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Exact controllability problem:

Given T > 2 and (u9,u!) € L2(0,1) x H=1(0,1) there exists a control
function v € L2(0,T) such that the solution of the wave equation

(u —uge =0 for x € (0,1), t >0
u(t,0) =0 fort >0
(1)  u(t, 1) = v(t) fort >0

uw(0,2) = u9(x) for z €(0,1)
uw'(0,2) = ul(x) for z € (0,1)

satisfies
(2) uw(T,) =4/ (T,-) = 0.

o (u,u’) is the state
e v IS the control

e The state is driven from (u°,»1) to (0,0) in time T by acting on
the boundary with the control w.
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Finite differences method

N eN*, h= g, zj=7jh, 0<j< N+ 1.

~

u;-’(t) _ uj—l—l(t)‘l‘uj—l(t)_Quj(t), t>0

h2
(3) < ug(t) =0,t >0
un41(t) =vp(t), t>0
u;(0) = uj, uj(0) =wuj, 1<j< N,

Discrete controllability problem: given 7' > 0 and (U?,Ul) =
(u?,ujl-)lngN e R2N | there exists a control function v, € L2(0,T)
such that the solution u of (3) satisfies

(4) uj(T) = uj(T) =0, Vj =1,2,...,N.

System (3) consists of N linear differential equations with N un-
kKnowns wy, uo, ..., uyN-.

ui(t) =~ u(t,z;) if (U}?,U,%) ~ (u9, ul).



Existence of the discrete control vy,.

Boundedness of the sequence (vp)p>o in L2(0,T).

Convergence of the sequence (vp)p~o to a control v of the wave
equation (1).

The case of the HUM controls.



Numerical Experiments: [ = e =1, h=0.01
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Numerical Experiments: [ = = 0.95, h=10.01
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Spectral Analysis

The eigenvalues corresponding to this system are:
2 (nwh

The eigenfunctions are:

pn(h) = V2(sin(jmnh))1<;<N-
e \y(h) = nm for n small.

o X\yt1(h) — An(h) = Fsin (%h) cos <(2”"Zl)”h) ~

~ T COS ((2”4;1)”% ~ mh for n ~ N.



Continuous and discrete eigenvalues with N=30
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Fig 1. Eigenvalues of the continuous and finite differences discrete equations.



Problem of moments

Property. System (3) is controllable if and only if for any initial data
(U, U =N (a9, a})pn(h) there exists vy, € L?(0,T) such that

(5) /TU (t)e " MMtgp = (=1)"h (u (h)a? —|—a1) 1<|n|<N
o ~ V2sin(njxr) N el = =

(PROBLEM OF MOMENTS)

_ (Z1)"hiAp, (h)
\/§Sin(\m\7rh)

(=1)™h
\/_Sln(|m|7rh)

T
o (U,UD) = (0,pm(h)) = / ob (e MWy = 1< 0| <N,
0

o (URUN =Y @08 ad)ea(n) = o= > (ahop™ +abu™).

1<[m|<N



Definition. (@m)1§|m\§N iIs a biorthogonal sequence to the family

of complex exponentials <e_ikj(h>t)1<|j|<N in L2 (—%, %) if

L .
(6) /2T Om(t)e MMty — 6. 1< |n| <N.
2

A control of the initial data (UP,U}) = SN_, (a9, a})pn(h) is given by

_ (=1)™h
= D V2 sin(|m|rh)

1<|m|<N

iAm(h) T AY? 0 1
e 20@m (t 2) (z)\m(h)a|m| + a|m|> :
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Theorem. (S. M., Numer. Math. 2002) If T > 0 is independent of

h and (zpm)|m§é\, is any biorthogonal to (ei/\nt>|n§é\, in L2 (—%, %) there
exists a positive constants C' independent of N, such that

(7) | ¥ | 2> CevVN.

e There are regular initial data (exponentially small coefficients
(an)n) that are not uniformly controllable.

e T he problems come from trying to control the high, spurious,
numerical frequencies.
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Finite differences method with numerical viscosity

N eN* h= }l_l,a;j:jh,ogjgl\f—l—l.

”(t) _ Uj+1(t)+ug'l;21(t)—2uj(t) 4 6“94_1(75)4'“;_1(75)—2%9@)

(8) uo(t) 0,t>0 "

un+1(t) = vp(t), 1 >0
uJ(O)_u /(O)_u 1 <53 <N.

(

, t>0

\

Discrete controllability problem: given 7' > 0 and (Uh,Uh) =
(u?,ui)1<j<n € RN, there exists a control function v, € L?(0,T)
such that the solution u of (3) satisfies

(9) ui(T) = uj(T) =0,Vj=1,2,...,N.

u;-_'_l(t) + u;-_l(t) Qu’ (t)

X IS @ numerical viscosity which

The term ¢

vanishes in the limit:

lim ¢ = 0.
h—0
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Spectral Analysis We chose £ = h, but other choices are possible.
The eigenvalues corresponding to this system are:

un(h) = 7% sin (%ﬂh) (cos (%ﬂh> + 7 sin (n%h)) , 1<|n|<N.

Fig 2. Imaginary and real part of the eigenvalues of the finite differences discrete

Imaginary part of the sigenvalues with N=50

Real part of the sigenvalues with N=50
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Problem of moments

Property. System (8) is controllable if and only if for any initial data
(UR,UL) = N1 (a9, at)pn(h) there exists v, € L%(0,T) such that

T 2
or (e (Mt gy — (=1)"h (O\"(h)) al, + al ) n
(10) /o () = V2 sin(|n|mh) ., (h) i@ ) LS n| < N.

(PROBLEM OF MOMENTS)

If (©m)1<|m|<n IS @ biorthogonal sequence to the family of complex

| in L2 <—I,I), then a control of the
1<|j|<N 272

initial data (UP,U}) = SN_, (a9, al)en(h) is given by

exponentials (e‘“i(h)t)

_ (D" m(W)E T (Am(h))zao al)
S 2 SO (t >< " T %m) |

1<|m|<N
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Theorem. For any T' > 0 sufficiently large but independent of h,
there exists a sequence (©m) <y, biorthogonal in L? ( L T) to the

<2 22
family (e~ #i("t) ., such that
j#0
mmh
(11) |I@mHL2<_z 1) < C cos (T) e Rm)l 1 < |m| < N
272

where C' and w are positive constants, independent of m and N.

e Any initial data of (1) such that

(12) > (a1 + Clad]) < oc

n>1
are uniformly controllable.
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Numerical Experiments: Initial

Initial position

data (9, u!) to be controlled.

Initial velocity
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Numerical Experiments: Approximations of the control with four
At
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Open problem: Improve the rate of convergence

Numerical results obtained with At =7/8h and e = h.

h 1/100 1/500 1/1000 1/2000
“U’iﬁ”LQ 1.4739 1.8103 1.8845 1.9354
L —w|l;2/|lvll;2 | 0.4882 0.3209 0.2699 0.2264

Numerical results obtained with At = 7/8h and e = hl->.

h 1/100 1/500 1/1000
o212 1.8496 1.9877 2.0101
vy —v||;2/||v|l;2 | 0.0801 0.0114 0.0005

|v|| ;2 = 2.0106
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Open problem: Changing the viscosity

(13) WI(8) = (Bpu)j + (D),

(14) uf(t) = (Apu); — e(Afu);.
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Open problem: evaluation of the error

[lop, — vl < OB
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