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Lecture 1

1.1 Let 0, and 8?; be the forward and backward lattice derivatives. Show that the
generalized Leibniz rules

0u{f(@)g(x)} = 0uf ()g(w) + f(2)0ug(x) + ad, f(2)0ug(2), (1.1)
Ol f(2)g(2)} = Fuf(2)g(x) + f(2)Tag(x) + abjf (x)Dug(), (1.2)
hold for any lattice functions f and g.
1.2 Verify the identities

04, 0,] = [0, 00) = [0, 0F)) = 0, (1.3)

a3 [(@)d9(x) = —a* Y (G N @)g(a). (14)

1.3 Derive an explicit expression for the spectral density o(p) of the free-quark
two-point function and show that

Eo(p)y0g >0 (1.5)

for all constant Dirac spinors & (together with the fact that the one-particle energies
e(p) are real, this property guarantees the unitarity of the free-quark theory).



Lecture 2
2.1 Work out the expansion
Py, (x) = —%a4 tr {F, (2)F, ()}
— 1’ tr {F(2)(Dy + D)) ()} + ... (2.6)
of the plaquette field P,, () in the classical continuum limit.

2.2 Find a local, gauge-invariant field that represents the topological density

05) =~ qgmz O Cune 0 (Fo()Fpa(2) @)

wv,p,0

on the lattice.

2.3 Consider the free-quark theory on a lattice of size 7' x L3. Impose the boundary
conditions

Y+ T0) = —¢(x), Yz +Lk) =) (k=1,23), (2.8)
Pl +T0) = —(z),  P(x+Lk)=¢x) (k=1,23), (2.9)

on the quark fields and write down the quark propagator for this case.



Lecture 3

3.1 Consider the “correlation functions”

1

(Cky v Ck, Cly - Tl )F = Z Dlc|D[¢] ek, ... q,, exp{— ZéiAijcj}
i,J

of the Grassmann variables ¢q,...,¢c,,¢1,...,C,. Prove that
(crt)r = (A"
and more generally

<Ck1 e Ck Cly e Elm>F = (—1)%m(m_1) det B,

3.2 Show that

/ AU U :/ AU UapUss = 0,
SU(3) SU(3)

/ dU Uaﬁ(U_l)“ﬂs = %50&55577
SU(3)

/ dU UaﬁU«/(;Upo— = %Ea'ypeﬁ&ﬂ
SU(3)

assuming the invariant measure dU is normalized such that fSU(S) dU =

3.3 Prove the PCAC relation

ST LG+ 0)(Au(@) X (y)) = (my + ma)(P(x)X () + O(a),

“w

A, =uy,ysd, P =1uysd, X : any local lattice field,

1.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

in the free-quark theory at non-zero distances |z — y|. Hint: stay in position space

and use the Leibniz rule for lattice functions.
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Lecture 4

4.1 Show that the leading contribution to the expectation value of a T' x L Wilson

TL/a?

loop in the pure gauge theory is proportional to (1/g3) when gg — oc.

4.2 A direct computation of the pion o-term requires the three-point function
(P(2)So(y)P(2)), P =1trysd, P =dysu, So=uu-+dd (4.19)

to be calculated. Write down the quark-line diagrams that contribute to this corre-
lation function.

4.3 On the lattice the Fourier transform of the gauge potential A, (z) is defined by

Au(p) = a* Y e rrtaom) A, (z) (4.20)

(the extra phase %apu is conventional and leads to some notational simplifications).
Show that the gluon propagator is given by

Aa A _ 5ab — ﬁuﬁu
)AL ) = m) 6o+ ) 5 {5 — (1 g1 2222}, (a.21)
Pu = %Sin(%ap#>, (4.22)

where dp (k) denotes the 4-dimensional periodic Dirac d-function with period 27 /a.

4.4 Derive the asymptotic form

1
Ip) =, ~1o3 In(a?p?) +c+0(a?),  ¢=0.0366..., (4.23)

of the scalar one-loop integral

T Qi1
J(p):/ T ki =k*3p. (4.24)
—n/a (2m)F 22



