o > 0 such that

Vit e [0,T], d(Qs(t),00) > a > 0. (17)
Then, we can extend the flow xs by a flow x € H3(0,T;C*(2)) such that

o x(t,x) =a(t) + Qt)x, VYV € Qg(0), Vt € (0,T).
o x(t,x)=x, Vo e, Vte (0,T).
e Forallt e (0,T), x(t,-) is invertible from Q onto Q and from Qp(0) onto Qp(t) and

(t,x) € (0,T) x Q — x(t,) ()

belongs to H3(0,T; C>(12)).
e The eulerian velocity v € H2(0,T; C°(S2)) associated to x satisfies
v(t,x) =ug(t,x), Vt € (0,T), YV € Qg(t).

o For1<i<3 andk €N there exists two positive functions Cy and © such that

X = Il zri0,m50% () < Co(T)O(llall 0,1y + ”wH%ii*l(O,T) + ||a||%/Vi*1,°°(0,T))' (18)

Here, Cy is a function of a, Q and T and is an increasing function of T. Moreover, © : Ry — R, is
a reqular function which vanishes at 0 at least like a linear function, that is to say, there exists € > 0
and C > 0 such that

O(z) < Cx Vz<e. (19)

Proof: The eulerian velocity defined by (8) can be extended by a velocity v € H2(0,T; C°(2)) such that,
for1<i<3
vl zri-1 0,102 (2)) < Cllallzico,r) + ||W||§{i71(0,T) + ||a||%/vz'flvoo(o,T))v (20)

for C > 0. For instance, we take v as the solution of the following elliptic equation:

~Av=0 in Qp(t),
v=a+wA(z—a) ondst), (21)
v=0 on 0N.

Next, we can define the flow x associated to v. For all y € Q, x(-,y) is defined on (0,7") as the solution of
the ordinary differential equation

Xt(t; y) = ’U(t7 X(ta y))7
{;ﬂﬁy) = v @)

On 99, since v = 0, x(t,z) = x. Moreover, according to the uniqueness of the flow, x = x5 in Qg(0). The
last point comes from (20) and the fact that

x(ty) _y:/o v(s,x(s,y))ds. O



1.2 Main result

Definition 2 : Let ¥ : (0,T) x Q — Q be such that, for all t € (0,T), ¥(t,-) is a C*-diffeomorphism from
Q to Q and belongs to C?(0,T;C>(Q)). Let S C Q be a regular domain and assume that V(t,-) is also a
C?-diffeomorphism from S to S(t) := ¥(t,S). For a function u(t,-) : S(t) — R, we consider

a(t,y) =u(t, ¥(ty), vVt € (0,T),Vy € S.
Then, we define, for all k € N and for1=0,1,2,

(0,15 H*(S(1)) = {u/ @ e C'(0,1; HE(S)) },
H(0,T5 HE(S(1)) = {u /@ € B (0,T; H*(S)) }.

The main goal of our paper is to prove the following theorem:

Theorem 3 Let p be the mean-value of py in Qp(0). We suppose that (1), (3) and (4) are satisfied. We
suppose that the initial conditions satisfy (5), (14) and the compatibility conditions (15)-(16). Then there
exists a constant § > 0 such that, if

o — Pll a3 (@r(0)) + lluoll 73 (r(0)) + |aol + |wol <0, (23)

the system of equations (2), (11), (12) and (13) admits a unique solution (p,u,a,w) defined on (0,T) for all
T such that (17) is satisfied. Moreover, this solution belongs to the following space

p € C([0,T); H*(Qr(t)) N CH((0, T H*(Qr (1) N H?(0,T; L*(Qr(1))),
we L0, T; H(Qr(t) N C([0,T); H*(Qp(1))) N CH([0, T); H' (Qr () N H?(0,T; L*(Qr (1)),
a€ H30,T), we H*0,T)

and there exists a positive constant C1 independent of T such that

lp =Pl Loe 0,713 @2 (1)) + [0l Lo 0,712 (2 (00)) F N2l L2 0,7522 0 (1)) + P2l 220,731 2 (1))
Hlull L2 0,114 (r (1)) T 16l oo (0,713 (@ (1)) T 11Ut oo 0,751 (2 (8))) F et || 220, 7502 (00 (0)) (24)
+lallwz.eo 0,7y + lall a3 0,7y + lwllwieo,r) + @l z2(0,17)

< Cilllpo — Pl s r0)) + lluoll 23 p0)) + laol + |wol)-

Remark 4 In Theorem 3, we prove the existence and uniqueness of a regular solution of the system of
equations (2), (11), (12) and (13) provided that the structure does not touch 9 (see (17)). Observe that
this condition will always be satisfied on an interval (0, Tynin), where Ty > 0 only depends on Cy, § and
d(09,Q5(0)), as easily seen from estimate (24).

Remark 5 This condition on T is natural for fluid-structure interaction problems (see, for instance, [7], [5]
and [20]). For results concerning the existence of weak solutions of this type of systems after a collision has
occurred, we refer to [19] and [10].

Remark 6 As proved in [18], there exists a unique stationary solution (p.(x),0,0,0) of (2), (12), where,
on the fluid, the compressible Navier-Stokes equation is completed with a right hand side of the form f;(x) =
0;(x) (i = 1,2,3) satisfying (23) for the H>-norm. Then, we can prove that Theorem & also holds with p
replaced by p. and for a right hand side of the above kind.



2 Rewriting of the problem and intermediate results

2.1 Statement of the problem in a fixed domain

The system of equations can be written on the reference domains Qg(0) and Qp(0) with the help of the flow
defined by Lemma 1. We consider (p,u,a,w) which satisfies the system (2)-(11)-(12) with the hypothesis
(3)-(4). We suppose that (17) is satisfied for some a > 0 and that the functions p, u, a and w are regular
enough. Let us define the functions @, p and p on (0,7T) x Qg (0) by

u(t, x) = ult,x(t x)), p(t,z) = p(t, x(t,2)) = b, p(t,x) = P(p(t,z) +p), Vt € (0,T), Vo € Qp(0).  (25)
Moreover, we also define ¥ by
o(t,z) =v(t,x(t, z)) = xe(t,x), Vt € (0,T), Vo € Qr(0)

where v is given by lemma 1. We have the following formulas, V (¢t,2) € (0,T) x Qr(0),

3
pi(tsw) = pu(t, x(t,2)) + (Vx(t,2) ' 0(t,2)) - Vit ) = pelt, x(t2) + D (VX)) jkkds, p) (1)
7,k=1
(V) (t, x) = 0,1 = (Vu(t, x(t,2))Vx(t, x) Zaﬁ wi(t, x(t,7))0z,; xr(t, ).
k=1

Thus we get, for the first equation of system (2),
e+ (V)@ —1))- Vi+ (p+p) tr(Va(Vx)™!) =0, on (0,T) x Qp(0). (26)
Next, the second equation of (2) becomes, Vi =1,2,3, on (0,T) x Qr(0)

(B +p)(@)e + (5 + p) (@5 — 0;)(Va(Vx) )i — 102, (00, @ (V) 1, ) (V)5
— (1 1), (00, 5 (VX)) (VXD + (VX O = 0. (27)

In this equation and in what follows, we implicitly sum over repeated indexes. Equations (11) become:
mé = /m o (ﬂ(va(vx)*1 + (V) LV + e (Vi(Vy) ") d — ﬁ]d) On do,
S
Ju = (Jw) Aw (28)
n /6 ) (0)(Q:p) A ((u(va(vx)*l + (V) LV + p e (Vi(Vy) " d — ﬁ[d)Qn) do
S

where we have denoted A=% = (A")~! At last, the boundary conditions (12) become

{ a(t,r) =0,V € 99, (29)

a(t,z) = a(t) + w(t) A (Qx), Vo € 9Qs(0).

Let us define p° by

and we recall the definition of p:



where V(Q2p(0)) stands for the volume of Qz(0). Furthermore, we change m/p into m, J/p into J, u/p into
wand u'/p into p'. Thus, the system of equations (26) to (28) can be written as follows:

Pt (V)@= 0)) - Vp+5V -t = folp it a,0) in (0,7) x Qr(0),
iy — 20 - (e(@)) — W'V - ((V - @)Id) + p°Vp = f1(p, i, a,w) in (0,7) x Q2 (0),

mi = / (2#6(&) + (V- a)Id — poﬁld>ndo + fo(pd,a,w) in (0,T),
9Q5(0)

Jir = /ms(o)(Qx) A ((@ue(@) + 1/(V - @)Id — p°pId)n) do

(30)
+ (Jw) Aw + f3(p, 0, a,w) in (0,7),
=0 on (0,T) x 99,
t=a+wA(Qx) on (0,T) x 9Q5(0),
p(0,+) = po —p, w(0,)=muo in Qp(0),
a(0) =0, a(0) = ag, w(0) =0,
where
fopyi,a,w)  =pV-a—(p+p)tr(Va(Vx)™),
(fl)i(ﬁ7 ﬂvavw) = _(aj - f}j)(va(vX)_l)ij + 14 (ﬁipam (8mkai(vX)l;j1)(vX);jl - agjal)
et ) (0Ot (PTG 82,1 )
(022 - 0..5). .
31
fpaaw) = ((VH907Q - V) + (V) (VD)@ (Vi) Jndo
8Q5(0)
! i Q- (V-a 051d— P ndo
o (HTET R (7 1)+ 651~ £ Q))no
Apaaw) = (@oa((Va(V0TIQ - Vi) + (T (VE)'Q - (Va)))ndo
905 (0)
o ~ P
Jr/aQS(O)(Qx) A ((u (tr(Va(Vx) ™ HQ — (V- a)Id) + (p°pId — EQ))TL) do.

Thanks to the assumptions (of smallness) on p, on Q — Id and on Vyx — Id, we can rewrite the previous
expressions of fy, f1, fo and f3 as some ‘small’ functions multiplying the density p and the velocity vector
field @ this way:

fo(p i, a,w) = ptr(Va(ld — (Vx) ™)) = ptr(Va(Vx) ™), (32)

(Ri(psa) = =@ = 5T+ (57 = 1) 00 (00, 1T T

4t [02, (D, W (VX)) — 01 ) (VX35 + 02,0, @ (V)5 — 015)]

Hut ) (57 =1) 000, (PO T (33)

1) [0 (0,5 (V)1 = ) (V)i + 02, i (V20— 610)]

—((VX)r —




Folprit,a,w) = u/ms( [va((vx)*l — Id)Q + Vii(Q — Id)}nda

(34)
[ [V - 10)Q + (V- 0)(@  Id)ndo
Q5(0)
[ DD G tando— [ (P47 - PR - P) 2 do
995(0) p 95(0) p
and
Fo(p, i, 0, w) / A Va((Vx)! - 1d)Q + Vi(Q ~ Id)|ndo
QS(O)
/ (vx) — Id)(Va)'Q + (Va) (Q — Id)] ndo
! / (Qz) A [(tr(va((vx)*l — 1d)Q + t2(Va)(Q — Id)) }nda (35)
895 (0

+ /8 o [(Qu) 1 (P5t1d ~ Q)n) | do

_ . o n
[ (P@) P P+ P)Qe) A QS do
905(0) P
For the last two integrals in the expression of fs, we have respectively used that

P(p P(p
@/ (Q —Id)ndo =0 and @/ ndo = 0.
P Joas(0) P Joas(0)

P(p) x n)do =
. /895(0)<Q)A(Q)d

We have also used that

for the last term of fs.

2.2 Two intermediate results

Let us now introduce some notation which we will employ all along the paper. First, for t > 0, we define
Q: = (0,t) x Qp(0), Xt := (0,t) x 90s(0)

and

H{(H?) := H"(0,8; H*(2r(0))), Cf(H*):= C"([0,t]; H*(2r(0))),

where r, s > 0 are natural numbers.
For 0 < h < +00, we define the space

X(0,h) = {(p,u,a,w) € (CR(H?) N Lj(H?*) N C(H?) N Hy, (H?) N Hji(L?))
x (Lj,(HY) N CR(H®) N Cy(HY) N Hf(L?)) x (C N Hy) x (G, N Hf)}
endowed with the following norm:
N07h(P7u7a7w> = (||p||2ﬁ°(H3) + ||PH%§(H3) + ”p”%/Vé'“’(H?) + ”p”?{i(H?) —+ HPH?{Z(L% + HUHQ?LO(HS)

(36)
Flul2s ey + 100210 gy + Nl oy + N0l ae + el + 0l 0 + ]2 )



The proof of Theorem 3 is divided, as usual, in two steps: first, a local existence result and next a priori
estimates for the system. A suitable combination of both will yield the desired global result.

Thus, we first formulate a local existence and uniqueness result for small initial data.

Proposition 7 We suppose that there exists h > 0 and Ey > 0 such that (30) admits a unique solution
(B, 1, a,w) in X(0,h) satisfying Non(p, 0, a,w) < Ey and d(0Qs(h), 08) > 0.
Then there exist constants 0 < 9 < Eg, 7 > 0 and Cy > 0 independent of h such that, if N, (p, 4, a,w) < &g,
problem (30) has a unique solution (p,u,a,w) defined on (h,h+ 7) satisfying

(ﬁv ﬂ, CL,W) S X(h‘a h + T)a Nh,h"l‘T(ﬁ) 7:&, CL,UJ) < CQNh,h(ﬁa 11, CL,UJ)-
We present now the a priori estimates:

Proposition 8 We suppose that there exists T > 0 such that the problem (30) admits a solution (p, 4, a,w) in
X(0,T). Then there exist constants 0 < 61 < &g and Cy > 0 independent of t such that if No r(p, 1, a,w) < 01
then

NO,T(ﬁa Iaa a, w) g ClNO,O(ﬁa 12, a, w)'

These two propositions will be proved in the next sections. They allow to prove theorem 3 in the following
way:
Proof of theorem 3: We will apply iteratively propositions 7 and 8. We suppose that

0707 01\/1+C§

According to proposition 7 for h = 0, one can define on (0,7) a solution (p, @, a,w) € X(0,7) such that

No,o(p, 1, a,w) < min (50, o 51) .

N077—(ﬁ, ’&, a,w) g 00N070(p~, 12, a,w) g 51 < 50.

Since N, (p, 4, a,w) < No(p, U, a,w), we can apply again proposition 7. Our solution can be extended on
(1,27) and N; 2, (p, 4, a,w) < CoNo (P, 4, a,w). Thus

Ng,?r(ﬁ’ ﬂ, a7w) = (Ng,r + N3,2T)(ﬁa ﬂ, a, w) < (1 + Cg)Ng’T(ﬁ, ﬂ7 a, w)'
Thanks to Proposition 8 for T'= 7 and the choice of Ny ¢(p, @, a,w), we deduce
N0727—(/3, U, a,w) < Ciy/1+ C§N070(ﬁ, u, a, w) < 41.

This allows to repeat this process and obtain the existence of a regular solution as long as (17) is satisfied.

3 A local existence result: proof of Proposition 7

This section is devoted to the proof of proposition 7. We only consider the case h = 0. To prove this result,
we will first prove the existence of solution for a linearized problem. Let R > 0 be small enough and s > 0
be given in terms of R (to be chosen later on). We define the affine space Y ((0, s); R) by

Y((Oa S); R) = {(ﬁ7 ﬂFa a7w) € X(Ov S)/G(O) = 07 Q(O) = Id7 7:ZF =0on 6QF(0)7 NO,S(ﬁa aFa a,w) < R}

In this definition, @ is the rotation matrix associated to w.



3.1 Linearized system

Let (p,ap,a,w) be given in Y ((0,s); R) where R < 1. Since Qg(0) satisfies (1), we can suppose that s is
small enough to get the following property: there exists o > 0 such that

Vit e (0,s), d(Qs(t),00) > a >0,

where ﬁs(t) = a(t) —1—@(15)95 (0). Then, thanks to lemma 1, we can define a flow x and a velocity © associated
to @ and @. This allows to construct a continuous velocity at the interface @ given by

o= tp + 0, (37)

where 4p is extended by 0 in 5(0). We then look for (4, @, a,w) solution of the linearized problem

pr+ (V)@ —9)) - Vo= Fop, i,a,0) in (0,7) x Qr(0),
U —2pV - (e(@) — W'V - (V- @)1d) +p°Vp = fi(p,d,a,0) in (0,7) x Qr(0),
mi = (Q,ue( )+ 1/ (V- @)Id — p pld)nda + fo(pyi,a, @) in (0,7T),
905 (0)
jir = QO e(@) + p/' (V- @)Id — p°pld)n) do
J /aszi;(o)(Q ) A ((21e(a) + 4 (V - 0)1d ~ PpId)n) d -
+ (J&) Aw + f3(p, 1, a, ) in (0,7),
u=0 on (0,T) x 09,
i=a+wA (Qx) on (0,T) x 9Qs(0),
[)(O, ) = po — P, ’le(O, ) = Ug in QF(O),

a(0) =0, a(0) =ag, w(0) = wo.
In this system, J is defined by (9) where we replace @ by Q and Fy is given by
Fo(p,i,a,0) = fo(p,a,a,@) = p(V - a) = —(p+ p)tr(Va(Vy) ). (39)

Estimates for p
Observe that the first equation is decoupled from the others. We have that Fy(p,d,a,o) belongs to
L2(H?)NCY(H?*) N HL(H') and there exists C' > 0 such that

)+ 1 fo(p, @, @, )| g1y < CR?,
e (m2) + [PV - @) g2y < CR.

2(m3) + || fo(ps @, @, 0)|| s
r2m®) + (V- a)| g

HfO(/A)vﬂa &adj)|
[p(V - i)

Using that 4 —9 =0 on 9Qr(0), standard arguments allow to prove that p is defined on (0, s) and belongs
to CO(H?)NCL(H?)N H2(H"Y). Moreover,

18l Lo () + 1Bllywroe (groy + 1Al a2y < Cee CS/R(R1/2(||F (s, a,0) || L2 3y + [ Fo(ps @, @, @) || oo (1r2)
+[Fo(ps i, @, 0)|| m1 ) + llpo — Pllas)
< Ce“/H(R? + ||Po — P||H3), (40)

for R > 0 small enough.
Estimates for @, a and w

Taking R > 0 small enough, we can suppose that |p| < p/2 and so every single term of the expression of
f1 (see (33)) makes sense.

In the rest of this subsection, we denote f; instead of f;(p, 4, a,w) for i =1,2,3.

e For the coupled system on (@, a, w), we first notice that f; belongs to L2(H?)NCY(H') N H}(L?) and
f2 and f3 belong to H!. Moreover, since (p, i, G, ) belongs to Y'((0, s); R) and ¥ satisfies (18), we have

I|.f1 y il ey + I follay + 1 fsllmr < CR2. (41)
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Next, we multiply the equation of @ by @, we integrate on @, = (0,7) x Qp(0) for all r € (0,s) and we
integrate by parts. Taking the supremum in r, this gives

1
L sup <|a|2<r>+|w|2<r>+ / |a|2<r>dx>+ / / Qule(@) > + 1|V - af?) de dr
2 1e(0,5) Qr(0) Qs

c ( / / (A2 + V5P + 61af2) da dr + / o [2dz + [ao? + [wo? (42)
Qs QF(O)

e s ) ([ 1edar [ aiazar) s o) ([idar+ [ |p|dodr)>,

for & small enough. Here, we have used that J is coercive (see 10) and satisfies
1] < C, (jw) w=0.

Now, observe that from the fact that Q5(0) is convex (see (1)) and thanks to @ = 0 on 9 x (0, s), we have

that
// @)Pdedr > Cllil 2, (43)

for some C' > 0. Indeed, first we have 27| 9, @;|? < |e(@)[%. Then, for instance for @, we notice that

’111(1') = ﬁ1($1,$2,$3) = / aglﬂl(gl,l'g,xg,) dfl Vr € QF(O),

where z* € 00 N {x + Xey : A € R}; this is possible since Qg(0) is convex. Of course, the same is also true
for 5 and w3, so we deduce that

3
/ jif2de < cz/ 10, 14|2dz < C (@) 2da.
Qr(0) = Jar(©)

Qr(0)

Finally, since @, e(a) € L*(Qr(0)) and @ = 0 on a part of the boundary, Korn’s inequality tells that @ €
H'(Q£(0)) so we obtain (43).

Thus, using estimate (40) on p, we deduce from (42) that (@, a, w) belongs to CY(L?)NL2(H') x Ct x C?
and there exists C' > 0 such that

o (L2 2y + lallyyre + w2 < Ce“/F(RYZ 4 |lpo = Pllas + uollze + laol + lwol).  (44)

e Let us multiply the equation of w by u;. Arguing as before, this yields

;TS?OI,)S) </QF(0)(2M|€( ) + |V -al(r dx) // |Gt [*dae dr
+//2 ((2'u€(ﬂ) + (V- ﬂﬂd)n) Hagpdodr < C (//QS(|JC12 + |Vp|?)dx dr + /QF(O) |Vuo|2dx> .

Using the boundary condition of % on 95 (0), we obtain the following for the boundary term:

(45)

/ / (2pe(it) + 1 (V - @) Td)n) - ity dodr — / / (2pe(it) + 1 (V - @) Id)n) - (i + @ A (Or) +w A (Or)) dodr.

For the two first terms we use the equations of @ and w in (38). This produces the norms [|d[|?, and ||w||%..
For the third term, we have ' '

<

~

‘//2 ((QMG(ﬁ) +4(V- ﬂ)]d)n) (W A O) dodr

< RalZa ey + Cllwllzs-
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Using (44) to estimate |lw||2, and (40), we obtain from (45)

il 1 L2y + |8l Lo (1) + llall gz + (]l

< Rl 22y + CeC* R (RY2 + |lpo — pll s + l|uol| ar + lao| + |wol)- 1o
Now, we regard the equation of @ as a stationary system:
{ —pA — (p+ p)V(V ) = fr —p’Vp— G in Qp(0), )
= (a+wA(Qx))lans(0) on 925 (0).

The solution of this system belongs to H? and we have
lallg> < C(lf1llz> + ol + llael 22 + laf + wl).

Taking here the L? norm and using (44) to estimate ||a| 12+ ||w|| 22 and (40) to estimate ||4]|2(g1), we obtain
from (46)

Nl a2y + Nl 2 caey + |l Loy + llallgz + |lwllm:

(48)
< CeP*R(R32 + |lpg — pll s + l|uoll st + lao| + [wol)
(recall that R > 0 is small enough).
o If we differentiate with respect to time the system satisfied by (4, a, w), we obtain
gt — 21V - (e(@)) — 'V - (V- @) Id) = fre — p°Vp in (0,7) x Q2p(0),
ma = fa; + / (2#6(@,5) + 1/ (V- i) Id — poﬁtfd)nda in (0,7),
2Q5(0)
Jis = — i+ (J&) Aw+ (J&) Aw+ (J&) Ado+ fas
n / (Qz) A ((Q,ue(ft) (V- @) Id — po,ﬂd)n) do (49)
9Qs(0)

+/ (Qz) A ((ZMe(ﬁt) (WY — pof)t)ld)n) do in (0,7T),
905(0)
i =0 on (0,T) x 9,

i =i+ oA (0) +w A Q) on (0,T) x 9Q5(0).

Let us multiply the first equation by u; and integrate in space and in time as before. We obtain

1
= sup / |ti)* d + // (2ule(@is)|* + W' |V - g |*) da dr + // ((Que(ﬂt) (V- at)ld)n> - do dr
QF(O) Qs s

2 re(0,s)

1
= 7/ |ﬂt(0)|2dx+/ f17t~ﬁtdmdrf// p°Vpy - iy da dr.
2 Jar() Q.

s

According to the boundary conditions satisfied by @; on 9Qg(0), we have

//2 ((2@6(@) +u/(V - ﬂt)ld)n) -y do dr = /OS G- (mda — fa)dr+ /Oséi . /89 o p’pen do dr
+/w (Jo+Jir — (Jo) Aw = (J&) Aw = (J&) A = fa )dr
0

—/Osw-/ms(o)(@xm ((me(ﬁ)+u’(v-a)1d—p051d)n) dodr+/osw-/a (Qz) A p°pindo dr

Qs(0)

+//E ((2ue(at) +u’(V.at)Id)n) (w A (Oz)) do dr.

s
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B 1d A 1 A B
Thus, since w - Jw = 5%00 S Jw) — iw -Jw and ||J]|ze < C||@||r < CR, we obtain that

X ('&'%”'”'2(”*/ 'ﬁt'2(”d””>+// (ule(@) P + 1V 0l de dr
r€(0,s) Qr(0) Qs

c ( / / (fuel? + e + [Vuf?) dodr + /Q  [EOPd GO + 20

sup i) ([ /L ldoar) +( sup @) ([ lpadlar + /NG do ir)
TEOS) r€(0,s)

+/0 (Jwf? + [@f*) dr + |ﬂ||%g(H2)> + R[]I 112

Using (40) and (48), this implies that
1l 2.0 oy + Nl + lallyze + lwllyre < C(1fallmze) + 1f2lm + 1 fsllm

H|@e (012 + [a@(0)] + 0 (0)] + Ce“ (R + [luoll 1 + llpo — Pl s + lao| + \wo\)) + Rl 2(m2)-

(50)
From (41), we have that
1¢(0) 2 + 1@(0)] + [@(0)| < C(Jluollm= + llpo — pll et + Rlw(0)] + R?).
Then, thanks to (40) and (48), there exists C such that
[@llyyro0 2y + Nallz ) + llallyzoe + (@l (51)
< CeP/B(R2 + |lpo — Pllus + lluoll a2 + laol + |wol) + RllGell 2(ar2)-
e Next, if we multiply the first equation of (49) by ¢, we obtain that
1 - -
J[ vl i s [ @)+ ) de
re(0,s) JQr(0)
- 1 . -
+f / (2pe(i) + 1/ (V - w)ld)n) - dordr = 5 [ U O) +4 19 0 0)) de
Qr (0
+/ fut - Gt do dr — // p°Vp - iy da dr
Qs s
On (0,T) x 0025(0), we have
gy = @+ A (Qz) + 20 A (Qz) + w A (Qu). (52)
Thus, we deduce
// 2ue i) + p (V- ut)ld) ) - Uy do dr :/ a@ - (ma — f27t)dr—|—/ ‘a / poﬁtndcr dr
0 05 (0
+/ (JLU‘FJ(A)*(JW)/\W*(JW)/\W*(JW)/\W*fgt dr+/ / )/\(poﬁtn)dcrdr
aﬂs(o

/ / Qx 2ue(a) + W/ (V- a)Id - p°pld) n) do dr
9Q5(0)

+//Z ((Que(&t) +u(V- ﬂt)Id)n) (20 A (Q2) + w A (Qn)) do dr.

s
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Then, proceeding as before and using (51), (48) and (40), we obtain that there exists C' such that

el L2z + el e arry + 1@ L2 + (Il 22

< CBCS/R(33/2 + llpo = Pllas + lluoll s + lao| + |w0|) + Rl L2 (m2)-

According to the elliptic equation satisfied by 4, (see (47)), we have

|t | Hy)-

22y < C(|1 ]

This allows to deduce from (40), (41), (51) and (53) that

r2L?) + 1pell2 ey + el 2 L2y + ll@ll 2 + [lw]

el 222y + lGell oo vy + (1@ ][22 + [|&0]

Moreover, (51) implies that

L2 < CGCS/R(R?’/z + llpo — Pl + lluollgs + laol + |wol)-

(53)

(54)

18]l yy2.o0 g2y + Nl ey + llallypze + @llyae < CeC/F(R2 + oo = Pl + uoll s + lao| + |wol)-

At last, if we consider system (47) satisfied by 4, since the right-hand side f; — p°Vp — 4 belongs to
L2(H?)NL°(H") and the boundary condition belongs to H1(C> (92 (0))), @ belongs to L2(H*)N L (H?).

Thus, we finally obtain that for a fixed s of the form
s=CR, C >0,

there exists Cy > 0 such that

C.
No.s(p. i, 0,w) < 5 (RY? + Noo (5, . a,w)).

This allows to assert that, if R satisfies
R < (NO,O(ﬁv ﬂv a, w))2/37

then
No,s(p, @, a,w) < C2Noo(p, 4, a,w).
Let us now define @y € L2(H}) by
Up = U — US,e,

where @g . is an extension to the fluid domain Qg (0) of the solid velocity @ + w A (Qz) such that

ﬁS,e =a+wA (Q\:Z?) on 695(0), ﬂS,e =0 on 39, ”aS,eHHg(H“) < C’(||a||H;+1 + ||wHHé) (Z = 0, 1,2).

For instance, we define @ by g = E(tg) where E associates to upg(0) the solution u of

—Au =0 in Qg(0),
u  =upogo) on ds(0),
U =0 on 0.

Then, thanks to (59) and (56), there exists C' such that
No,s(p,tip, a,w) < C(R*? + Noo(p, @, a,w)) < 2CNoo(p, i, a,w),
since R satisfies (57). Thus, if R also satisfies
2CNoo(p,0,a,w) < R

(which implies that Ng o(p, @, a,w) is small enough), then (p, 4r, a,w) belongs to Y ((0, s); R).

14

(55)



3.2 Fixed point argument
Let us fix R such that (57) and (60) are satisfied. We define the mapping A by

Y((0,5); R)
(ﬁ7 ﬂF? G/,UJ),

Az Y((0,5); R)

N
(pAaaF7d7d)) -

where @p is given by (58) and (p, @, a,w) is the solution of (38).
We will prove that, for R small enough, A is a contraction in Y'((0, s); R) for the norm || - || defined by

(o, up, a,w)|| = [|plle ) + urllzme) + lallmr + (w2
Let us consider (p1,4p,1,a1,w1) and (P, Up2, G2, w2) in Y((0,s); R). We define
(p1,0p1,a1,w1) == A(p1,Up1,a1,01) and (P2, Up2, a2, w2) = A(p2, Up2, G2, 2).
Estimates for p; — ps.
First, we have
(P1— p2)e + ((VX1) M (i — 91)) - V(1 — p2) = ((VR2) M2 — D2) — (VX1) " Hda — 91)) - Voo
+Ey(p1, 01, a1, w1) — Fo(p2, i, G2, w2). (61)

Let us multiply this equation by p; — p2 and integrate in space. For the second term of this equality, we
obtain

1

2

/ (V50)~ (@ — 1)) - V(1 — o) — o) dx / P — 522V - (Vi) (@ — n)) d
Qr(0) Qr(0)

< Clpr — P23

where we have used that [0 || Lo (w1.00) + [|01]|Loe (w1.0) < R < 1. Moreover, since ||V pa|/r~ < R in (0, s),

/ (((Vf@)l(f@ — ) = (V1) (i — 1)) - Vﬁ?) (p1 — p2) dz
Qr(0)

/ (((Vf@)_l — (VX1) ") (A2 — 2) + (VX1) " (2 — @ — D2 + @1)) -V p2(p1 — p2) dx
Qr(0)

SOR(VX) ™ = (VR2) e + R(llan — dellze + (|61 — 02l £2)) 151 — pall 2
SORY(VX) ™ = (Vo) M7 + B2 (||ay — diol|72 + 01 — 02(1F2) + (|51 — F2]12)-
Moreover, according to the definition of Fy (given by (39)),
Fo(pr, fia, @1, 1) — Fol(p2, G2, G2, 02) = (p2 — p1)tr(Vaa(VR2) ™) + (b1 + p)tr(V (e — 41)(VR2) )
+(p1 +p)tr (Vi (VR2) ™ = (V1) ™h),
which implies that

[ Fo(p1, a1, a1, @1) — Fo(pa, ta, G2, w2)||L2(12)
< CR(Ilpr = p2llz2zy + (V) " = (VR2)

r2(22)) + |41 — do| L2 a)).-

Thus, thanks to Gronwall’s inequality, we obtain

151 — p2llpee(r2) < Cecs/R(RHfh — balz2(r2) + VRIi1 — a2y + R32|p1 — pallrzre)

+RY2[(VXa) ™! = (Vx2) ™

L§<L2>>-
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Let us now see that

(VX)) ™ = (Vx2) ™'

First, since |(VX1)™! — (Vx2) 7Y = [(VX1) "1V — V) (VX2) 7 < C|VX1 — Vxz| we have, thanks to
Lemma 1,

r2r2y + 101 — V2l p2(r2) < C(llar — azllgs + |01 — @2l 2)- (62)

[(VR) ™ = (VR2) 22y < C(s)l[or — Dol L2y,

where C(s) > 0 is an increasing function of s. Then, from the elliptic equation satisfied by v1(t,:) =
(01 0 X7 1)(t,-) (see (21)) and performing the change of variables

y=X1 (t,7) € Qp(0),
MRS QF(t),

we have that v, satisfies the following ‘elliptic’ equation:

—Ay’lA)l = g in QF(O),
b1 =a1+1 AQuy  on dNg(0), (63)
1 =0 on 0,

where
g = ayk-yz'ﬁl (ayif(l,l - 6il)(ayi5€1,k - 5161) + aykyiﬁl (ayz‘f(l,k - (5]“) + ayqﬁylﬁl (ayif(l,l - 51'1) + 3ykﬁ13§iyi)21,k~

Using now Lemma 1 (to estimate Oy, X1, — i1, Oy, X1,k — Ok; and 8§iyi)217k) and the fact that R is small
enough, one can prove that ¢, € L2(H*)Vk € N and

a1+ [|@1]z2). (64)

All the previous properties are also true for U2 in place of 91. Now, using (19) and (64) one can easily prove
that

011l L2y < C(llan]

|A(v1 — 1) < CR(|AX1 — Axa| + |VX1 — VXa2| + |V — Vio| + R| D6y — D?iy)).
Consequently,

[Ax1 — Axallrzrey + IVX1 — VXellz(z2) + |91 — D222y < C(lar — azllm: + |01 — 2| 2)-

Here, we have used that [|Q; — Q2llr < C(s)|jén — Wall 2.
Thus, we obtain
17 = ell e asy < OVRE (g1 = pallae (1) + i = allaqarny + lar = aslliy + &1 = Gallsz ). (65)

Moreover, if we differentiate equation (61) with respect to space, we have

(V(p1 = p2))e + (VX)) — 91)) - V(V(p1 — p2)) + V((VX1) ™ (@ — 1))V (p1 — p2)
_ v(((v;@)fl(a2 ) — (V)M — ) - v,;z) 4V (Folpuy iy, an, 1) — Folpa, iia, az, &2)).

Let us multiply this equation by V(g1 — p2) and integrate in Qr(0). Arguing as previously, we obtain

IV(51 = o)l en) < Ce%/R(Rljon = ol acarsy + VR = all a2
+RY2|(T50) 7 = (T%2) ez + B2 )51 = pallnzam )

Thus, concluding as before, we obtain

51 — pallLoe () < C\/EBCS/R(Hﬁl — p2llpoemry + lan — tzl|L2(m2y + lar — a2 g1 + [|01 — @2||Lg>~ (66)
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Estimates for u; — s.
Next, we consider the equations satisfied by (41 — G2, a1 — a2, w; — wa)
(’l~l,1 — ﬂg)tf QuV . (6(’111 — 17,2)) — u’V . ((V . (ﬂl — ﬂg))]d)
= f1(p1, 01, a1,01) — f1(p2, G2, dz,@2) — p°V(p1 — p2)

m(iy — dz) = /{m " (2ue(ﬂ1 — o) + p' (V- (a1 — ﬂg))[d)nda

+fa(p1, U1, a1,01) — fa(p2, o, G2, w2) — / p°(p1 — p2)ndo,
90s(0)

Jl(d)l — d)2) = (JQ — Jl)d}g + ( 1(;}1) A ((.«Jl — wg) + jl(djl — (2}2) N wo + (jl — jz)d}g N wo

~

+f3(p1, U1, a1,01) — f3(p2, U2, G2,02) — / (Q1z) A (p°(p1 — p2)n) do,
9Q5(0)

U1 — Uy = (dl — dg) + (W1 — WQ) AN (@156) +wa A (@1 — QQ)I on 895(0)

We multiply the first equation by @; — @2 and integrate in space and next we multilpy the second and the
third equations respectively by a1 — a2 and w; — ws. We obtain

1d
-2 |111—112|2dx—|—,u/ |e(a1—ﬂ2)’2dac+/// |V-(a1—ﬂ2)’2dﬂc
2dt Jar (o) Qr(0) Qr(0)
m d . . 1d,.
+g gl = as* + 5@@71(&’1 —wa) - (w1 —w2))
=/ <f1(/317@1,d1,@1)—fl(ﬁz,@mdz,@z)) (@ — @) dm—/ P’V (pr — p2) - (Wn — @iz) do
Qr(0) Qr(0)

+(f2(p1, ix, a1, 1) — fa(pa, iz, G2, @2)) - (41 — G2) — </a P’ (p1 — ﬁz)nd0> (a1 — a)

Qs(0)

+(j2 — jl)djg . (w1 — wg) + ((jl(uAJl — (.:)2) /\w2> : (w1 — (.L)Q) + ((jl — Jg)d}g A\ (.«JQ) : (w1 — WQ)
+ (/ ((@1 - @2)37) A ((QMG(QQ) + (V- 1g)Id — poﬁgld)n> do> (w1 — wo)
0Q5(0)
+(f3(p1, 01, a1,@01) — fa(pa, G2, G2, 02)) - (w1 — wa) — (/ (@12) A (1°(p1 — p2)n) dU) (w1 —w2)
905 (0)

+/ ((2/16(111 - ’112) + MIV . (ﬂl — ﬂg)ld)n) . (WQ A\ ((@1 — @2)1‘)) do + %(jl(wl — wg) . (wl — wg)).
Qs (0)

Thanks to Gronwall’s inequality, we deduce that

a1 — dallpee(r2) + 91 — Gallpz(an) + lar — azllypre + [Jwi — w2 Lee

< Ce“ (|| fr(pr, tin, an,@1) — fr(pas iz, a2, @2)) | r2(z2) + 151 — Pollr2cm)

o o o (67)
+l[f2(p1, G1, a1, 01) — fa(p2, G2, G2, w02))| L2 + VR|j&y — Wall L2
| f3(pr, in, a1, @1) — f3(p2, G, a2, @2)) |22 + VR||i1 — Gzl 2(m2))-

We recall that the definitions of fi, fo and f5 are given by (33), (34) and (35) respectively. Let us first
consider the first term in the right-hand side of (67). We do not detail the whole computation but we
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explain how to estimate some terms. The remaining terms in fi(p1, 41, a1,01) — f1(p2, Gz, d2,ws)) can be

estimated in the same way. We have
(2,7 — 02,5)(Vi2(VX2) )i = (41,5 — 12,5)
1)+ (G2, — 02,5)(Vaa (VX)) ™ = (VX2) ™)

(1,5 — 91,5)(Var (VX)) ™ )ij — = (01,5 = 02,5)) (Vi (V1) ™)y
+(t2,5 — 02,5)(V(a1 — 2)(VX1)
This implies that
(1,5 — 01,5) (Vi (VX1) ™ )ij — (2,5 — 02,5)(Via(VR2) ™ ijllL2 2y < CR(|[G1 — b2l 22
+o1 = Dall 22y + (V)T = (V)2 2 e2y)-

We also have

T ( P__ 1> On, (akaQ,i(VXQ)/;J'l)(VX2)I_j1

p " o oN—1 .
— 1) 0y (0, i(V NV . — —
(555 1) 2u@uins TR - (55
( ! ! )aw (VDR +< P 1)6 (0, (i (TR0 (T
- e u— T T U i — x i (U K — U K
P +D Pt 1Oz, U1,i (VX1 ) g5 X1 o+ 7 1Oz (U1 2 X1) kg X1
17 o
+<ﬁ2+p— )axmauuh((w) — (VR (V)
i ( P 1) O (O 2, (TR (VR — (TR2)))-
p2+p ’ J J J
Since R has been chosen small enough,
1 1
— — — < Clp1 — P2l ooz -
‘p1+p P2+ Pl 2cre 1P = follnze i)

Thus,

L2(1?)

p . o \—1 £ -1 P
H (ﬁl 17 - 1) O, (awkul,i(v)ﬂ)kj )(VXl)lj - (ﬁ2 7 - 1) Oz, 0z, iz, Z(VX2)kj )(VX2) 1j
212) + (VT = (VR)2 Hlz2cam))-

S CR(||p1 = poll poo 2y + Ml

For the last term in the expression of fi, we notice that

<P’( 1+7) P'(p)) Oy (P’( 2 +p) P'(P)) By, ps = P'(pr +7) (ﬁlip - ;321+p> D, 1

pL+p P

P(p1+p)—Plps+p R P'(ps+p P'(p R R
+<(m @ 7% M)%m+<§mm_w)%@rmﬁ
p2+p p2+p Iz

p2+p P

Thus, we directly obtain that

P +p) PP . (Pp2tp) PP 5 b1 — P
H< (p1 +7) (p)) Oz, P1 — < (P2+p) ;p)> Oz, P2 < CR|p1 = p2llLz(a-

L3(L?)

pL+p p p2+p p

With the same kind of arguments for the other terms and using (62), we obtain that

— a2||H1

fl(p27u27a27w2))”L2(L2) CR(HUl

| f1(p1, 01, a1,01) —
2(1))-

(68)

o1 — @2 Lz + (|1 — p2
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Moreover, we can also prove that

| f2(p1, i1,y Gn, 1) — fo(po, tz, G2, 02))
< CR(|lar — asl| g1 + llon

(P1, U1, a1,01) — f3(pe, Uz, d2,w2))l| L2

212y + [1p1 — pallL2(ay)- (69)

Thanks to (66), (68) and (69), inequality (67) finally becomes

o = anllyyze + lon = wallrge < Ce“* VR — o L2ar2)

—@allsz ) (70)

+OVRE 1~ o

L) + [l

To get additional estimates, we multiply the first equation by (@; — @2); and integrate in space and next we
multiply the second and the third equations respectively by d; — do and wy — w,. We obtain

_ 2 Hﬁ _ 2 ,i/ e
/QF(O)MM u2)t| dx +2dt/ )’e(ul u2)| dx-i-ﬂdt QF(0)|V (i1 u2)| da

—|—m|a1 — d2‘2 + (jl(wl - (,JQ) . (Wl — WQ))

=/ (fl(ﬁhﬁlv&lv@l)—fl(ﬁ27ﬂ2,d2>@2)) : (ﬂl—ﬁz)tdfv—/ (P°V(p1 — p2)) - (1 — )y dz
Qr(0) Qr(0)

+(f2(p1 @1) — fa(pa, fig, i, @2)) - (1 — o) — (/8 P (p1 — ﬁz)nd0> (@1 — d2)

Qs(0)

Jy — u.JQ + (lel) A (wl - w2) + j1(u31 — (.:)2) N wo + (jl - jg)(f)g /\w2) . ((.2)1 — d)g)

+ <f3 p1, U1, a1,01) — f3(p2, U, G2,2) —/ (Qz) A (p°(p1 — p2)n) dU) (w1 — do)
9Qs(0)
+ (

/ — Q2)x) A ((2/%(112) + W/ (V - ug)ld — poﬁzfd)n) dU) (@1 — o)
395(0)

/ ((Q,ue( o — 1)+ p' (V- (g —uy))ld)n — Q2)z)) do
0Qs5(0)

~

Q2)$)) do

) wWa /\

+/ ((2/16(122 — ’ELl) + /LI(V . (az — Ul n) ) /\

0825(0)
+/ ((2,ue(ﬁg — ) + ' (V- (g — 1)) n) (w1 — wa) (@1:3)) do.

9Q5(0)
Observe that, here, we just need estimates of f;(p1, 1, a1,@01) — fi(po, o, G2, @) (i = 1,2,3) in L? norms.
This was already done in (68) and (69).

Then, arguing as before, we find the existence of C' > 0 such that

1z2) + |l (m1) + [lay
Leo(H1) + ||U1 — do||2m2) + ||a1 — a||m1) + \F(Ildn — @22 + [lwr — wall£2))(71)

) + \/E”ﬂl — fL2||L§(H2).

ozt

< C(R([|pr — p2
+C||p1 — p2

Moreover, according to the equation and the boundary conditions satisfied by @ — uo, we also obtain that
@y — @z is bounded in L2(H?) and is bounded by the right-hand side of (71). If we reassemble this result
with (66) and (70), we get

1(L2) + ||a1

2(g2) + Hfh

151 — P2l Lo (arry + Il
< CVRe“R (|1 = fol;

2(g2) + ||a1

—@2|\Lg)-
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Next, we recall that our final time was given by s = C'R (see (55)). Thus we obtain that

151 = p2llLee (rrry + [[@1 — Gol|p2 a2y + U1 — G2l g2y + [lar — azl|m2 + w1 — wel[
<CVR(I1pr = pellne oy + i = @l z2qarz) + lar = ol + 61— @22 ).

jFrom the definition of @, (see (58)) and taking R small enough, we directly get the existence of a
positive constant o < 1 such that

151 = p2llLes 1y + lpy — GrallL2(a2) + [lar — azllgr + (w1 — wallL2

< 04(”/51 — p2| Loo(H1) T+ lap1 — fLF,2||L§(H2) + |la; — &2||Hg + ||or — @2\\L§)~

Thus, A is a contraction and we obtain the existence and uniqueness of a fixed point on (0, s). Finally, we
easily check that this fixed point is solution of (30).

4 A priori estimates: proof of Proposition 8

The proof of this result is inspired by the works [17] and [18], where the authors dealt with the compressible
Navier-Stokes equations.

For the sake of simplicity, in this paragraph we will denote our solution by (p, u, a,w) instead of (p, 4, a,w)
and the velocity associated to the structure will be denoted by v instead of ©. The equations are

ot + (V) Hu—0))-Vp+p(V-u) = fo in (0,T) x Qp(0),
up —2pV - (e(uw)) — @'V - (V- u)Id) +p°Vp = fi in (0,7) x Qr(0),

de/ (2pe(u) + i/ (V - u)Id = ppId) ndo + fo  in (0,T),
925 (0)

Jo = / Qz A (2pe(u) + 1/ (V - u)ld — p°pld) ndo
005(0)

(72)
+ (Jw) Aw+ f3 in (0,7),
u=a+wAQr in (0,7) x 09s(0),
u=0 on (0,T) x 99,
p(0,) = po — p, u(0,) = ug in Qp(0),

a(0) =0, a(0) = ag, w(0) = wo.

where fo, f1, f2 and f3 are given by (32)-(35) (with (p, @) replaced by (p, u)).

In the following lines, we will give several lemmas where we will present a priori estimates of different
nature:

e Global estimates associated to an elliptic operator (Lemma 9) and energy-type estimates associated to
the compressible Stokes system (Lemmas 10 and 11).

e Interior estimates for the compressible Stokes system (Lemma 12).

e Estimates close to the boundary 0Qp(0). First, we will estimate the tangential derivatives (Lemma 13)
and then the normal ones (Lemma 14).

e Global estimates for the Stokes operator.

In the above lines, the term ‘Global’ refers to estimates on the whole domain Qx(0).

All this will be proved under the hypothesis (p, u,a,w) € X(0,T). The conclusion of all these Lemmas

will be the following inequality:

Nor(p,u,a,w) <C (||f0||H;(L2) + I follez.casy + 1 full oz a2y + il ey + 1 falloge )
il allwrr + I fallmz + 1 sl + [ fsll g + 100w, )l + [luollgs + 18:p(0, )|l z2 (73)

. . 3/2
+lpolls + [a(0)] + laol + |(0)] + lwo| + No'7 (p, u, a,w) + Ng 1(p, u, a,w)) ~
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Next, using the equations of u, p, a and w, we see that
[06u(0, )z < Cllluollm= + llpollrz + 1f1ll e rrr))

19ep(0,) |2 < Clluoll = + I foll e (z2) + N& (o, u, a,w)),
|a(0)] < C(lluollz= + llpollar + [lf2llLge)

and
0(0)] < Clluoll = + llpollr + Il f3llLee + NG (p,u, a,w)).

Then, from the expression of f; (0 < < 3), we have
[ foll zrr 2y + I follz.casy + I fill oz a2y + 1 fill a2y + ||f2||W;=1

Hlfllzge ) + 12l g + I fsllwan + sl < Nz (o u,a,0).
Finally, using the assumption Ny r(p,u,a,w) < 01 with 6; small enough, we conclude the proof of Proposi-
tion 8. Consequently, from now on we concentrate in the proof of inequality (73).
4.1 Technical results

All along the proof of these Lemmas and for the sake of simplicity we will adopt the notation N (0, T) instead
of Nor(p,u,a,w).

Furthermore, C' will stand for generic positive constants which do not depend on ¢ but which may depend
on 25(0), N (0) and Q.

The first result concerns a classical elliptic estimate for w:

Lemma 9 Let k= 2,3. Then, we have
ull e rrey < Clllullyp o gre—zy + Mol ey + lally= + lwllog + [1f1llge (e-2))- (74)
Lemma 10 Let k = 0,1. Then, there exist a small constant 6 > 0 and a constant C > 0 such that
||u||wj’i’°°([,2) + HPHW;»W(L?) + HUHHéi(Hl) + ”alle’iﬂvOC + ”"‘JHWT’ioo
< Ololl ag r2) + CUlfollms 2y + 11l ez + I F2llyrs + [ fsllyxn (75)
+OFu(0, )| 2 + 10F p(0,-) | 2 + |0 a(0)] + [0fw(0)] + N*/2(0,T) + N*(0,T)).

Proof:
1) k = 0. We multiply the equation of p by p’p/p and the equation of u by u. Integrating in Qg for
s € (0,T) and adding up both expressions, we obtain:

1su al?(s) + |w|?(s P ul?) (s)dx e(w)|* + i/ |V - ul?) de dr
: p)<|<>+||(>+/§2F(0)(p|p+|)<>d>+//QT<2u|<>| 4|V ) dad

se(0,T

<O ([l bl 1900+ 19T+ 19 (T ) ol

+// (\fol2+|f1|2+5(|p|2+IU\Q))dwdTJr/ (luol? + pol?) dz + [ao? + [wo?
Qr Qr(0)

T T
+ sup |a|/ foldr + sup |w|/ |f3|dr>,
s€(0,T) 0 s€(0,T) 0

for 6 > 0 small enough. Here, we have put together the integrals coming from the third term in the equation
of p and the fourth term in the equation of u and we have integrated by parts. We have also used the fact
that according to the definition (9) of J, we have (Jw)-w = 0.
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Thanks to (43), we get the LZ(H') norm of u in the left hand side of (76), which allows to absorb
6lull? (12)- Moreover, we can estimate the nonlinear term in (76) in the following way:
T

S Gl 101+ 190+ (96Dl AT + V(T o dr

< Cllull . wry + vz i) ol oy < CN?(0,T).

The definition of N(0,T) was given in (36). The estimate of ||p|\%4T(LOO)

ment, while the estimate on [|v| 12 (1.) comes from (20). Thus, we deduce (75) for k =0

comes from an interpolation argu-

2) k = 1. First, we differentiate (72) with respect to t:
()t + (VX) ™ Hu=0)) - V(o) + (V- ue) = four — (V)" (u—2))e - Vp in (0,T) x Qp(0),

(ue)e — 2V - (e(up)) — W' - (V- ug)Id) + pPVpy = f14 in (0,7) x Qr(0),
ma = / (2pe(ue) + 1/ (V - w)Id — p°pdd) ndo + fa, in (0,7,
902s(0)
Jo=far —Jo+ (Jw) Aw+ (Jo) Aw+ (Jw) Aw
7
+ Qx A (2ue(us) + ' (V - ug)Id — p°piId) ndo (70
90s(0)
+ Qr A (2ue(u) + 1 (V - w)Id — p°pId) ndo in (0,7),
905 (0)
u =i+ wAQr+wA Qu in (0,7) x 09Qs(0),
Uy = 0 in <O,T) x O0f).

Now, we multiply the equation of p; by (p°/p)p; and the equation of u; by us. Let us see that the boundary
terms provide estimates for & and @ and the remaining terms are bounded by C(N3(0,7) + N*(0,T)) and
the data:

[ uctuin s w5 - wen— pim) - wedordr = F(a® - @(OF) - [ afasdr
s 0

" // w - (Qx A (2pe(ug)n + 'V -ugn — p°pen)) do dr (78)
b))

+ // w A Q) - (2ue(ug)n + 'V - ugn — p°pyn) do dr.
s
In order to develop the third term in the right hand side of (78) we use that
@ - / Qz A (2ue(uy) + ' (V - u)Id — p°p,Id) ndo
9Q5(0)
= (JD) & — far -+ (Jo) &= (Jw) Aw) - & — (Jo) Aw) - @ (79)
—w- / Qr A (2ue(u) + ' (V - u)Id — p°pId) ndo.
905 (0)

Observe that we have

|

(J&) &= =—((J) - &) — %(J’a}) .

DN | =
QU

t
9) and we use that J is a definite positive matrix (see (10)

N

Now, we integrate between 7 =0 and 7 = s in (
. We find

// W (Qz A (2ue(ug)n + 1’V - ugn — p°pyn)) do dr
=
| (50)

> (Cy/2)l(s)]* = Cla(0)]* = C sup IdJI/ |fa,| dT — C(N?(0,T) + N*(0,T)).
s€(0,T) 0
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We also observe that the last term in (78) is estimated by N(0,T).
Similarly as before, we find

1 ) : ’
L osw <|a|2<s>+w|2<s>+ Lo (k) <s>dm>+ [ eule) + 19wy drar
s€(0,T) Qr(0) \ P Qr

s¢ (//QTWI + ol + Vol + [Vul) o2 (1(V) 72 + [V (VX) ™)) da dr

2+ 0(|pe* + |ue]?)) dav dr

)P NP dz + a(0)|? + |w(0)[? 2 >
+/QF(O)(|6tu(O, N2+ 10:p(0,)[?) dx + [@(0)|* + [w(0)] +//QT(|f07| + 1A,

T
dr + sup \w|/ |f3,t|dT+N3(0,T)+N4(07T)>,
5€(0,7) 0

ElS]

T
+ sup |a\/ | fo,e
0

s€(0,T)
for 6 > 0 small enough. Thus, we deduce (75) for k = 1.
Lemma 11 Let k =0,1. Then, there exists a constant C > 0 such that
loll sz + lolgsss gy + lallyisos i, + lallgase + [l s
< Cllull sy + ||P||W;=°°(L2) + [ foll e 2y + el a2y + 2l me + 1 Fsllms (81)
+H0Fu(0, )| + N¥2(0,T) + N*(0,T)).
Proof:

1) £ = 0. We multiply the equation of p by p; and the equation of w by wu;. Integrating in Qg for
s € (0,T) and adding up both expressions, we obtain:

1 2 "N - u(s)|2) da 2 wl?) de dr
2/gzp(o)(%e(u)(sﬂ + WV - u(s)%) d +//QS(|Pt| + |w|”) da d

+ //Eé uy - (2pe(u) + ' (V - u)Id — p°pld)ndo dr + // S(p(v w)ps — p°(V - up)p) da dr

(82)
<c ( / / (o] + [ul) el [V II(Tx) " ddr + / Vuo|2dz
Qs Qr(0)

+//Qs(f0|2+ |fl|2+5(|pt|2Jr |Ut|2))dxd'r>’

for § > 0 small enough. The boundary term yields
// ug - (2ue(u) + p' (V- uw)Id — p°pld)ndo dr = m/ |a|* dr — / afodr
¥, 0 0
+/ (Jw) w—(Jw)Aw) -w— f3-w)dr+w- // Qz A (2ue(u) 4+ 1 (V - w)Id — p°pId)n do dr
0 s

-/ <<m/2>a|2+<cj/2>w|2>drc( / (|f2|2+|f3|2)dT+N3(07T))-

The last integral in the left hand side of (82) can be estimated as follows:

// (B(V - u)py — p°(V - uy)p) da dr < ;//Q pt|2dxd7'+0//Q \Vul?dz dr

+// P (V- u)p; dxdT_pO/Q (V- w)p)(7) Z;d:p.

s r(0)
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Taking the supremum in s in (82), one can readily deduce (81) for k = 0.

2) k = 1. As in the proof of Lemma 10, we consider system (77). Let us multiply the equation of p; by
p+ and the equation of u; by us:. This provides:

1

5 [ Culew))P + I wP) ot [ oul? + ) dodr
Qr(0) Qs

—l—// wg - (2pe(us) + ' (V - ug)Id — p°piId)ndo dr + // (B(V - up)per — p°(V - uge)pe) dov dr
E s

s

(84)

<C (//QSUPttH(VX)_ [((Jo] + [uD) Ve + (Jue] + [ve])[Vpl) de dr + /QF(O) 10, Vu(0, -)[da

[ Uoal? + 10l + 80oel? + i) do df) ,
QS

for § > 0 small enough. Let us now compute the boundary terms. On (0,7) x 9Q5(0), we have:
Uy = a +OAQr+ 2w A Qx +w A Qu.
Thus,
//E wye - (2pe(ug) + ' (V- up)Id — pPpiId)ndo dr = m/oS |a|>dr — /OS Q- fordr

+ //E G- (Qx A (2ue(ug) + 1/ (V - ug)Id — p°piId)n) do dr
. (85)
+2 // (@A Qx) - 2ue(ur) + ' (V - ug)Id — p°piId)n do dr

+ // (wA Qx) - (2ue(uy) + p/(V - ug)Id — p° prId)n do dr.
s

In order to develop the third term in the right hand side of (78) we use that
o - / Qz A (2pe(wy) + 1/ (V - w)Id — p°p,Id) ndo
9Qs(0)
= (JD) & — far- @+ (Jo) &= ((Jw) Aw) -0 — (Jo) Aw) - & — (Jw) AL) - & (86)
- - / Qz A (2pe(w) + 1/ (V- u)ld — pOpId) ndo.
90s(0)
Now, we integrate between 7 = 0 and 7 = s in (86); we find

// O (Qr A (2ue(ug)n + W' - ugn — pPpn)) do dr
X
s s (87)
> (01/2)/ |o2dr — C (/ |f3,0]*dr + N3(0,T) + N4(0,T)) ,
0 0

where C is such that (10) is satisfied. The two last terms in the right hand side of (85) are also bounded
by N3(0,7).

Finally, the last term in the left hand side of (84) is estimated as the corresponding term in the previous
case (see (83)). Taking the supremum in s in (84), we conclude inequality () for k = 1.

As a conclusion, we deduce inequality (81) for k = 1.

Let us do some interior estimates now. Before doing this, we introduce the total time derivative of p:

% = py + ((VX)_l(u —v))-Vp in (0,T) x Qr(0). (88)

Let (o € C2°(Q2r(0)).

24



Lemma 12 For 1 < k < 3, we have

dp
CopllLee czrey + [1Copll L2 vy + lICoull Lo ey + ol L2, carway + ||COE”L%(H’“) (89)

< C(llull gz + Il 2 ey + lpoll e + lluoll e + 1 foll 2 arey + I f1ll Lz o1y + N?72(0,T)).

Proof: In this proof, we denote by D’ all possible derivatives in z of order £. We divide the proof in two
steps:

e First, we apply the operator cgaij’f—l to the equation of p, we multiply it by &UDk_lp7 we sum up
in 7 =1,2,3 and we integrate in Q:

3
> / g (802, D* M pr + (VX)) (w=0)) - Vo + (V- w) = f0)d,, D* ' pdadr = 0.
i=1 s

Integrating by parts with respect to  in the nonlinear term, this gives

Loy P 2V(DF YV - w)) - V(D 1p) dad
|<op|LT<H)+p//QS<o< (V- u)) - V(D) da dr w

< 86D P22 12y + ClllpollFp + I foll7z ey + N(0,T)),
with § > 0 small enough. B
p

Next, we apply the operator 54— (2 D*! to the j-th equation of u, we multiply it by 9,, D¥~1p, we sum
up in j = 1,2,3 and we integrate in Q,:

3

2u—p|—,u/ ;//Q D M uy —2uV - (e(w) — @'V - (V- w)Id) + p°Vp — f1);0.,DF 'pdxdr =0. (91)

We integrate by parts in ¢ and then in x in the term concerning u; and we use the equation of p. We deduce
that

/Q (D" 8y, D pda dr < OlIGoplIT o ey + CUL ol T2 rmy + el Ta ey + [ull7 e grimny + N?(0,T)).
As long as the elliptic term —2uV - (e(u)) — @'V - ((V - u)Id) is concerned, we rewrite it as

=24V - (e(u)) = @'V - (V- w)ld) = —pAu — (p+ p')V(V - u)

and we integrate by parts twice (with respect to z) in the laplacian term. Observe that there is no boundary
term when we integrate in x since (p has a compact support. Then, from (91) we deduce that

2+ p
Ol vy + 12 gy + loollZr + 1 ollZ garey + 11125 (gre—sy + N3(0,7)).

-0
124 _ _ _
6D plZs 12y — P / /Q GV(D* IV ) - V(D*p) dadr < 8([IGoD Pl 72 (12 + 160plI7 2 (grvy)

This, together with (90) and taking the supremum in s, yields

Copll s vy + 1Copll 2. (rvy < Cl[ull g (mrr—1y + lull L2 arx)

(92)
+lpoll e + | follz vy + | fill oz, -1y + N3/2(0,T)).

e Let us now apply the operator (p° /ﬁ)Cng to the equation of p, we multiply it by D¥p and we integrate
in Qs:
0
p — _
L / [ QD o (VO (0= 0) -V (Y ) fo) Do dr =0
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This gives

1G0pl13 ) + 2° / / DMV - w)DF pdi dr

<8l6D N2z 12y + ClloolTpe + I foll 7z ey + N?(0,T)).

Next, we apply the operator (2D* to the j-th equation of u, we multiply it by Dkuj, we sum up in
7 =1,2,3 and we integrate in Q,:

3
Z/ D" (uy — 2uV - (e(u)) — W'V - (V- u)Id) + p°Vp — f1);D*u; dxdr = 0.

We integrate by parts in x in the second, third, fourth and fifth terms of the last integral. We deduce that
6ol sy + (6ol ey ~° [ GDHV )P p o ar
Qs
< 811G0p 1125 ey + ClulZa sy + lullZge + 112112 crre—sy):

for § > 0 small enough. This, together with (93), yields

ICopl Lge zrey + [[Cowll oo (rrey + [[Coull 2. (rre+1y
< 6[|Copll 2 arey + Clllull Lz ey + lwollzre + ool + [ foll 2. carey + [ f1ll 2 ey + N®3/2(0,T)).

Combining this with (92) we obtain the conclusion (89).

Let us now do some estimates close to the boundary. For this, we consider a finite covering {O;}X | of
00N (0). For each 1 < i < K, we consider a function

o - (—M{,M{) X (—Mé,Mzz) - 8QF(O) ﬁ(’)i

(61, 62) (b1, ) (94)

satisfying
D, 0" - 04,0" = 0, [04,0°| = 1, |04,0°| > C > 0.

Then, we perform the change of variables
(g1, G2,7) = r1(1, 62) +0'(61,62) € O; NQp(0) 7 € (0,71), (1, ¢2) € (=M, M}) x (=M3, M),

where n denotes the inward unit normal vector to 9Qr(0).

In what follows, we will establish some estimates of u and p in Qp(0) N O, for each 1 < i < K (see
Lemmas 13, 14 and 15 below). For the sake of simplicity, we drop the index ¢ from now on. In the new
variables, we define
_ 0g,0

105,61

Observe that e; e =0, e; -n =0 and e3 - n = 0 and so we can write

e1 =0p,0 and e

Opyn = aeq + ez and dp,n = a'e; + Fes.
Let us compute the Jacobian of this change of variables:
Opx = (1+ar)e; + Brea, Op,x = a're; + (8’1 +104,0|)e2  and 9,z = n,

that is to say,

Og, 1+ar Br 0 el
Op,x | = a'r O +10s,0] 0 €s
Orx 0 0 1 n
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Inversely, we have

aac¢1 1 ﬂ/T’ + |8¢20| 757“ 0 €1
Oy o = —a'r 1+ar 0 es |,
01 J 0 0 J n

where J := (14 ar)(8'r + |04,0|) — o/ Br? is the Jacobian
Consequently, we have

1
Ve =0, j(Alel + A262)8¢1 (A361 + A4€2)a¢2 + nd, (95)
where
Ay = 0'r +04,0|, Ao = —pr, A3 =—a/r and Ay =1+ ar.
Let us now write the equations of (72) in the new variables (¢1, ¢a,7)
it (T =) (s + Aae)Doup + 5 (s + Are)Doup + 10, )
_(1 (96)
+p j(Alel + A2€2) 8¢1u + J(Agel + A4€2) 8¢2u +n-0u | = fo

(t7¢17¢27r) € (07T> X (_M17M1) X (_M27M2) X (07T1)
and

up — = (A7 + A3)03 45, u+ 2(A1 Az + A2 A4)03 4, u + (A3 + A3)03,4,u + J202,u) + Pi(D)
1 +u'd 1 +u'd
+ja¢1 (,U p'u df? +p ,0) (A1€1 + AQ@Q) + ja¢2 (’UJ ﬂ dfft) +p p) (A361 + A4€2)

(97)
d !
+ar(“+“ Py p)n—f1+'u+ﬂVfo
p o dt IZ

(t,¢1,02,7) € (0,T) x (=M, My) x (—=Ma, M) x (0,71),

where Pi(D) is a first order differential operator in the = variables. In order to obtain this last equation
observe that we have used that

+ d
— ptu+ BT pMV<df— o)+p°Vp=f1

d
and then we have rewritten this in the new variables. In the new variables “= is given by the first line in
(96).

Let (1 € C(0;) for 1 <4 < K (we also drop here the index 7).
We first estimate the tangential derivatives:

Lemma 13 Let k =1,2,3. For any § > 0, there exists a positive constant C such that
k k k K dp
||C1D¢P||L§9(L2) + ||C1D¢UHL;°(L2) + ||C1D¢U||L§(H1 + ||C1D¢$HL§,(L2

(Gt Dgpllrz 2y + llullzz a2y + ol Lz ) + CUlulloz ey + llwllzz + llpoll e

(98)
Hlwoll e + 1foll 2.y + [fill L2 ey + N3/2(0,T)).
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Proof: The proof of this lemma is very similar to that of the second part of Lemma 12. In fact, we first
(0]
apply the operator %C%Dg to the equation of p in (72) and multiply it by Dgp:

= [ DKo+ (Fx) (0= 1) Vo4 (T )~ o) Db =
For the nonlinear term, since the expression of V, is given by (95), we have
/ |, DMV (= 0) - Vep) Dgpdedr > / |, CEU(Vex) ™ (w=0)) Ve Dgp)Dpdu dr = ON(0,T)
Thus, this implies that

16 DEp| 2. (s) + 5° / [ G0y, wplpdrar

(99)
< B1GDERIZ: o) + ClllpollZge + 1foll2s sy + N(0.T)).
Then, we apply the operator (¥ Dk to the j-th equation of u, multiply it by D¢uj and sum up in j:
Z/ Cl Dh(uy — 2uV 4 - e(u) — f'Vo(V - u) + p°Vap — f1);Dhu; da dr = 0. (100)
Observe that, since (; has compact support, we have
—/ (IDEV, - €(u); Dhuy do dr = (—1)k+1/ Ve - €(u); DS (¢ Dhuy) da dr. (101)
QS QS
Integrating by parts on the x variable, we deduce:
/ Cl D¢Vm e(u); D¢u] dxdr = (-1)* // e(u); - Vng(C%D(’;uj)dx dr
// D¢(§1 D¢u]) do dr (102)
—ut /Q elu); - Va DY DEw) dodr = C(lul ey + ol ),
where we have used that |D§)u| < Cw| for all |¢] > 1. We recall now that (see (95))
V.= Bla¢1 + B28¢2 + B30,
where B; (j = 1,2,3) are smooth functions of ¢. Then, we notice that
[k
k k 14 k—¢ ¢ k—t ¢ k—¢
DgNVyh = V.Dgh+ Z ( , ) (Dd)Bqu5 94, + DyBaD g 04, + DyB3Dg Or)h.
=1
Let us take h = ClzD(’;uj. We have, for 1 </ <k,
’ / / - (D§B1DE ™ 04, ((EDEuy) + DS By DS~ 04, ((EDSu;) + DS B3 DS~ 0,(C7 Dfuy)) da dr
< ‘/ ; DEH(DgB1e(u) )0y, (¢F Duy) + D~ (DfBae(u) )0y, ((F Diuy) da dr (103)

] / DE~ (D4 Bae(u))0, (G Dkuy) dr dr| < C(lul3s gy + 011G DEull3a v))-
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This implies that
—1)* e(u); - VoDE(C2DEw,) da dr
J o) [ 3]
[ /Q €(w); - DEV,(2D5u,) dw dr — C(Jull2s gy + 616 Dl 410 (104)

> / | Dletw)y - VG D) o dr = Ol ey + 013 Dl )
Analogously, we can prove that

/Q Dge(u)j . Vx(Cnguj) dx dr

(105)
- [ /Q (G DEw); - V(G DSy o dr — Ol ey + 811G DEullZa )
So, from (101)-(105), we have for the second term in (100):
/ §1D¢ o - €(u); Dhuj da dr > // e(QDEu); - Vo (G DEuy) du dr
(106)
= C(ul23 ey + O DEUIZs gy + Nl ) + ]2
The same can also be done for the third term in (100):
// (DO, (Vo - u) Dguj dzdr > // (GDfw) P dw dr
(107)
C(||“||2L2T(Hk) + 6||C1D<]Zu||i§,(H1) + HUJHQL%(HZ) + ||W||2L§)
Equations (106) and (107) provide the estimate of ||(1D(’;u||L2 (HY) n (98).
Then, using the same arguments, one can prove that
3
p° Z // CfD(]Z@mJ pDé‘;uj dxdr > fpo/ ClzDé“)(Vqc .u)Dgp dx dt
— JJa. Q.
J (108)

3(llolIE vy + 161 DEPITz (12) + CllwlTs + lullEs ge)-

Then, inequality (98) is obtained by reassembling (99) (for ||C1D§,PHL2T(L2)), (100) (for ||<1DZ;U||LQC(L2)),
(106)-(107) (for ||¢1.D U‘HL2 (1) and, consequently, HQDZ;%HLZ)T(LQ)) and (108).
Let us now take the derwatwe with respect to r of equation (96), multiply it by p/p and sum it with

equation (97) multiplied by n (which we can symbolically write as (1/5)(96), + n - (97)):

2u+p' (dp 0. _
5 (dt T+ppr— neur =g

+(A§ + Ai)n “Ugpydy — j(Alel + Ageg) “Ugyr — j(A361 + A4€2) . U¢2T] (109)

= D143 + A2 ug,g, +2(A1As + Az Ad)n - ug,g,

2p+
—Pi(D)u-n+ fi-n+ > fo,rs ¢ € (—My, My) x (—=Mz, Ma), r € (0,71).
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Lemma 14 For 0 < k+ ¢ < 2, we have

dp
16 DD pllge (n2y + 1 DEDF pll 2 (12) + ||C1D§>D£+1 2. (22) < C(IG DS Dl 2 (o) (110)
Hllwellpz ey + lullpz (eresyy + ool mrrers + [ foll Lz carrversy + | fill 2, avrey + N3/2(0,T)).

Proof: We take the operator D(’ZDf in equation (109), multiply this by ¢{; and square the whole expression.
The left hand side term is

f (5

2,u+u

dp|®
DEpt1=E
ST dt dt

2 d
( ) |D¢DZ+1 |2 :u’+ /’L OD¢D€+1 pD¢D€+1 >dl’d7’
D

dp
/41
DiD!

= +[[¢p°DEDE ),

(L2

G

+4ﬂ+2ﬂ O<C DkD€+1 p7<D¢D£+1 )
D

L3 (L?) L%(L2).

Using the definition of % (see (88)), the last term in this expression readily provides the L (L?) norm of
¢DEDI ! p in terms of ||pol| gr+re1 and N3/2(0,T).

Lemma 15 For 0 < k+ ¢ < 2, we have

K dp
dt

aDE

+ lwell Lz (eey + llull Lz, evess)

G DG ull L2, a2y + 1 DGl Lz rr1+e) < (‘
L2 (H1+0) (111)

+ lpllez esey + lallmy, + llwllzz, + [ foll oz (ressey + ||f1||L2T(Hk+f)) :
Proof: We regard the equation of the fluid in (72) as a stationary Stokes system for each s € (0,7T):

—2uV - (e(u)) — @'V - (V- u)Id) + p°Vp = f1 —uy in O; N QR(0),

1 d .
V~u:p(0—d§> in O; N Qp(0),
u=(a+wAQr)lyng (o) on O; N 9Nk (0).

d
Recall that dit) was given in (88). Now, we differentiate the equation of u with respect to ¢ = (¢1, ¢2) k
times and we multiply by ¢;. Denoting (ug, pr) := ClD(’;(u, p), we have

=24V - (e(uy)) — @'V - (V- up)Id) +p°V (pr) = fie  in O; NQp(0),
v'uk Cpl <D¢fO_D¢zt) +Pk(D)U in OZQQF(O)7
ur = (D56 +w A Qx)) 1o (o) on O; NONE(0),

where
fiw = DL fi = DSy + Py (D)u+ Pe(D)p,

with P;(D) a differential operator in the x variable of order j = k, k+1. Observe that the boundary condition
can be lifted by a C*°(O; N Qr(0)) function. Finally, we use the following classical regularity result for the
stationary Stokes problem (see, for instance, [?]):

Let U be a regular domain, m >0, a >0, f € H™(U) and g € H™"TY(U). Then, the solution (h,m) of

—aAh+Vr=f inU,
V-h=g in U,
h=0 on OU
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belongs to H™2(U) x H™H(U) and there exists a constant C > 0 such that

|(hy W) | rm+2 @y x mm+r @y < CUflam @y + gl mm+r))-

4.2 Combination of Lemmas and conclusion

In this paragraph we will gather all the technical results previously stated and conclude the proof of Propo-

sition 8.
1) We apply Lemma 10 for k = 0:

lullzge 2y + llplloge 2y + llullpz ) + lallype + llwllzs
<Ollpllzza.zzy + CUlfollzz 2y + 1 fillzz. o2y + Lfellzs. + 1 f3ll 21,
+Hluollz2 + lollzz + laol + |wol + N*/2(0,T) + N*(0,T)).
2) We apply Lemma 11 for k = 0:
lull 2 ey + ol az ey + lulloge ) + llallmz + llwllmy
< C(llull 2.y + pllege r2y + [ follzz. 2y + 1 fillz ey + (1 f2llzz + [ f3l 22
+woll g1 + N32(0,T) + N2(0,T)).
3) We apply Lemma 10 for k = 1:

lullyroe 2y + ol roe L2y + lullms ) + lallyze + lwllye
<Ollpllmy 2y + Cllfollareey + il + f2llwrr + 1 sllwan
+10ru(0, )| 2 + 10:p(0, )| 22 + 107 a(0)| + [9w(0)] + N*/2(0,T) + N*(0,T)).

Putting together estimates (112), (113) and (114) and taking 6 > 0 sufficiently small, we have:

HUHW;“"O(H) + ||u||L§S’(H1) + ||UHH}(H1) + ”P”W%W(Iﬂ) + ||PHH}(L2)

Hlallwz~ +llallmz + lwlwr~ + @l < CUfollag. w2y + 1 Allmnw) + 1 f2llwzr + 1 f2llzz,

sl + sl + 1100, Y2z + luoll s + 196000, 12z + lpoll = + 102a(0)] + laol
0w (0)] + lwo| + N/2(0,T) + N2(0,T)).

4) We apply Lemma 12 for k = 1:

dp
[SopllLge 2y + 1Copll 2. a1y + ICoull Lo (rry + NICoul| 2, (ar2) + ”COEHL%(Hl)

< C(llullpgep2) + llullpz. vy + lpollar + lluollmr + | follz.cany + 1 f1ll 2. (z2) + N3/2(0,T)).

5) We apply Lemma 13 for k = 1:
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dp
161 Dgpll sz (r2) + ICLDgull g 2y + G Dol g ny + 161 Dg 7 Nz (12)
< O([CiDgpllrz r2y + lull Lz a2y + oz ) + Cllullz any + [wllzz + [lpoll e + [luol[ (117)

+lfollzz.amy + I f1ll oz z2) + N*/2(0,T)).

6) We apply Lemma 14 for k = ¢ = 0:

dp
¢ DrpllLge z2y + [IG1Drpll Lz (22) + ||C1D’I‘EHL%(L2) < C(IGDyul L2, a1y (118)

el gz, 2y + lullz.cmy + loollar + I follzz.cany + 1 fillz ey + N*/2(0,T)).

;From (116), (117) and (118), we deduce in particular that we can estimate u in L2.(H?) in the interior
and p in L (H"Y). Precisely, we have

dp
[Coull L2 a2y + Pl gy + S0Pl L2 (ary + ||E||L%(H1)

<G Dopllz n2y + el z ey + ol iz ) + Cllullogs w2y + lull g oy + lll g ooy (119)
Hlwlzz + lluollz + llpoll e + [ foll 2.y + [ fill Lz z2) + N3/2(0,T)).
7) We apply Lemma 9 for k = 2:
lullge 2y < Clllullyro 2y + lolLg @ + lallwres + lwllg + Lfllog@2)): (120)
8) We apply Lemma 15 for k=¢=0
dp
ICGrull 2. (zr2y + 1Cipll L2,y < € Cl% + llwellpz zey + llullzz )y + ol Lz 22
L3.(HY) (121)

+ lallmy + llzs. + 1 foll gy + I fullzz e -

Using (119) in (120) and (121), we obtain estimates for v in L3 (H?) N L%(H?) and for p in L2.(H'):

dp
lull Lge crrzy + lullpz a2y + ol nse ey + ol a2 ey + ”E”L%(Hl)
< Cllullwoe g2y + 1wl gy + lullmy. 2y + ol gz + lallwse + llalla, (122)
Fllwllzg + llwlirz + lluollar + lpollzr + [lfollz.ar)
HIAillzge w2y + 11l pa. sy + NY2(0,T) + N*(0,T)).
Observe that we have added the term | p¢|| 2.zt in the left hand side of this inequality. This term comes
from the estimate of % in L2,(H") since the nonlinear term goes to N2(0,T).
Therefore, putting this together with (115), we get
lullyroe 2y + lullLge 2y + lwll 2.2y + Nullms ) + lollwyoe g2y + lollge
ol oy + Nallyze + lallz + @l + ol
< Ol follanz2y + 1 folloz. ary + il ey + 1 fallose 2y + ||f2||w;v1 + || f2ll 2. (123)
+ll sl + 15l 22 + 1000, )l 2 + lluoll g + 10:p(0, )| L2 + [lpoll a1

+[67a(0)] + Jao| + 8w (0)] + wo| + N*/2(0,T) + N*(0,T)).
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9) We apply Lemma 12 for k = 2

dp
1Gopll gz 2y + [1Sopll g (rr2) + Soull nge 2y + llGowll g sy + 160 s 2y

(124)
Clllull g vy + lull 2.2y + ool 2 + ol + [ foll 2z a2y + 11l 2 vy + N*2(0,T)).
10) We apply Lemma 13 for k = 2:
2 2 2 2 dp
161 DGpll e (r2) + IC DG ull Lge 2y + 1CLDgull g ey + 16005 llg (r2)
516Dl (1 + ol arvy) + Cllulza oy + Iz + pollaes + ol (12)
+lfoll2. a2y + 1 f1ll 2. any + N32(0,T)).
11) We apply Lemma 14 for k=1, £ =0:
dp
16DeDeplizao) + 1GDeDrpls i 16D D Gl < CUGDEs )

Hllwellpz ) + lull Lz a2y + leollm2 + [ foll 2 a2y + ||f1\|L2T(H1) + N32(0,T)).

Observe that the first term in the right hand side in (126) can be estimated by the third term in the left
hand side of (125).

12) We apply Lemma 15 for k=1, £ = 0:

Cqub dt + lwellpz vy + lull Lz 2y + ooz

¢ Dgullrz (m2y + [[C1Depl L2 1y < (
LZ.(H") (127)
+ lallmg + 1wllzg. + 1 follzg oy + 11l o) -

The first term in the right hand side of (127) can be estimated with the help of the third term in the left
hand side of (126) and the fourth term in the left hand side of (125).

13) We apply Lemma 14 for k=0, ¢ = 1:

16D pllse b2y + 1G D2 ol p2.(12) + 101 D? rdt ||L2 2) < C([[G1Dg Drul L2 (1)

(128)
Hlluwellpz vy + lull Lz 2y + lleollm2 + [ foll Lz a2y + (il Lz ey + N3/2(0,7)).
The norm |[¢1 D¢ Drul|r2 g1y is bounded thanks to the first term in the left hand side of (127).
14) We apply Lemma 15 for k=0, ¢ = 1:
dp
[Crullzz a3y + 1C1pl 2. a2y < C QE . + lwellzz vy + llull Lz 2y + ol oz
L3.(H?) (129)

+ lallmg, + Iz, + I follug oy + Il oy ) -

The first term in the right hand side of this inequality can be estimated with the help of third term in the
right hand side of (128), the third in the left of (126) and the fourth in the left of (125).
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Collecting expressions (124)-(129), we deduce

dp
lull Lz () + ol g (m2) + ol Lz a2y + HE”LZT(H?')
< Clllullspary + 2 a2y + lll g oy + 1ol ey + lalla, + llza + lwollae + pollwa (130)
+||f0HL§r(H2) + Hfl”L?F(Hl) + N3/2(0,7)).
Using (123), for the moment we have
ullyroe 2y + lullLge 2y + lull 2. arsy + Nullmscany + lollwyoe oy + lollLge a2
Hlolrg oy + 120 23 o + ol + iz + Il + ol
< O follazzy + folloz ey + filloz y + il ey + [ falloge ey + ||f2HW;1 + || foll 22,
+ll sl + 15022 + 1000, )l L2 + lluoll 2 + 10:p(0, )| L2 + [l poll 12

+102a(0)| + |ao| + [9w(0)] + |wo| + N*/2(0,T) + N?(0,T)).

(131)
The term ||p||W%,w(H1) comes from ||ul|pz(m2) and the equation of p.
15) We apply Lemma 11 for k = 1:
ull 22y + ol .22y + 1wl gy + lallmg + llwllmz
< Clllull g ey + lpllwep2y + 1ol axze) + 1l ey + 12l + 15l (132)
H0pu(0, )z + N*2(0,T) + N*(0,T)).
Now, we regard the equation satisfied by u; as a stationary elliptic equation:
—2uV - (e(ug)) — W'V - (V- up)Id) = —uge — p°Vpy + f1p in (0,T) x Qp(0),
up = (& +wAQx +w A Qx)1a04(0) in (0,T) x 925(0).
Then, we have
lull 2 2y < Cllullgz ey + ol sy + 1 fillmy ey + lall gz + [lwllz2)- (133)
16) We apply Lemma 9 for k£ = 3:
lull e a3y < Clllullyroe gy + lollge a2y + lallwre + lwllig + [1f1llge amy)- (134)
Combining the three estimates (132)-(134), we get
ullyyoo oy + ullzgs sy + lullmz 2y + lullms ey + lollrz ey + lallms + llwllmz
< Clllull gy + ol 2y + ol a2y + ol + lallyse + llallmz (135)
Hlwll e + llwllese + [[foll a2y + 1 fillazzey + [1fillzge
Hllfll g+ U fsllerg, + 1000, )z + N*/2(0,T) + N*(0,T)).
17) We apply Lemma 12 for & = 3:
dp
[[CopllLse () + 1Copll 2. a3y + lICoull Lge rr2) + ol L2 (are) + ”CO%”LZT(HL”) (136)

< C(llullpse 2y + llull Lz a3y + llpoll s + [luoll s + [ follz2.carsy + | fill 2. a2y + N3/2(0,T)).
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18) We apply Lemma 13 for k = 3:

5 dp
[G1D3pll e L2y + G Dull g 2y + ||C1D¢UHL2 ) + 1G D3 = 7 ||L2 (L?)

3G D3pll 2 L2y + ol 2 ) + Cllull 2. sy + wll 2. + llpoll s + lluollas (137)
I follz.carsy + 1 f1ll 2, a2y + N3/2(0,T)).
19) We apply Lemma 14 for k =2, £ = 0:
9 dp
1 D3 Dy pll e (z2) + 16D Drpll 12 (12) + 11 DED: HL2 () < C(IGiDgull 2. () (138)
Hlluellzz a2y + llull 2. sy + llpoll s + L foll 2. (msy + ||f1HL2 2y + N32(0,7)).
Observe that the norm ||C1D2UHL2T(H1) is estimated with the third term in the left of (137).
20) We apply Lemma 15 for k =2, £ = 0:
2 2 2 dp
I DGulles a2y + 16 D3 pllcg. oy < C (Y@ DGZp |+ Nz ez + lullg oy + Mol 23 a2y
L3.(H) (139)

+ Nallmg + 1wllz3. + 1 follza ooy + 11l o)) -

As for (129), the term on £ is bounded thanks to the third term in the left of (138) and the fourth term in
the left of (137).

21) We apply Lemma 14 for k=1, £ = 1:

16 D6 D2l e L2y + 1G1 D Dipll .12y + ”CqubDr g ||L2T(L2) C(lI¢1 D Drull 2 (1)

(140)
Hluellpz a2y + lull Lz sy + llpollms + 1 foll Lz sy + (1 fill Lz a2y + N3/2(0,T)).
The first term in the left of (139) absorbs the first in the right of (140).
22) We apply Lemma 15 for k=1, £ = 1:
dp
¢ Doullpz (msy + [[G1Depl 2.2y < Dy + uell Lz a2y + llullzz. sy + ol Lz a2
L3.(H?) (141)

+ Nallg + 1wllzg. + 1 follzz oy + 11l o)) -
Observe that ||C1D¢%HL§(H2) is estimated with the help of the third term in the left of (140), the third in
the left of (138) and the fourth in the left of (137).
23) We apply Lemma 14 for £k =0, £ = 2:

16D} pllLee 2y + 1D pll L. z2) + 161D rdt ||L2 z2) < C([61Dy DFul Lz (11 (142)

Hllwellpz z2y + ull Lz sy + llpollms + [ foll Lz sy + [1fill Lz a2y + N3/2(0,7)).
The term ||(1D¢Dfu||LzT(H1) is estimated with the first term in the left of (141).
24) We apply Lemma 15 for £k =0, { = 2:
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dp
CIE + lwellzz a2y + llull Lz sy + ol Lz 2

L3(H?) (143)

[Crullzz (1) + 1Cipll 2. a3y < C (‘

+ Nallmg + Iwllzs. + ol oy + 11l o)) -
The term concerning % is estimated with the third terms in the left hand sides of (142), (140) and (138)

and the fourth term in the left of (137).
Combining estimates (136)-(143), we get:

dp
lull g, ey + ol 2z sy + ol ge ey + 115 Mz o)

< Clull .oy + lullge ooy + Null sy a2y + ol gz + lalla, + wllza + luollas + lpollzs — (144)
+ follz.casy + [ fill Lz a2y + N3/2(0,T)).
Together with (135), this estimate yields
lullyoe oy + lulloge sy + llullzz sy + lullmz ) + lull e
Hlpllge ey + ol ancasy + ol az 2y + llallaz + llwllmz
< Clllullpz sy + 1wl mx ey + Mol ax ey + lolezrz) + 1olwae ) + lollog @z + llally- (145)

Hlallmz + llwll gz + lwllizg + 1 follzz.asy + 1 follarzey + 1 fillzz a2y + Lfillaz ey + 1 fillnge
I fall s, + I fsll s+ luollzs + llpollas + 119:u(0, )|l + N*2(0,T) + N*(0,T)).
Observe that we have included the term ||p¢[| 12 g3y in the left hand side of this inequality. This comes from

192 12 (115 (in the left of (144)).
Finally, we combine this estimate with (131) and we conclude inequality (73).

References

[1] H. BEIRAO DA VEIGA, On the existence of strong solutions to a coupled fluid-structure evolution
problem, J. Math. Fluid Mech., 6 (2004), no. 1, 21-52.

[2] M. BOULAKIA, Ezistence of weak solutions for an interaction problem between an elastic structure and
a compressible viscous fluid, J. Math. Pures et Appliquées, 84 (2005), no. 11, 1515-1554.

[3] M. BOULAKIA, Existence of weak solutions for the three dimensional motion of an elastic structure in
an incompressible fluid, J. Math. Fluid Mech., 9 (2007), no. 2, 262-294.

[4] A. CHAMBOLLE, B. DESJARDINS, M.J. ESTEBAN, C. GRANDMONT, Ezistence of weak solutions for
the unsteady interaction of a viscous fluid with an elastic plate, J. Math. Fluid Mech., 7 (2005), no. 3,
368-404.

[5] C. Conca, J. SAN MARTIN, M. TUCSNAK, FEzistence of solutions for the equations modelling the
motion of a rigid body in a viscous fluid, Comm. Partial Differential Equations, 25 (2000), no. 5-6,
1019-1042.

[6] D. COUTAND, S. SHKOLLER, Motion of an elastic solid inside an incompressible viscous fluid, Arch.
Ration. Mech. Anal., 176 (2005), no. 1, 25-102.

[7] B. DESJARDINS, M. J. ESTEBAN, On weak solutions for fluid-rigid structure interaction: compressible
and incompressible models, Comm. Partial Differential Equations, 25 (2000), no. 7-8, 1399-1413.

36



(8]

[9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]

B. DESJARDINS, M. J. ESTEBAN, C. GRANDMONT, P. LE TALLEC, Weak solutions for a fluid-elastic
structure interaction model, Rev. Mat. Complut. 14 (2001), no. 2, 523-538.

E. FEIREISL, A. NovOoTNY, H. PETZELTOVA, On the existence of globally defined weak solutions to
the Navier-Stokes equations, J. Math. Fluid Mech. 3 (2001), no. 4, 358-392.

E. FEIREISL, On the motion of rigid bodies in a viscous compressible fluid, Arch. Ration. Mech. Anal.
167 (2003), no. 4, 281-308.

E. FEIREISL, Dynamics of viscous compressible fluids, Oxford Science Publications, Oxford (2004).

C. GRANDMONT, Y. MADAY, Ezistence for an unsteady fluid-structure interaction problem, M2AN
Math. Model. Numer. Anal., 34 (2000), no. 3, 609-636.

D. HoFrF, Global solutions of the Navier-Stokes equations for multidimensional compressible flow with
discontinuous initial data, J. Differential Equations 120 (1995), no. 1, 215-254.

D. HOFF, Strong convergence to global solutions for multidimensional flows of compressible, viscous
fluids with polytropic equations of state and discontinuous initial data, Arch. Rational Mech. Anal. 132
(1995), no. 1, 1-14.

P.-L. LioNs, Existence globale de solutions pour les équations de Navier-Stokes compressibles isen-
tropiques, C. R. Acad. Sci. Paris Sr. I Math. 316 (1993), no. 12, 1335-1340.

P.L. Lions, Mathematical Topics in Fluid Mechanics, Oxford Science Publications, Oxford (1996).

A. MATSUMURA, T. NISHIDA, The initial value problem for the equations of motion of viscous and
heat-conductive gases, J. Math. Kyoto Univ., 20 (1980), no. 1, 67-104.

A. MATSUMURA, T. NISHIDA, Initial-boundary value problems for the equations of motion of general
fluids, Computing methods in applied sciences and engineering, V (Versailles, 1981) North-Holland,
Amsterdam (1982), 389-406.

J. SAN MARTIN, V. STAROVOITOV, M. TUCSNAK, Global weak solutions for the two dimensional
motion of several rigid bodies in an incompressible viscous fluid, Arch. Rational Mech. Anal., 161
(2002), no. 2, 93-112.

T. TAKAHASHI, Analysis of strong solutions for the equations modeling the motion of a rigid-fluid
system in a bounded domain, Adv. Differential Equations, 8 (2003), no. 12, 1499-1532.

A. TANI, On the first initial-boundary value problem of compressible viscous fluid motion, Publ. RIMS,
Kyoto Univ. 13 (1977), 193-253.

37



