Bundle-like metrics on a tangent bundle

Stanistaw Ewert-Krzemieniewski
West Pomeranian University of Technology at Szczecin

September 1, 2009

Abstract

Let (M, g,F) be a semi-Riemannian manifold with metric g and non-
degenerated foliation F. Let TM = D @ D> and D’ be the intrinsic
connection on D+. A metric g on M is said to be bundle-like for the non-
degenerated foliation F if the induced semi-Riemannian metric on Dt is
parallel with respect to the intrinsic connection D* .

Supposing that a Riemannian metric g on M is bundle-like we shall
give a necessary and sufficient condition for a g-natural metric G on T'M
to be bundle-like. We shall also indicate another bundle-like metrics on
TM.

1 Preliminaries

a) Intrinsic connection

Let g be a semi-Riemannian metric on n—distribution D on M, that is (D, g)
is a semi-Riemannian distribution. Let D’ be a distribution complementary to
DinTM :

TM =DoD.

Denote by @ the projection
Q:TM — D.

There exists a unique linear connection D on D satisfying for all X,Y, 7 ¢
(T M) the following two conditions:

DxQY — DovQX — Q[X,QY] =0

(i.e. D on D is D'— torsion free) and

(Doxg) (QY,QZ) =
QX (9(QY,QZ2)) — 9g(DexQY,QZ) — g (QY, DoxQZ) =0

(i.e. g is parallel along D or g is D - parallel).



Connection D is given as a mapping
D:T(TM)xT'(D) —TI'(D)

by

29 (DoxQY,QZ) =
RX(g(QY,Q2)) + QY (9(QZ,QX)) — QZ(9(QX,QY))+
9(QIQX,QY],QZ) — g(Q[QY,QZ],QX) + 9(Q[RZ,QX],QY)

and
DgxQY = QIQ'X, QY.

(If D' = {0}, then D is the Levi-Civita connection on M).

Now consider 1+ p - dimensional manifold (M, ¢g) and suppose that (D, g) is
a semi-Riemannian n—distribution on M. Then (D, g) is a semi-Riemannian
p—distribution on M. Thus we have

TM =D& Dt.

On D and D+ there exist uniquely determined connections D and D that we
call the intrinsic connections on D and D+ respectively.

Theorem 1 ([BF], Theorem 1.5.3, p. 26) The adapted linear connection on
(M, g) determined by the pair (D, DY) of intrinsic connections is the Vranceanu
connection V* defined by the Levi-Civita connection V on (M, g) :

(D,D*) = V*.
b) Semi-holonomic frame field

Let (M, g) be an (n+p)—dimensional semi-Riemannian manifold with metric
g and F be an n—foliation of M. Denote by D the distribution tangent to F.
Let D’ be a fixed distribution on M so that

TM=DaD. (1)

If {U, (xj,xo‘)} ,j=1,..,n, a=n+1,..,pis a foliated chart on (M, F)
then D is locally represented on U by the canonical vectors fields {%, d% =
{01,...,0,} . Suppose that D’ on U is locally represented by {Epi1,...Enip}-
Then {0;, E,} is a non-holonomic frame field on U with respect to the decom-

position (1). With respect to this frame field one can write
Oa = Ag0r + AgEﬁ’ (2)

where 9, = %. Since the transition matrix from the non-holonomic frame field
to the canonical one is of the form



55 AL

0 AP |’
it is non-singular, so that the vector fields 6, = 5%1 = ASEjs also represent
locally D’ on U. Thus we have

S0 = 0o — A0, (3)

It is possible to choose A7, so that g(9;,05) = 0 ([R1]). The frame {0;,d4} is
called the semi-holonomic frame field on U ([BF]).

Taking into accoun the semi-Riemannian metric g on M, we define its local
components with respect to the semi-holonomic frame field {9;, 04} :

Gij :g(ahaj)a 9ap :9(5a,(55)
and denote by [g*?] the inverse matrix of [gas] .

Theorem 2 ([BF], Proposition 3.1.2, p. 99). The local coefficiets of the in-
trinsic connections D and D+ with respect to the semi-holonomic frame field
{0;,64} are given by

1
Cl = §gkh (0ign; + Ojgni — Ongij) . Dhy = 0;AL, (4)
and 1
ng =0, Top= §gwﬂ (0a9up + 089ua — 0pugap) - (5)

Since the Vrancianu connection V* is determined by the pair (D, D), the
local components of V* with respect to the frame field {9;,0,} are given by (4)
and (5) ([BF], Corollary 3.3.1, p. 99).

Let (M, g, F) be a semi-Riemannian manifold with metric g and non-degenerated
foliation F which means that the distribution D tangent to F together with the
induced metric is a semi-Riemannian manifold. Let

TM =D D+

and D' be the intrinsic connection on D. A metric g on M is said to be
bundle-like for the non-degenerated foliation F if the induced semi-Riemannian
metric on D+ is parallel with respect to the intrinsic connection D+ ([BF]).

Theorem 3 (/BF], Theorem 3.3.2, p. 111). The semi-Riemannian metric g
on M is bundle-like if and only if the transversal components gop of g satisfy

ag af
OxI

forallj=1,...nand all a, B=n+1,....,n+p.



In other words, with respect to the semi-holonomic frame field {9}, d»}, the
local form of the metric tensor g is

Gij (xk, ") 62627 4 gop(xt)dzdz”
where {027 = da’ + A5 dz*, dz®} is the dual semi-holonomic frame field.
c¢) TM as a manifold

Let z be a point of a manifold (M,g) and (z,u) € TM, dimM = n. For
any vector X € T, M there exist the unique vectors: X" given by m,(X") = X,
where 7 : TM — M, and XV given by X"(df) = X f for any function f on
M. X" and XV are called the horizontal and the vertical lifts of X to the point
(x,u) € TM.

The space T(,,,,)TM tangent to T'M at (x,u) splits into direct sum

T(I’U)TM = H(w’u)TM %) V(w)u)TM
and we have isomorphisms
HguwyTM ~ T, M ~ Vi TM

If ((z7), (w’)), i = 1,...,n, is a local coordinate system around the point

(r,u) € TM and X = Xaaj,then
0 0 0
7 u” ST v j
X" Xaﬂ_ Xl"rs—aj X Xaﬂ

where T'J are Christoffel symbols of the Levi-Civita connection V on (M, g).

s

d) g-natural metrics

Every metric ¢ on M defines a family of metrics on T'M. Between them
the class of so called g— natural metrics is of special interest. The well-known
Cheeger-Gromoll and Sasaki metrics are the special cases of the g—natural met-
rics ([KS]).

Lemma 4 ([AS], [AS1]) Let (M,g) be a Riemannian manifold and g be a
g—mnatural metric on TM. There exist functions aj, 3; :< 0,00) — R, j =
2,3, such that for every X, Y, ue T, M

Iy (X" Y") = (a1 +a3)(1?)ga(X,Y) + (81 + B3) (1) g2 (X, u) ga (Y, u),
Gy (X" YY) = aa(r?)ga(X,Y) + By(r?)ga (X, u)ga (Y, w),
guuﬂXﬂym) = (r?)g.(X,Y) + By(r?)ge (X, u) g2 (Y, u),

(XYY = o (r?)ge(X,Y) + B1(r°) g (X, u)g. (Y, u),

where r? = g, (u,u). For dim M = 1 the same holds with 3

;=0,7=1,23.



Setting a1 = 1, ap = a3 = 8; = 0 we obtain the Sasaki metric, while setting
o) = H%’ ar =0y =0=0,a3 =1—a1,8, =1, f; + B3 = 0 we get the
Cheeger-Gromoll one.

Following ([AS]) we put

L a(t) = a1 (t) (au(t) + as(t)) — a3(t),

2. 9;(t) = a;(t) +16;(1),

3. ®(t) = @1(t) [21(t) + P5(t)] — P5(t)
for all t €< 0, 00).

Lemma 5 ([AS], Proposition 2.7) The necessary and sufficient conditions for
a g— natural metric g on the tangent bundle of a Riemannian manifold (M, g)
to be non-degenerate are a(t) # 0 and ®(t) # 0 for allt €< 0,00). Ifdim M =1
this is equivalent to a(t) # 0 for all t €< 0, 00).

2 Bundle-like g—natural metrics generated by a
bundle-like metric ¢

a) Semi-holonomic frame field on TM

Let (M, g) be an (n+p)—dimensional semi-Riemannian manifold with metric
g and F be an n—foliation of M and {0;,d.} be a semi-holonomic frame field
on U C M. We shall construct a semi-holonomic frame field

0
{aj, aur"uo"wﬁ}

onVCTM=Da&D with (D,g) being a semi-Riemannian distribution. Let
(V, (27, 2%,u7,v)) be a local chart on T'M, where {U, (mj,xo‘)} s ir=1,..n,
a,B=n+1,..,p, is a foliated chart on (M, F). With respect to (3)

w0 + 006 = (W + 0P A)0; + 0765 = U70; + VP55 (6)

The vertical and horizontal lifts of 9; to TD are the vector fields on TD locally
represented respectively by

v 0 h r 0
@) =55  (0) =0 -Tjz, (7)
where I'} = I'; ju®, I'} being the Christoffel symbols of (D, g). From (7) we get

9 = (9)" + 175 (9,)" (®)

Let {9;, 52, 0, 52= } be a canonical frame on V' C TM. Then

Y Our?

{0 0" 60"} )



is a non-holonomic frame field on V. From (3)

(00)" = (9a)" = AL (0r)" (10)
whence 9
Since 5 5
h r s 9
(8(1) a Faa r aavﬁv (12)

from (3), by the use of (12), (11) and (7) we obtain
(6a)" = 0o — T8 (d5)" — (T, + T AY) (9,)" — AL, (8,)" . (13)

On the other hand we can express the canonical vector fields O, 6% on
V € TM in terms of the non-holonomic frame (9):

0 = PO, +—Qaa O P 0)" + Q2 (55)" (14)
29 & =r 0 5B v A=B c \h
5w = Pa&~+Qa6ur+zzxwﬁ>—%an%>. (15)
Setting
Ho = P2 (55)" + Q3 (35)",  wa=PL(55)" +Qu(5s)",
by the use of (14), (13), (8) and (7) we get
o = (6a)" + T8 (35)" + (AL — P1) (9)" + (T% + DEAY — QF, — PI7) ()"
= (0a)" +T5(3p)" + KL, (8,)" + L1, ()" (16)

In similar way, from (15), by the use of (11), (8) and (7) we obtain

(6)" + (AL = PSTL=QL) (0)" = P (0,)"
= () + KL (0) + T (0" (17)

Wa

b) Components of a g-natural metric with respect to a semi-holonomic
frame field

Let G be a g—natural metric on TM. Let {8;, 52, (1o, wp} be a semi-
holonomic frame field on V' C TM as above ((8),(7),(16),(17)). Making use

of Lemma 4 and the fact that 8], 5, are orthogonal to p,,ws we get in turn:

o(m)-o((35) )

OélngK(Z =+ OCQerLZ + Uj [/61 (Vﬁrgz + USKZ) + 62 (Va + UsLZ)] =0. (18)



By the use of (18) we find

a2gjr Kl + (o1 + ag) gjr L0 +U; [By (VsT2 + UsKZ) + (By + Bs) (Va + UsLS)] = 0.
(19)

Moreover

7] o\’
(own) =6 ((55) =) -
0195 Ky + 295 Ly + Uy |8y (Vo + UKL ) + ByU, L5 | = 0. (20)

Making use of (20) we get

a 1 T v
G (M,wa> =G ((0)" +T5 (0" wa) =
asg;r Ky + (a1 + as)gjr Ly, + Uj [52 (Va + USF(i) + (B +B3) ULy | =0
(21)

Let R? = g,'jUin, 0 =a; + R2ﬂj, i=1,2,3,0=0,(0;+03)— @%
Transvecting (18) and (19) with U’ we obtain

©1U, K., + ©U, Ll = —R* [3, V3T + ByVa]

02U, Kf, + (01 + O3) Uy Ly, = —R? [B,VT4 + (B + B3) Va)
whence, solving for U, K], and UL}, we easily get
Ollger(Z + 0429er:¥ =

2

—Uj |B1VaI® + B,V — % (anFg +0Va) |, (22)

where

a Ba (B2©1 — B102) + B [B1 (©1 + O3) — 8,02],
b = By[(B1+B3) 01— B202] + B1[B2 (01 + O3) — (81 + B3) O2]

and
aggerg + (041 + 013) ngL; =
R2
—Uj |BoVaTE + (B + B3) Vi — ) (VIS +dV,) |, (23)

where



c = By[B1(01+03) = B302] + (B + B3) (8201 — 8102) ,

d = B5[B2(01+03) = (81 + B3) O] + (B1 + B3) [(B1 + B3) O1 — 5202].

Notice that
b=c

In a similar way, from (20) and (21), we deduce

— _ R?
o9 K, + Ckzger; = - <B1 - @a) UjVa,

—r —r RZ
anjTKa + (al + a3)ngLa = — (52 — 90) UjVa

From (18) - (21) we also get

G((0))"1a) = G (0)" 11a) = G ((0)" wa) = G ((0)" swa) =0 (26)

From the definition of G and the decompositions of p, and wg, by the use of

(26), we find

G (pos pg) =
(a1 4 @3)gap + @2 (9ol + 95uT6) + 019, TATS +
Vo [B2 (VoI5 + UsKj) + (81 + B3) (Vs + UsL3)] +

V.ITE By (VoTS + UsK§) + By (Vs + UsL)]

G (Wasws) = 019as + Va By (Vo + U.K) + BU.L5)

and either

G(:UJonwﬁ) =

@290 + 1950l s + Va {52 (VB + USF@ + (81 + B3) Usf;} +

vV, I [51 (Vﬁ n USF‘;) + 52USZ;}

or

G (po»wp) =

@2gap + 1gpule + Va [By (VI + UsK) + By (Vo + UsLy)] -

Finally, comparing (18) to (22) and (19) to (23), from (27) we have

G (Bo» 115) =

(al + a3)gaﬁ + g (gawruﬁd + gﬁwrg) + alguwrgrg"'
R? R? R?
(B + B3 — @d)vavﬁ + (52 - @b) (VoTp + VpTo) + (ﬂl - @a

(29)

(30)

) T.Ts

(31)



where
T, = V,I"
Comparing (20) to (24), from (28) we get

2
G (Wa,wp) = @1gap + (ﬁl - @a) VaVa. (32)
At last, comparing (21) to (22), from (30) or (29), by the use of (22), we find
G (ua,w[;) -
R2 R?
azgas + 019501 + (ﬁz ) VoV + (,3 5 a) ToVp- (33)

Notice that

R2 =712 -V %VPg.s (34)
Put
Aj=0;(r*) = 0; (R?) (35)
We also have 9 9
3 (r*) = Wi (R?) = 2gjiu’ = 2u;. (36)
To simplify (31) and (33), observe that
2
G harip) = aagns + (B3 = G VaVi 4 G g T (31)
RQ
G (o 1t5) = (@1 + )gag + (81 + By = 5 d)VaVa+

G (wa,wy) F“—FG(wﬁ,wu) H— G (wy,w,) F"F“ (38)

By the Theorem 3 it is clear that G is bundle-like if and only if o, j = 1,2,3

are constants, a; # 0 and 5j - %2bj are constants, where we have put b; = a,
by =band b3 =d— a.
Taking into consideration Lemma 5 we obtain

Theorem 6 Let (M,g,F) be a Riemannian manifold with metric g that is

bundle-like for a non-degenerated foliation F. Then the semi- Riemannian g—natural

metric G on T M is bundle like for a non-degenerated distribution if and only if
fOT .] = 1a2a37 aj(’r‘z) = Cja

2
{82 (5201~ 5:02) + B, [5, (01 + 09) — 5,021} = Cu,
2
5~ g (52161 (O1 + @) = Bo0] + (8, + 6a) (8201 — 5102)} = G,

2
By — % [(B1 + B3)?01 + B (O1 + O3) + B303 — 2B5(B1 + B3)O2] = Cs



and
a(r?) #0, @(r?) #0,
Cy, being constants.
It is easily seen that the Sasaki metric satisfies these conditions with Cy =

C5 = Cg = 0 while the Cheeger-Gromoll one does not.

3 Bundle-like g-natural metrics determined by
the vertical distribution

Let (U, (z,u)) = (U, (z7,u?)) be a coordinate neighbourhood on a manifold T'M.
T(z,uyT'M is spanned by

0 o\’
9w (a) (39)
and N
) o .0
(am) =00 Ut (40)
Then { o (%)h} is a non-holonomic frame field on U with respect to the

decomposition T, T'M = V(3 )T M & H, )T M. Recall that the distribution
VI'M = U wermVie,wyIT'M is involutive. Express each aii
this frame field:

with respect to

B, .0 o\
55 = (o5) D)
Fields % = C} ( a?c'i )h also represents HT'M on U and
) 0 -

R R

Following [BF] we call {%, %} a semi-holonomic frame field on U. Making
use of (39) and (40) we get at a point (z, u)

b 0 0\ oN" O\ a0

s =a (o) = (o) +m () 40 (o) -
oN" 9\
(am) +5; (ax) - (43)

Let G be a g — natural metric on U. Put u; = u"g,;. Then, by the use of (43)
and (39), we find

0
7) = qagij + Bauiuj + B (1gri + Bruru;) = 0. (44)

10



Hence, by transvecting with B,i, we get
ayBj.gij + By Biuiu; + By Bj(a1gri + Biu,ui) =0 (45)

which yields to

6 ¢
G(fvu)(§7 @) = (al + a3)gij + (51 + 53) UiUs — B:B; (a2.grs + ﬂ2urus) .
(46)

Transvecting (44) with u* we obtain (ag +7°8)u; + (a1 + 728;)Bju, = 0
or

(I)QU]' + (I)lB;ur =0. (47)

If &1(p) = 0, then ®5(p) = 0 and ®(p) = @1(p)(®1(p) + P3(p)) — P3(p) = 0.
Consequently, G would not be regular at p. Transvecting (44) with g% and
applying (47) we obtain

®y
alBé = (ﬁlﬁ — Bz)ujul - 042(52. (48)

Suppose a; = 0 at some point p. From (48) it follows
YN Py j l
a2Bm6j = (5la — B2) By uju, (49)

whence, by the use of (47) and (48)

®, . ®,

[0
OQB’EH = _(61(1:% - BQ)TU’HLU = _OQE me

(p)(a1(p)+as(p)) —
! . Substituting the

But ay = ap = 0 yields irregularity of the metric (a(p) = oy
a3(p)). Therefore, if a; = 0, then as # 0 and B!, = — 224! .
last result into (44) we obtain

1

J Qo

)
Gi (51(1% — Ba)uiug. (51)

But in the case dim M = 1, (ie. rank[g;;] = 1), the functions 3, vanish, a
contradiction. Thus (48) holds good.
Applying (48) to (46) we find

)

where

3
Q3
A=o+a3— 3,
ay

_ af, (@ f Py 0y
B =0 +83+ all <¢)1_ﬁj> (‘M+C¥1>_ﬂ2<‘b1>

11



and all functions on the right hand sides depend on 12 = g,,u"u®. Differentiating
(52) with respect to u* we easily obtain

nA'+Br*+B = 0,
2A" + 2B + (n+1)B =

whence, for arbitrary constants C, Cs,

B = A = — CQ-
r
Taking into consideration Lemma 5 we obtain

Theorem 7 Let (TM,G,F) be a tangent bundle of a Riemannian manifold
(M, g), with a g-natural metric G and foliation F determined by the vertical
distribution VI M. A semi-Riemannian metric G on TM is bundle-like for the
foliation F if and only if

2
asfy (P2 Bo\ (P2 a2\ _, (®2\" _ G
Bt Bs+ o (@1 B1 (I’1+041 P o1 o2
Oég 011

artaz——5 = ———+0C#0,
a? nor

a(r?) # 0and ®(r?) #£0.

It is easily seen that the Sasaki metric as well as the Cheeger-Gromoll one
satisfy these conditions with C; = 0.
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