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Resummation of logarithms in Quantum Field Theories (a long tale)
Sudakov logarithms
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BUT!!!
WHAT ABOUT THE FIRST QUANTUM-FIELD-THEORY LOG?
THE LAMB SHIFT

OFE ~ma* +ma’Ina+ (77)ma’lna + - - -
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Summing logs in non-relativistic systems

Large logs understood as ratios of scales: In(muv/m) ~ Ina, In(mv*/(mv)) ~

In a.
Resummation of logs: (aIn)".
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Relevant for...
Determination of the bottom and charm masses

Spectroscopy: Hyperfine splitting of heavy quarkonium: »,, B., 7. ...
Decays of heavy quarkonium

Heavy quarkonium sum rules

t-t production near threshold: m;, o, Higgs-top coupling



Renormalization group in NRQCD (LL) (Soft running)

Aim: to obtain the running of the NRQCD matching coefficients: (a,In”)"
Relevant for:

e pNRQCD in the perturbative regime

e pNRQCD in the nonperturbative regime
e ’"Standard” NRQCD
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v, > |p|: quark-antiquark relative three-momentum.

v, > |k[: gluon three-momentum, transfer momentum between the quark
and antiquark.

m > UV, ~ Vs

Matching coefficients: c(vy), d(vs, 1))

LL — c(vy), d(vs)

Running v, LL: HQET; 1/m expansion, i
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Bauer-Manohar; Pineda



One equation for the soft running.



Renormalization group in pNRQCD (LL) (Ultrasoft running)

Aim: to obtain the running of the pNRQCD matching coefficients: (o In)",
ag (agln)”
Relevant for:

e Spectrum: heavy quarkonium and QED.
e Currents: electromagnetic decays.
® Currents: Normalization of bottomonium sum rules.

e Currents: Normalization of ¢{-t production near threshold.



Lynroep = §VRQCD + //d3$1d3$2¢($1>><c($2)v($1 — $2)¢T<$1)Xi(flf2)
L'\ hoc s gluons multipole expanded (only ultrasoft gluons).
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where Su(f‘) ng"d'lf"ﬂg—ﬂ'l o) and 8201/2+02/2.



v, > |p|: quark-antiquark relative three-momentum.

vus > |k|: gluon three-momentum.

p| > vy > p°/m ) ] )
Matching coefficients: V(d(v,, vs,m), c(vs, m), Vs, Vus, 1) = V (U, m, Vs, 1) = V (1), Vass) -
VSdCVZgV =0; vs=1/r

LL: v, V =0

Vus- The computation can be formally organized through the
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octet—octet vertex



Corrections to the Green Function

1
Gy(E) =P, P, =GY +6G,
( ) H . H] . E S _|_
From the potential:
1 1
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From ultrasoft gluons:

1 / d°k k 1
~ r r
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and zero for the other matching coefficients (in particular for the spin-

dependent potentials).
Soto-Pineda; Pineda



RG equations within an strict expansion in «

d
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Initial conditions (v, = 1/r):

a(rY) = ayr™) {1 + (a1 + 29550)

3

DMty = a2(r Y,

Dfﬁ(’r—l) — ozs(r_l),
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The RG improved potentials for the singlet read:

3 s (r™1)

_ —1 ~A 30,1 s
) = a7+ g el log (2]
16

650
B C B as(r™1)
(1) — DWWl —A 2(p—1
D) = D)+ 5o (G 0yl tog 227 ).

—1
D (v = DPH +83(;;‘@S<r1)1og (Z((ZS)
D) (v,s) = DY),
D) = DR+ 5 (S 5o (20 ).
DY (vis) = D (1Y),
D% (vus) = D% (r7h),
D) () = DS (- Y)

Soto, Pineda; Pineda



One equation for the ultrasoft running.



OBSERVABLE: NNLL heavy quarkonium mass O(ma*™In" o) (Pineda;
Hoang-Stewart)

SEPY (1) = Byl {—2%‘ (fl FCACr 211+ [ +23 (n (2;1 - ;2) log (O‘S )
oLl e
_2(1 +cp — 2(2%) — e, dys + 3d,, + Cl,f(dss + 3dsv)D
ER e =l

(1 — 5l0>551 ' C?}
20+ 1) +1)n 72"

where E, = —mC5a;/(4n”), v, = 2a,' where 2a," = me a;@a;l)’ and
—gf_li BRI-1) (A=) + (24 -1)) ,j=1-1
Cj, = —4Z(Z—CA — 1)+ (2724 = 1) j=1
2l+3{4(2z+3) (274 —1) = (2721 -1)} j=1+1

Check with O(ma®In o) known logs: Brambilla, Vairo, Soto, Pineda; Kniehl,
Penin; Hoang, Manohar and Stewart.

Muonic Hydrogen mass at NNLL. Check with known logs by Pachucki.




Renormalization group in pNRQCD (NLL) (potential running)

v, enters into the game.

The running on v, can be obtained from pNRQCD (there is no running of
v, from NRQCD to pNRQCD). It can be obtained by Quantum mechanics
computations. Example: iteration of the potentials. Divergent integrals
in |p| and r.

- + c.cuDW  c,D? (1 C DY
h, = ckp—(JfO‘Vg—@l P CpCaDg O { 2}+ P21 5o
m 4m?3 2mr2 om? |r 2m?2 rd
WCfDd 47TOfD52 3CfDLS OfDS
T ds 5(3) Q2 53) SO, .S 4+ S TS S
+ m2 (I‘) 2 ( ) om2 13 A2 12( )

where Cy = (N?—1)/(2N,) and ¢; = ¢, = 1 (we only use ¢, for trackmg of the
contribution due to this term). The propagator of the singlet is (formally)

1
E —hy
At leading order (within an strict expansion in «;) the propagator of the
singlet reads

1 1
E-h® B pfm— Craifr’

(T I = G c ( E ) =

If we were interested in computing the spectrum at O(ma'), one should
consider the iteration of subleading potentials (dhs) in the propagator as



follows:

G E)oh,Go(E) - - 6hyGo(E) .

In general, these contributions
will produce logarithmic diver-
gences due to potential loops.
These divergences can be ab-
sorbed in the matching coeffi-

cients, Dgig and Dgzg)s, of the lo-
cal potentials (proi)ortional to
the §®)(r)) providing with the
renormalization group equations
of these matching coefficients in
terms of v,. Let us explain how it
works in detail. Since the singu-
lar behavior of the potential loops
appears for p’/m > a,/r, a per-
turbative expansion in oy is licit
in G.(F), which can be approxi-

mated by




1 02V 1

=0 Cr—= =0
<I‘ ‘E p2/ f?n E—p2/m’r >
~ Ay’ / dp m C’f47m% m N _CmeOzvsl’
2m) (2m)ip? — mE q? p?—-mkE 167 €
where and . This divergence is absorbed in fog
contributing to its running at NLL order as follows
d @)

2)2
v Did(v) ~ o () D () + -
Yp

O(ma® In’ «) correction to the Hydrogen atom spectrum. Manohar-Stewart;
Pineda



and one equation for the potential running



p| > vy > p*/m — v = v,°/m (Luke, Manohar, Rothstein)
We can not lower v, further. Fight between two terms.

1
p?/m+k

V(c(l/r), d(vy,1/r),1/r, Vg/m, r) o~ V(c(yp), d(Vp, Vp), Vp, V]f/m, V)

d -
+ ln(upr)rdr‘/h/r:yp NI



One equation for the soft running,
one equation for the ultrasoft running,
and one equation for the potential running,
which rules them all and at the hard scale binds them.



Nonrelativistic Sum rules (b-b, c-¢), t-t production near threshold

Determination of m;, m;, o, Higgs-top yukawa coupling, ...

J'=QV'Q = Bilox + -,
Blzl+a1&s+a2&§+---

By at NNLO: Hoang(QED); Beneke, Signer, Smirnov; Czarnecki, Melnikov
By, By at NLL: Pineda; Hoang, Stewart

B/ By at NNLL: Penin, Pineda, Smirnov, Steinhauser

By, By at NNLL (partial): Pineda, Signer

(quqy — gW)H(q2) — i/d4$6iqx<vaC|Ju<$)Jy(O)‘V&C>
1
EF—H
|¢Om<0>‘2 1 o0

o G0 (0)[°
G(0.0. E) = cap
(7 ) ) mEOEOm—E+i€—iFt+7TO EOE/_E_i_iE_iFt

[1(¢*) ~ Bi(r = 0 v =0)

A NNLL renormalization group improved expression of M (V(nS)) is also
needed in order to obtain expressions for the ¢-¢ production near threshold
with NNLL accuracy:

M(Vp(nS)) at NNLL: Pineda; Hoang, Stewart
M(Vo(nS))—M(Py(nS)) at NNNLL: Kniehl, Penin, Pineda, Smirnov, Stein-
hauser



Relation of the vacuum polarization with 0,7, non-relativistic sum rules
and ['(Vp(nS) — eTe™)

C1red\" ., o ds

dE E
M, = 48we?N,. [ (BQ—Bd)I G(0.0. E
Web /OO (E'_|_ 2m >2n—i—3 1 1 13mb i ( » )



Matching coefficient of the electromagnetic current at NLL

—————— <1 I
B, D:l)
—————— < I ]
B, a, D
—————— <1 I ]
B a, D
—————— <] I ]
B, a, D¢
------ <] I I |




The solution reads (Pineda; Hoang-Stewart)

as(m)

By(v,) = bs(m) + Ay e In(w™) + Asay(m)[2% — 1] + Agag(m)[z07204 — 1]
Ay (m) [0 1BCA0 1] 4 Asa(m) In(2™)

1 1

where 5, = 1310A — éTan, z = lii(ﬁg " and w = [&i:(%é?) " The coefficients A,
read
8
A = ;Tﬁc;f (C3+207+3CCy) ,
0
mC[360(26CF + 19C4Cy — 32C7F) — C4(208C% + 651C4Cy + 116C7F)]
Az = 78 32 |
50 OA
mCHBo(4s(s + 1) — 3) + C4(15 — 14s(s 4 1))]
A3 - — 2 )
6(8o — 2C4)
0 241C%(36) — 11C4)(5C.4 + 8C)
P 13 C4(68) — 13C4)? ’
—7'('0]% 9
As = {CA(—9CA + 100CY)

- 33660 — 13C4) (6o — 2Ca)
—I—BOCA(—WLCJ’ + CA(42 — 138(8 -+ 1))) -+ Gﬁg@Cf + CA<—3 + S(S + 1)))} :

Leading (Czarnecki-Melnikov; Beneke-Signer-Smirnov) and subleading
(Kniehl-Penin) logs correct.



Inclusive decays to leptons and photons at NLL (Pineda)

By setting v, ~ ma,, Bs(r,) includes all the large logs at NLL order in
any (inclusive enough) S-wave heavy-quarkonium production observable
we can think of. For instance, the decays to ¢te¢~ and to two photons at
NLL O(a'"In" ) order read

N @@ | (moCrag\?
[(Vo(ns) = e'e) = 2/, ¢ (QS) ( o ) {Bi(vp)(1 + 66,)}
L Q\) |
~ _2 3
~ 9 OéemQ (mQCfOés) {1‘|‘2(Bl(yp> o 1>‘|‘25§bn} ’
My, ns)) n
[ 2 12 3
Qe moCra
C(Po(nS) — ) = 6| | (M0 0,1 4 66,
_MPQ(TLS)_ n
’ 2 12 3
~ 6 e (mQCf%> {1+ 2(By(vy) — 1) + 206, } ,
_MPQ(HS)_ n

where V' and P stand for the vector and pseudoscalar heavy quarkonium,
we have fixed v, = moCa,/n, a, = a(v,), and (V,(z) = * ?ZE(Z) and ['(z) is the
Euler I'-function)

S, = O: {—C’A + 640 <\If1(n + 1) — 2nWy(n) + 2 +vE + i)] .



NONRELATIVISTIC EFFECTIVE FIELD THEORIES

AND

RENORMALONS



Question

Mr15) = mos(1 + Asa? + Asal + - - +)

What if A, ~ n!? Bad convergence
Should we expect that?



Renormalons

They are a potential problem in effective field theories of QCD (OPE)
where the matching coefficients can be computed in perturbation theory.
Examples:

OPE

NRQCD

HQET

pNRQCD

SCET

Renormalons appear as soon as we have factorization between different
scales: They can deteriorate the convergence of the perturbative series in
QCD.

Can one understand the renormalon within an effective field theory /factorization
formalism?

Problems:

1) Fix the parameters of the Standard Model. Search for weakly sensitive
to long distance physics observables. One wants to avoid spurious depen-
dence on the renormalon.

2) Meaningful determination of non-perturbative parameters.



1
L= cnO

nmn
suffer from renormalon ambiguities that cancel with
the ones of the matrix elements in effective field theory calculations.

c(v) =c+ %0 cpal
Its Borel transform would be

00 "
Bt = £ e
and c is written in terms of its Borel transform as

c=cC+ 7th e~ B[c|(t).
0

The ambiguities in the matching coefficient (¢, ~ n!) reflects in poles in
the Borel transform. If we take the one closest to the origin,

1
a—t

0 Bc|(t) ~

where ¢ is a positive number, it sets up the maximal accuracy with which
one can obtain the matching coefficients from a perturbative calculation,
which is (roughly) of the order of

*

n
0C ~ Ty,



where n* ~ 07 Moreover, the fact that « is positive means that, even after
Borel resummation, c suffers from a non-perturbative ambiguity of order

a3
Oc ~ (AQCD> 2”0

/ Effective Field Theory (c's)\

Observable 1 Observable 2

Figure 1: Symbolic relation between observables through the determination of the matching coefficients of the effective field theory.



Mp = mos + A+ O(1/mos)
Mp is renormalon free. . Therefore mog suffers from renormalon
ambiguities:
mos = mags(1 + Bioy, + Baa” + -+ )

with B, ~ n!. In other words

57%)?ert-)mos — 57(l11)j€rt->m1\/18<1 + BlOzS -+ Bz@z + .. ) ~ AQCD!

On the other hand

/\3
MT(lS) = m()s<1 + AQOZ? + AgOéi + - - ) + O ( QCD 2) .
(mOSO%)
M~y 15y is renormalon free. Therefore, the perturbative series suffers from
renormalon ambiguities: A, ~ n!

S My 15y = 00 mog(1 + Asa? + Azl + -+ +) ~ Agep.

Physics. Computations to n-loops produce small scales: me . From the
effective field theory point of view these scales should be in the effective

field theory instead that in the matching coefficients.
: to subtract the renormalon from the matching coefficients.



OS mass
0
n-+1
mos = Myg + ZO TnOl ',
’]’L:

The behavior of the perturbative expansion at large orders is dictated by
the closest singularity to the origin of its Borel transform ( ).

Blmos](t(u)) = Nyv (1+e1(1 = 2u) 4+ (1 — 2u)* + - - +) + (analytic term),

(1 _ 2u>1+b
Next renormalon at .
oo ﬁo)” [(n+1+0) b b(b—1)
g V(QTI‘ [(1+0b) —I_(n—l—b)cl—i_(n—l—b)(n—l—b—l)
A L
2068 4055 \ Bo
Determination of NV,

Dyfu) = ¥ Dy = (1 —2u)"*" Blmos](t(w))
= Ny (14 (1 —2u) + a1 — 2u)® + ) + (1 — 2u) P (analytic term) .

CQ‘I‘"‘

b _62)7

Npv = Dy (u = 1/2).

Ny, = 0.4244 + 0.1379 + 0.0127 = 0.5750  (ns = 3)
— 0.4244 4 0.1275 + 0.0004 = 0.5523  (nj = 4)
— 04244 4 0.1199 — 0.0208 = 0.5235  (n; = 5)
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Figure 2: Plots of the exact (rg") and asymptotic (r%°) value of r,(v) at different orders in perturbation theory as a function of v/myg. The scale
dependence of 7§” is known exactly. The constant term has been fixed using renormalon dominance

nIN,, >

n— 00 60 " L ]ns[y/m—]
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['(1+0b) +{n+m

T'n =0 j\J}n,l/ ( Co+ - -

Bo\" T'(n+1+b) b b(b—1)
2%) : Cl+(n+b)(n+b—1)



Renormalon subtracted matching and power counting

Effective field theory with renormalon free parameters but preserving
the power counting rules.

The renormalon is associated to the non-analytic behavior in 1—2u. These
terms also exist in the effective theory. : to explicitly subtract
them from the matching coefficients (the mass).

Bimgs| = Blmos] — Nyvy 14+ (1 —2u) + (1 — 2u)* + - - ) ,

(1 — 2u)t+? (

50)” _— © I'n+1+b—k)
or) O W) Ry gy

ng(yf) = Mos — ngo Nm V¢ (

Expansion in o,(v)
0@

— RS n+1
mgs(vy) = myg + nX_jO o

where . They are the ones expected to be of natural
size. We now do not loose accuracy if we first obtain mpg and later on .
Different scheme

Blmpgg| = Bimps| + Npvy(1+c1+co+---) .



Check of convergence improvement

| Masses | O(ay) | O(a?) | O(a?) | O(ed) | total |

| mos | 401 | 199 | 144 | 147 | 5102 |
Mns 111 50 17 7 4395
MRy 401 114 38 15 4778
Mmps 210 80 42 ——— | 4542
m ) 102 50 19 8 4389
Mps 256 95 40 21 4622
MRg: 401 157 74 41 4.882
Mpsg 306 120 67 ——— | 4703
m ) 251 94 41 22 4619

Table 1: Contributions at various orders in «y for different mass definitions for the bottom quark case, either with vy = 1/r = 2 GeV (middle
panel) or with vy = 1/r =1 GeV (lower panel). The results are displayed in MeV. For the O(at) results, the estimate from Table 7?7 has been used.
The other parameters have been fized to the values mys(mys) = 4.21 GeV, v = myg(mypg) and ny = 4.

static V C
m%ét )Emos+ r) :ms+(ro—f)ozs+
2 21
HQET
_ 1
£ = h(iDy — Smps) h+ O () |
MRS
where and similarly for the NRQCD Lagrangian.
Weakly sensitive to long distance physics observable

1 1

|+ 01 /mk).

Mp) — (Mp) = mpRrs — MeRrs + A (—
\Mp) = (Mp) : 2MpRS  2MeRS



pNRQCD. If
Vs(,(f){)S(RS’)(Vf) = V9 + 20mpsry) .

Check of convergence improvement

| Potentials | Ofa,) | O(e?) | O(a?) | O(al) | total |
| VO | —910 | —-306 | —302 | -383 | —1902 |
v —205 3 —2 —3 —208
v 910 | —54 —14 —6 —984
V.0 —446 | —42 —25 | ——— | -513
V% —558 | —63 —41 —26 —687
AN —910 | —180 | —95 —54 | —1239
v 678 | —116 | -7 | ——— | —869

Table 2: Contributions at various orders in «y for different singlet static potential definitions for some typical scales in the T system, either with
vy =2 GeV (middle panel) or with vy = 1 GeV (lower panel). The results are displayed in MeV. For the O(al) results, the estimate from Table
?? has been used. The other parameters have been fized to the values v =1/r = 2.5 GeV and ny = 4.

pNRQCD Lagrangian

2 V(n) 2 V(n)
£ = TS |igy — >+ S’Ri<x> S+Of|iDg— P +¥x O’Ri<x> O)
mrs ™ MRS mrs " MRS

VB (X)

+ gVax)Tr{Ox - ES + S'x - EO} + g~ Tr{O'x - EO + 0'Ox - E}

Weakly sensitive to long distance physics observable

oS RS
M, = 2mps + 22 A% (Vys)al' + 5M5§(1/us) .
m=



The static potential
V(O) (T' Vus) _ % V(O)&n+1
S ) =y Smns )

(not 2mog + V")) can be understood as an observable up to
renormalon (and/or non-perturbative) contributions.
We can use our knowledge of the asymptotic behavior of
ﬁo)” [(n+1+0b) b b(b—1)
1 e
or)  T(1+0) “ar .

V(O) =0 NV 1% (

S,n

_1_
(n +0) (mn+b)(n+b—1)
2N, + Ny =0

Dy(u) = > D" = (1—2u) " "BV"](¢(w))

= Nyv (14 ci(1 = 2u) + co(1 — 2u)* + -+ +) + (1 — 2u) ™ (analytic term).
Next (IR) renormalon at :
Ny = —1.333+0.572 — 0.345 = —1.107 (n; = 3)
= —1.3334+0.585 — 0.329 = —1.077 (n; =4)
= —1.33340.587—0.295 = —1.042 (ns=15).

0.038 , ny=3
2N, + N 4
YTV 025 =4

2N =Nv 0005, ny =5




Bottom MS quark mass determination

9.5f -
0.4 —— T
9.3
9.2
9.1}
NNLO evaluation I
9|
.9
e
1.5 2 2.5 3 3.5 4

Dependence on the parameters for the RS scheme: » — 2.0 |7 GeV,
vy =2=x1 GeV, as(M,) =0.118 £ 0.003 and N,, = 0.552 + 0.0552

myrs(2 GeV) = 4387:[%8( >+?(Vf)+%g(as>+68<N ) MeV;

s (17 ais) = 4203555 ()4 (v)Tar(as) 1o(Nin) MeV.
Convergence. In the RS scheme

My (1) = 8774+ 559 + 120 + 7 MeV,
NNLO(st. pot.) ~ +62 MeV. NNLO(rel.) ~ —55 MeV.



9. 55;

9.5;

9. 45|

9. 4|

9. 35|

9.3-

1.5 2 25 3 35 4
For the RS’ scheme, we obtain the result
myrs (2 GeV) = 4782,51(1) 13 (vp) 115 () 1 55(Nim) MeV;

my,ais(my i) = 4214553(v) 15 () 333 (@) 1o (V) MeV.
. In the RS’ scheme
Mry(15) = 9564 — 158 + 56 — 2 MeV .

NNLO(st. pot.) ~ +45 MeV. NNLO(rel.) ~ —47 MeV.



The static singlet potential

The introduction of renormalons allows to obtain agreement between lat-
tice simulations and perturbation theory.

E.=2mopg + Vg,os + 0(7“2>

E. = 2mRs<Vf> + V;,/Rs(Vf) + O<T2>

Vos(r>

r/To

Figure 3: Plot of Vos(r) at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops (estimate) plus the leading single
ultrasoft log (solid line). For the scale of as(v) v = constant. v,s = 2.5 .
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Figure 4: Plot of Vos(r) at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops (estimate) plus the RG expression
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for the ultrasoft logs (solid line). For the scale of as(v), we set v =1/r. v,s =257 .
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Figure 5: Plot of Vos(r) — Vos(1') + Eiaw.(1') versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the RG expression for the ultrasoft logs (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of
as(v), we set v =1/r. v,, =2.57r;"
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Figure 6: Plot of Vrs(r) — Vrs(r') + Ejau. (1) versus v at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the leading single ultrasoft log (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of os(v)
v = constant. v,, = 2.5 ral.
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Figure 7: Plot of Vrs(r) — Vrs(r') + Ejau. (1) versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the RG expression for the ultrasoft logs (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of
as(v), we set v=1/r. vy =v,, =2.57;".
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Figure 8: Plot of Vks(r) — Vrs(r') + Ejaw.(r") versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops

(estimate) plus the leading single ultrasoft log (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of os(v)

v = constant. v,, = 2.5 7"0_1.
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Figure 9: Plot of Vos(r) — Vos(r') + Ea (r') + o(r — 1') versus r at three loops (estimate) with the leading ultrasoft log compared with the lattice

simulations of Necco and Sommer. For the scale of a,(v), we set v = constant. o = 1.35ry>

and Vs = 2.5 rgl.

Constraint on the size of nonperturbative effecs for heavy quarkonium.
No linear non-perturbative potential at short distances.



