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Exact controllability problem:

Given T ≥ 2 and (u0, u1) ∈ L2(0,1)×H−1(0,1) there exists a control
function v ∈ L2(0, T ) such that the solution of the wave equation

(1)



u′′ − uxx = 0 for x ∈ (0,1), t > 0
u(t,0) = 0 for t > 0
u(t,1) = v(t) for t > 0
u(0, x) = u0(x) for x ∈ (0,1)
u′(0, x) = u1(x) for x ∈ (0,1)

satisfies

(2) u(T, ·) = u′(T, ·) = 0.

• (u, u′) is the state

• v is the control

• The state is driven from (u0, u1) to (0,0) in time T by acting on
the boundary with the control v.
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Finite differences method

N ∈ N∗, h = 1
N+1, xj = jh, 0 ≤ j ≤ N + 1.

(3)


u′′j (t) =

uj+1(t)+uj−1(t)−2uj(t)

h2 , t > 0

u0(t) = 0, t > 0
uN+1(t) = vh(t), t > 0
uj(0) = u0

j , u
′
j(0) = u1

j , 1 ≤ j ≤ N.

Discrete controllability problem: given T > 0 and (U0
h , U

1
h) =

(u0
j , u

1
j )1≤j≤N ∈ R2N , there exists a control function vh ∈ L2(0, T )

such that the solution u of (3) satisfies

(4) uj(T ) = u′j(T ) = 0, ∀j = 1,2, ..., N.

System (3) consists of N linear differential equations with N un-
knowns u1, u2, ..., uN .

uj(t) ≈ u(t, xj) if (U0
h , U

1
h) ≈ (u0, u1).
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• Existence of the discrete control vh.

• Boundedness of the sequence (vh)h>0 in L2(0, T ).

• Convergence of the sequence (vh)h>0 to a control v of the wave

equation (1).

• The case of the HUM controls.
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Numerical Experiments: l =
∆t

h
= 1, h = 0.01
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Numerical Experiments: l =
∆t

h
= 0.95, h = 0.01
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Spectral Analysis

The eigenvalues corresponding to this system are:

νn(h) = λn(h) i, 1 ≤ |n| ≤ N,

λn(h) =
2

h
sin

(
nπh

2

)
, 1 ≤ |n| ≤ N.

The eigenfunctions are:

ϕn(h) =
√

2(sin(jπnh))1≤j≤N .

• λn(h) ≈ nπ for n small.

• λn+1(h)− λn(h) = 4
h sin

(
πh
4

)
cos

(
(2n+1)πh

4

)
≈

≈ π cos
(
(2n+1)πh

4

)
∼ πh for n ∼ N .

7



Fig 1. Eigenvalues of the continuous and finite differences discrete equations.
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Problem of moments

Property. System (3) is controllable if and only if for any initial data
(U0

h , U
1
h) =

∑N
n=1(a

0
n, a

1
n)ϕn(h) there exists vh ∈ L2(0, T ) such that

(5)

∫ T

0
vh(t)e

−i λn(h)tdt =
(−1)nh√

2 sin(|n|πh)

(
iλn(h)a

0
|n| + a1

|n|

)
, 1 ≤ |n| ≤ N.

(PROBLEM OF MOMENTS)

• (U0
h , U

1
h ) = (ϕm(h),0) ⇒

∫ T

0
v0,m
h (t)e−i λn(h)tdt =

(−1)mhiλ|m|(h)√
2 sin(|m|πh)

δmn, 1 ≤ |n| ≤ N.

• (U0
h , U

1
h ) = (0, ϕm(h)) ⇒

∫ T

0
v1,m
h (t)e−i λn(h)tdt =

(−1)mh√
2 sin(|m|πh)

δmn, 1 ≤ |n| ≤ N.

• (U0
h , U

1
h ) =

∑N
n=1(a

0
n, a

1
n)ϕn(h) ⇒ vh =

∑
1≤|m|≤N

(
a0
mv

0,m
h + a1

mv
1,m
h

)
.
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Definition. (Θm)1≤|m|≤N is a biorthogonal sequence to the family

of complex exponentials
(
e−iλj(h)t

)
1≤|j|≤N

in L2
(
−T2 ,

T
2

)
if

(6)
∫ T

2

−T2
Θm(t)e−iλn(h)tdt = δmn, 1 ≤ |n| ≤ N.

A control of the initial data (U0
h , U

1
h) =

∑N
n=1(a

0
n, a

1
n)ϕn(h) is given by

vh =
∑

1≤|m|≤N

(−1)mh√
2 sin(|m|πh)

eiλm(h)T2Θm

(
t−

T

2

) (
iλm(h)a0|m| + a1|m|

)
.
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Theorem. (S. M., Numer. Math. 2002) If T > 0 is independent of

h and (ψm)|m|≤N
m6=0

is any biorthogonal to
(
eiλnt

)
|n|≤N
n6=0

in L2
(
−T2 ,

T
2

)
there

exists a positive constants C independent of N , such that

(7) ‖ ψN ‖L2≥ Ce
√
N .

• There are regular initial data (exponentially small coefficients

(an)n) that are not uniformly controllable.

• The problems come from trying to control the high, spurious,

numerical frequencies.
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Finite differences method with numerical viscosity

N ∈ N∗, h = 1
N+1, xj = jh, 0 ≤ j ≤ N + 1.

(8)


u′′j (t) =

uj+1(t)+uj−1(t)−2uj(t)

h2 + ε
u′j+1(t)+u′j−1(t)−2u′j(t)

h2 , t > 0

u0(t) = 0, t > 0
uN+1(t) = vh(t), t > 0
uj(0) = u0

j , u
′
j(0) = u1

j , 1 ≤ j ≤ N.

Discrete controllability problem: given T > 0 and (U0
h , U

1
h) =

(u0
j , u

1
j )1≤j≤N ∈ R2N , there exists a control function vh ∈ L2(0, T )

such that the solution u of (3) satisfies

(9) uj(T ) = u′j(T ) = 0, ∀j = 1,2, ..., N.

The term ε
u′j+1(t) + u′j−1(t)− 2u′j(t)

h2
is a numerical viscosity which

vanishes in the limit:

lim
h→0

ε = 0.
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Spectral Analysis We chose ε = h, but other choices are possible.

The eigenvalues corresponding to this system are:

µn(h) = i
2

h
sin

(
nπh

2

)(
cos

(
nπh

2

)
+ i sin

(
nπh

2

))
, 1 ≤ |n| ≤ N.

Fig 2. Imaginary and real part of the eigenvalues of the finite differences discrete

equation with viscosity.
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Problem of moments

Property. System (8) is controllable if and only if for any initial data
(U0

h , U
1
h) =

∑N
n=1(a

0
n, a

1
n)ϕn(h) there exists vh ∈ L2(0, T ) such that

(10)

∫ T

0
vh(t)e

−µn(h)tdt =
(−1)nh√

2 sin(|n|πh)

(
(λn(h))2

µn(h)
a0
|n| + a1

|n|

)
, 1 ≤ |n| ≤ N.

(PROBLEM OF MOMENTS)

If (Θm)1≤|m|≤N is a biorthogonal sequence to the family of complex

exponentials
(
e−µj(h)t

)
1≤|j|≤N

in L2
(
−T2 ,

T
2

)
, then a control of the

initial data (U0
h , U

1
h) =

∑N
n=1(a

0
n, a

1
n)ϕn(h) is given by

vh =
∑

1≤|m|≤N

(−1)mh√
2 sin(|m|πh)

eµm(h)T2Θm

(
t−

T

2

)(
(λm(h))2

µm(h)
a0|m| + a1|m|

)
.
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Theorem. For any T > 0 sufficiently large but independent of h,

there exists a sequence (Θm)|m|≤N
m6=0

, biorthogonal in L2
(
−T2 ,

T
2

)
to the

family
(
e−µj(h)t

)
|j|≤N
j 6=0

, such that

(11) ||Θm||
L2
(
−T2 ,

T
2

) ≤ C cos
(
mπh

2

)
eω |<(µm)|, 1 ≤ |m| ≤ N

where C and ω are positive constants, independent of m and N .

• Any initial data of (1) such that

(12)
∑
n≥1

(
|a0n|+

1

nπ
|a1n|

)
<∞

are uniformly controllable.
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Numerical Experiments: Initial data (u0, u1) to be controlled.
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Numerical Experiments: Approximations of the control with four

different values of h and
∆t

h
= 7/8
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Open problem: Improve the rate of convergence

Numerical results obtained with ∆t = 7/8h and ε = h.

h 1/100 1/500 1/1000 1/2000
‖v1h‖L2 1.4739 1.8103 1.8845 1.9354
‖v1h − v‖L2/‖v‖L2 0.4882 0.3209 0.2699 0.2264

Numerical results obtained with ∆t = 7/8h and ε = h1.5.

h 1/100 1/500 1/1000
‖v1.5h ‖L2 1.8496 1.9877 2.0101
‖v1.5h − v‖L2/‖v‖L2 0.0801 0.0114 0.0005

‖v‖L2 = 2.0106
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Open problem: Changing the viscosity

(13) u′′j (t) = (∆hu)j + ε(∆hu)j

(14) u′′j (t) = (∆hu)j − ε(∆2
hu)j.
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Open problem: evaluation of the error

||vh − v|| ≤ Chr
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