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Abstract

Let (M; g;F) be a semi-Riemannian manifold with metric g and non-
degenerated foliation F : Let TM = D �D? and D? be the intrinsic
connection on D?: A metric g on M is said to be bundle-like for the non-
degenerated foliation F if the induced semi-Riemannian metric on D? is
parallel with respect to the intrinsic connection D? .

Supposing that a Riemannian metric g on M is bundle-like we shall
give a necessary and su¢ cient condition for a g-natural metric G on TM
to be bundle-like. We shall also indicate another bundle-like metrics on
TM:

1 Preliminaries

a) Intrinsic connection

Let g be a semi-Riemannian metric on n�distribution D onM; that is (D; g)
is a semi-Riemannian distribution. Let D0 be a distribution complementary to
D in TM :

TM = D �D0:

Denote by Q the projection

Q : TM �! D:

There exists a unique linear connection D on D satisfying for all X;Y; Z 2
�(TM) the following two conditions:

DXQY �DQYQX �Q [X;QY ] = 0

(i.e. D on D is D0� torsion free) and

(DQXg) (QY;QZ) =

QX (g(QY;QZ))� g (DQXQY;QZ)� g (QY;DQXQZ) = 0

(i.e. g is parallel along D or g is D - parallel).
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Connection D is given as a mapping

D : �(TM)� �(D) �! �(D)

by

2g (DQXQY;QZ) =

QX(g(QY;QZ)) +QY (g(QZ;QX))�QZ(g(QX;QY ))+
g(Q[QX;QY ]; QZ)� g(Q[QY;QZ]; QX) + g(Q[QZ;QX]; QY )

and
DQ0XQY = Q[Q

0X;QY ]:

(If D0 = f0g; then D is the Levi-Civita connection on M).
Now consider n+p - dimensional manifold (M; g) and suppose that (D; g) is

a semi-Riemannian n�distribution on M: Then (D?; g) is a semi-Riemannian
p�distribution on M: Thus we have

TM = D �D?:

On D and D? there exist uniquely determined connections D and D? that we
call the intrinsic connections on D and D? respectively.

Theorem 1 ([BF], Theorem 1.5.3, p. 26) The adapted linear connection on
(M; g) determined by the pair (D;D?) of intrinsic connections is the Vrµanceanu
connection r� de�ned by the Levi-Civita connection er on (M; g) :

(D;D?) = r�:

b) Semi-holonomic frame �eld

Let (M; g) be an (n+p)�dimensional semi-Riemannian manifold with metric
g and F be an n�foliation of M: Denote by D the distribution tangent to F :
Let D0 be a �xed distribution on M so that

TM = D �D
0
: (1)

If
�
U; (xj ; x�)

	
; j = 1; :::; n; � = n + 1; :::; p is a foliated chart on (M;F)

then D is locally represented on U by the canonical vectors �elds
�

@
@x1 ; :::

@
@xn

	
=

f@1; :::; @ng : Suppose that D0 on U is locally represented by fEn+1; :::En+pg :
Then f@j ; E�g is a non-holonomic frame �eld on U with respect to the decom-
position (1). With respect to this frame �eld one can write

@� = A
r
�@r +A

�
�E� ; (2)

where @� = @
@x� : Since the transition matrix from the non-holonomic frame �eld

to the canonical one is of the form
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�
�ij Ai�
0 A��

�
;

it is non-singular, so that the vector �elds �� = �
�x� = A��E� also represent

locally D0 on U: Thus we have

�� = @� �Ar�@r: (3)

It is possible to choose Ar� so that g(@j ; ��) = 0 ([R1]). The frame f@j ; ��g is
called the semi-holonomic frame �eld on U ([BF]).
Taking into accoun the semi-Riemannian metric g on M; we de�ne its local

components with respect to the semi-holonomic frame �eld f@j ; ��g :

gij = g(@i; @j); g�� = g(��; ��)

and denote by
�
g��

�
the inverse matrix of [g�� ] :

Theorem 2 ([BF], Proposition 3.1.2, p. 99). The local coe¢ ciets of the in-
trinsic connections D and D? with respect to the semi-holonomic frame �eld
f@j ; ��g are given by

Ckij =
1

2
gkh (@ighj + @jghi � @hgij) ; Dk

j� = @jA
k
�; (4)

and
L��j = 0; �!�� =

1

2
g!� (��g�� + ��g�� � ��g��) : (5)

Since the Vrµancianu connection r� is determined by the pair (D, D?); the
local components of r� with respect to the frame �eld f@j ; ��g are given by (4)
and (5) ([BF], Corollary 3.3.1, p. 99).
Let (M; g;F) be a semi-Riemannian manifold with metric g and non-degenerated

foliation F which means that the distribution D tangent to F together with the
induced metric is a semi-Riemannian manifold. Let

TM = D �D?

and D? be the intrinsic connection on D?: A metric g on M is said to be
bundle-like for the non-degenerated foliation F if the induced semi-Riemannian
metric on D? is parallel with respect to the intrinsic connection D? ([BF]).

Theorem 3 ([BF], Theorem 3.3.2, p. 111). The semi-Riemannian metric g
on M is bundle-like if and only if the transversal components g�� of g satisfy

@g��
@xj

for all j = 1; :::; n and all �; � = n+ 1; :::; n+ p:
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In other words, with respect to the semi-holonomic frame �eld f@j ; ��g ; the
local form of the metric tensor g is

gij
�
xk; x�

�
�xi�xj + g��(x

�)dx�dx�

where f�xj = dxj +As�dx�; dx�g is the dual semi-holonomic frame �eld.

c) TM as a manifold

Let x be a point of a manifold (M; g) and (x; u) 2 TM; dimM = n: For
any vector X 2 TxM there exist the unique vectors: Xh given by ��(Xh) = X;
where � : TM �! M; and Xv given by Xv(df) = Xf for any function f on
M: Xh and Xv are called the horizontal and the vertical lifts of X to the point
(x; u) 2 TM .
The space T(x;u)TM tangent to TM at (x; u) splits into direct sum

T(x;u)TM = H(x;u)TM � V(x;u)TM

and we have isomorphisms

H(x;u)TM � TxM � V(x;u)TM:

If ((xj); (uj)); i = 1; :::; n; is a local coordinate system around the point
(x; u) 2 TM and X = Xj @

@xj ; then

Xh = Xj @

@xj
� urXs�jrs

@

@uj
; Xv = Xj @

@uj
;

where �jrs are Christo¤el symbols of the Levi-Civita connection r on (M; g):

d) g-natural metrics

Every metric g on M de�nes a family of metrics on TM: Between them
the class of so called g� natural metrics is of special interest. The well-known
Cheeger-Gromoll and Sasaki metrics are the special cases of the g�natural met-
rics ([KS]).

Lemma 4 ([AS], [AS1]) Let (M; g) be a Riemannian manifold and eg be a
g�natural metric on TM: There exist functions �j ; �j :< 0;1) �! R; j =
1; 2; 3; such that for every X; Y; u 2 TxM

eg(x;u)(Xh; Y h) = (�1 + �3)(r
2)gx(X;Y ) + (�1 + �3)(r

2)gx(X;u)gx(Y; u);eg(x;u)(Xh; Y v) = �2(r
2)gx(X;Y ) + �2(r

2)gx(X;u)gx(Y; u);eg(x;u)(Xv; Y h) = �2(r
2)gx(X;Y ) + �2(r

2)gx(X;u)gx(Y; u);eg(x;u)(Xv; Y v) = �1(r
2)gx(X;Y ) + �1(r

2)gx(X;u)gx(Y; u);

where r2 = gx(u; u): For dimM = 1 the same holds with �j = 0; j = 1; 2; 3:
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Setting �1 = 1; �2 = �3 = �j = 0 we obtain the Sasaki metric, while setting
�1 =

1
1+r2 ; �2 = �2 = 0 = 0; �3 = 1 � �1; �1 = 1; �1 + �3 = 0 we get the

Cheeger-Gromoll one.
Following ([AS]) we put

1. �(t) = �1(t) (�1(t) + �3(t))� �22(t);

2. �j(t) = �j(t) + t�j(t);

3. �(t) = �1(t) [�1(t) + �3(t)]� �22(t)
for all t 2< 0;1):

Lemma 5 ([AS], Proposition 2.7) The necessary and su¢ cient conditions for
a g� natural metric eg on the tangent bundle of a Riemannian manifold (M; g)
to be non-degenerate are �(t) 6= 0 and �(t) 6= 0 for all t 2< 0;1): If dimM = 1
this is equivalent to �(t) 6= 0 for all t 2< 0;1):

2 Bundle-like g�natural metrics generated by a
bundle-like metric g

a) Semi-holonomic frame �eld on TM

Let (M; g) be an (n+p)�dimensional semi-Riemannian manifold with metric
g and F be an n�foliation of M and f@j ; ��g be a semi-holonomic frame �eld
on U �M: We shall construct a semi-holonomic frame �eld�

@j ;
@

@ur
; ��; !�

�
on V � TM = D �D

0
with (D; g) being a semi-Riemannian distribution. Let

(V; (xj ; x�; uj ; va)) be a local chart on TM; where
�
U; (xj ; x�)

	
; j; r = 1; :::; n;

�; � = n+ 1; :::; p; is a foliated chart on (M;F): With respect to (3)

uj@j + v
�@� = (u

j + v�Aj�)@j + v
��� = U

j@j + V
��� : (6)

The vertical and horizontal lifts of @j to TD are the vector �elds on TD locally
represented respectively by

(@j)
v
=

@

@uj
; (@j)

h
= @j � �rj

@

@ur
; (7)

where �rj = �
r
jsu

s; �rjs being the Christo¤el symbols of (D; g): From (7) we get

@j = (@j)
h
+ �rj (@r)

v
: (8)

Let
�
@j ;

@
@ur ; @�;

@
@v�

	
be a canonical frame on V � TM: Then�
@j ;

@

@ur
; (��)

v
; (��)

h

�
(9)
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is a non-holonomic frame �eld on V: From (3)

(��)
v
= (@�)

v �Ar� (@r)
v
; (10)

whence
@

@v�
= (��)

v
+Ar� (@r)

v
: (11)

Since

(@�)
h
= @� � �r�

@

@ur
� ���

@

@v�
; (12)

from (3); by the use of (12), (11) and (7) we obtain

(��)
h
= @� � ��� (��)

v �
�
�r� + �

�
�A

r
�

�
(@r)

v �Ar� (@r)
h
: (13)

On the other hand we can express the canonical vector �elds @�; @
@v� on

V � TM in terms of the non-holonomic frame (9):

@� = P r�@r +Q
r
�

@

@ur
+ P �� (��)

v
+Q�� (��)

h
; (14)

@

@v�
= P

r

�@r +Q
r

�

@

@ur
+ P

�

� (��)
v
+Q

�

� (��)
h
: (15)

Setting

�� = P
�
� (��)

v
+Q�� (��)

h
; !� = P

�

� (��)
v
+Q

�

� (��)
h
;

by the use of (14), (13), (8) and (7) we get

�� = (��)
h
+ ��� (��)

v
+ (Ar� � P r�) (@r)

h
+
�
�r� + �

�
�A

r
� �Qr� � P s��rs

�
(@r)

v

= (��)
h
+ ��� (��)

v
+Kr

� (@r)
v
+ Lr� (@r)

h
: (16)

In similar way, from (15), by the use of (11), (8) and (7) we obtain

!� = (��)
v
+
�
Ar� � P s��rs �Q

r

�

�
(@r)

v � P r� (@r)
h

= (��)
v
+K

r

� (@r)
v
+ L

r

� (@r)
h
: (17)

b) Components of a g-natural metric with respect to a semi-holonomic
frame �eld

Let G be a g�natural metric on TM: Let
�
@j ;

@
@ur ; ��; !�

	
be a semi-

holonomic frame �eld on V � TM as above ((8),(7),(16),(17)). Making use
of Lemma 4 and the fact that @j ; @

@ur are orthogonal to ��; !� we get in turn:

G

�
@

@uj
; ��

�
= G

��
@

@xj

�v
; ��

�
=

�1gjrK
r
� + �2gjrL

r
� + Uj

�
�1
�
V��

�
� + UsK

s
�

�
+ �2 (V� + UsL

s
�)
�
= 0: (18)
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By the use of (18) we �nd

G

�
@

@xj
; ��

�
= G

�
(@j)

h
+ �rj (@r)

v
; ��

�
=

�2gjrK
r
�+(�1 + �3) gjrL

r
�+Uj

�
�2
�
V��

�
� + UsK

s
�

�
+ (�1 + �3) (V� + UsL

s
�)
�
= 0:
(19)

Moreover

G

�
@

@uj
; !�

�
= G

��
@

@xj

�v
; !�

�
=

�1gjrK
r

� + �2gjrL
r

� + Uj

h
�1

�
V� + UsK

s

�

�
+ �2UsL

s

�

i
= 0: (20)

Making use of (20) we get

G

�
@

@xj
; !�

�
= G

�
(@j)

h
+ �rj (@r)

v
; !�

�
=

�2gjrK
r

� + (�1 + �3)gjrL
r

� + Uj

h
�2

�
V� + UsK

s

�

�
+ (�1 + �3)UsL

s

�

i
= 0

(21)

Let R2 = gijU iU j ; �j = �j +R2�j ; j = 1; 2; 3; � = �1(�1 +�3)��22:
Transvecting (18) and (19) with U j we obtain

�1UrK
r
� +�2UrL

r
� = �R2

�
�1V��

�
� + �2V�

�
;

�2UrK
r
� + (�1 +�3)UrL

r
� = �R2

�
�2V��

�
� + (�1 + �3)V�

�
;

whence, solving for UrKr
� and UrL

r
�; we easily get

�1gjrK
r
� + �2gjrL

r
� =

� Uj
�
�1V��

�
� + �2V� �

R2

�

�
aV��

�
� + bV�

��
; (22)

where

a = �2 (�2�1 � �1�2) + �1 [�1 (�1 +�3)� �2�2] ;
b = �2 [(�1 + �3)�1 � �2�2] + �1 [�2 (�1 +�3)� (�1 + �3)�2]

and

�2gjrK
r
� + (�1 + �3) gjrL

r
� =

� Uj
�
�2V��

�
� + (�1 + �3)V� �

R2

�

�
cV��

�
� + dV�

��
; (23)

where
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c = �2 [�1 (�1 +�3)� �2�2] + (�1 + �3) (�2�1 � �1�2) ;
d = �2 [�2 (�1 +�3)� (�1 + �3)�2] + (�1 + �3) [(�1 + �3)�1 � �2�2] :

Notice that
b = c

In a similar way, from (20) and (21), we deduce

�1gjrK
r

� + �2gjrL
r

� = �
�
�1 �

R2

�
a

�
UjV�; (24)

�2gjrK
r

� + (�1 + �3)gjrL
r

� = �
�
�2 �

R2

�
c

�
UjV�: (25)

From (18) - (21) we also get

G ((@j)
v
; ��) = G

�
(@j)

h
; ��

�
= G ((@j)

v
; !�) = G

�
(@j)

h
; !�

�
= 0: (26)

From the de�nition of G and the decompositions of �� and !� ; by the use of
(26), we �nd

G
�
��; ��

�
=

(�1 + �3)g�� + �2
�
g�!�

!
� + g�!�

!
�

�
+ �1g�!�

�
��

!
�+

V�
�
�2
�
V!�

!
� + UsK

s
�

�
+ (�1 + �3)

�
V� + UsL

s
�

��
+

V��
�
�

�
�1
�
V!�

!
� + UsK

s
�

�
+ �2

�
V� + UsL

s
�

��
; (27)

G (!�; !�) = �1g�� + V�

h
�1

�
V� + UsK

s

�

�
+ �2UsL

s

�

i
; (28)

and either

G (��; !�) =

�2g�� + �1g�!�
!
� + V�

h
�2

�
V� + UsK

s

�

�
+ (�1 + �3)UsL

s

�

i
+

V��
�
�

h
�1

�
V� + UsK

s

�

�
+ �2UsL

s

�

i
(29)

or

G (��; !�) =

�2g�� + �1g�!�
!
� + V� [�1 (V��

�
� + UsK

s
�) + �2 (V� + UsL

s
�)] : (30)

Finally, comparing (18) to (22) and (19) to (23), from (27) we have

G
�
��; ��

�
=

(�1 + �3)g�� + �2
�
g�!�

!
� + g�!�

!
�

�
+ �1g�!�

�
��

!
�+

(�1 + �3 �
R2

�
d)V�V� +

�
�2 �

R2

�
b

�
(V�T� + V�T�) +

�
�1 �

R2

�
a

�
T�T�

(31)
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where
T� = V��

�
�

Comparing (20) to (24), from (28) we get

G (!�; !�) = �1g�� +

�
�1 �

R2

�
a

�
V�V� : (32)

At last, comparing (21) to (22), from (30) or (29), by the use of (22), we �nd

G (��; !�) =

�2g�� + �1g�!�
!
� +

�
�2 �

R2

�
b

�
V�V� +

�
�1 �

R2

�
a

�
T�V� : (33)

Notice that
R2 = r2 � V �V �g�� : (34)

Put
Aj = @j

�
r2
�
= @j

�
R2
�
: (35)

We also have
@

@uj
�
r2
�
=

@

@uj
�
R2
�
= 2gjiu

i = 2uj : (36)

To simplify (31) and (33), observe that

G (��; !�) = �2g�� +

�
�2 �

R2

�
b

�
V�V� +G (!� ; !�) �

�
�: (37)

G
�
��; ��

�
= (�1 + �3)g�� + (�1 + �3 �

R2

�
d)V�V�+

G (!�; !�) �
�
� +G (!� ; !�) �

�
� �G (!� ; !�) ����

�
� : (38)

By the Theorem 3 it is clear that G is bundle-like if and only if �j ; j = 1; 2; 3
are constants, �1 6= 0 and �j � R2

� bj are constants, where we have put b1 = a;
b2 = b and b3 = d� a:
Taking into consideration Lemma 5 we obtain

Theorem 6 Let (M; g;F) be a Riemannian manifold with metric g that is
bundle-like for a non-degenerated foliation F : Then the semi-Riemannian g�natural
metric G on TM is bundle like for a non-degenerated distribution if and only if

for j = 1; 2; 3; �j(r
2) = Cj ;

�1 �
R2

�
f�2 (�2�1 � �1�2) + �1 [�1 (�1 +�3)� �2�2]g = C4;

�2 �
R2

�
f�2 [�1 (�1 +�3)� �2�2] + (�1 + �3) (�2�1 � �1�2)g = C5;

�3 �
R2

�

�
(�1 + �3)

2�1 + �
2
1 (�1 +�3) + �

2
2�3 � 2�2(�1 + �3)�2

�
= C6
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and
�(r2) 6= 0; �(r2) 6= 0;

Ck being constants.

It is easily seen that the Sasaki metric satis�es these conditions with C4 =
C5 = C6 = 0 while the Cheeger-Gromoll one does not.

3 Bundle-like g-natural metrics determined by
the vertical distribution

Let (U; (x; u)) =
�
U; (xj ; uj)

�
be a coordinate neighbourhood on a manifold TM:

T(x;u)TM is spanned by
@

@uj
=

�
@

@xj

�v
(39)

and �
@

@xj

�h
=

@

@xj
� �rjtut

@

@ur
: (40)

Then
n

@
@uj ;

�
@
@xj

�ho
is a non-holonomic frame �eld on U with respect to the

decomposition T(x;u)TM = V(x;u)TM �H(x;u)TM . Recall that the distribution
V TM = [(x;u)2TMV(x;u)TM is involutive. Express each @

@ xj with respect to
this frame �eld:

@

@xj
= Aij

@

@ui
+ Cij

�
@

@xi

�h
: (41)

Fields �
�xj = C

i
j

�
@
@xi

�h
also represents HTM on U and

�

�xj
=

@

@xj
�Aij

@

@ui
: (42)

Following [BF] we call
�

@
@uj ;

�
�xj

	
a semi-holonomic frame �eld on U: Making

use of (39) and (40) we get at a point (x; u)

�

�xj
=

@

@xj
�Aij

�
@

@xi

�v
=

�
@

@xj

�h
+ �rjtu

t

�
@

@xr

�v
�Aij

�
@

@xi

�v
=�

@

@xj

�h
+Brj

�
@

@xr

�v
: (43)

Let G be a g � natural metric on U: Put uj = urgrj : Then, by the use of (43)
and (39), we �nd

G(x;u)(
�

�xi
;
@

@uj
) = �2gij + �2uiuj +B

r
j (�1gri + �1urui) = 0: (44)
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Hence, by transvecting with Bik; we get

�2B
i
kgij + �2B

i
kuiuj +B

r
jB

i
k(�1gri + �1urui) = 0 (45)

which yields to

G(x;u)(
�

�xi
;
�

�xj
) = (�1 + �3)gij + (�1 + �3)uiuj �BriBsj (�2grs + �2urus) :

(46)
Transvecting (44) with ui we obtain (�2 + r2�2)uj + (�1 + r

2�1)B
r
jur = 0

or
�2uj +�1B

r
jur = 0: (47)

If �1(p) = 0; then �2(p) = 0 and �(p) = �1(p)(�1(p) + �3(p)) � �22(p) = 0:
Consequently, G would not be regular at p: Transvecting (44) with gil and
applying (47) we obtain

�1B
l
j = (�1

�2
�1

� �2)ujul � �2�lj : (48)

Suppose �1 = 0 at some point p: From (48) it follows

�2B
j
m�

l
j = (�1

�2
�1

� �2)Bjmujul; (49)

whence, by the use of (47) and (48)

�2B
l
m = �(�1

�2
�1

� �2)
�2
�1
umu

l = ��2
�2
�1
�lm: (50)

But �1 = �2 = 0 yields irregularity of the metric (�(p) = �1(p)(�1(p)+�3(p))�
�22(p)). Therefore, if �1 = 0; then �2 6= 0 and Blm = ��2

�1�
l
m: Substituting the

last result into (44) we obtain

gij =
1

�2
(�1

�2
�1

� �2)uiuj : (51)

But in the case dimM = 1; (ie. rank [gij ] = 1); the functions �j vanish, a
contradiction. Thus (48) holds good.
Applying (48) to (46) we �nd

G(x;u)(
�

�xi
;
�

�xj
) = Agij +Buiuj (52)

where

A = �1 + �3 �
�32
�21
;

B = �1 + �3 +
�2�1
�1

�
�2
�1

� �2
�1

��
�2
�1

+
�2
�1

�
� �2

�
�2
�1

�2
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and all functions on the right hand sides depend on r2 = grsurus: Di¤erentiating
(52) with respect to uk we easily obtain

nA0 +B0r2 +B = 0;

2A0 + 2B0r2 + (n+ 1)B = 0

whence, for arbitrary constants C1; C2;

B =
C1
rn+2

; A = �C1
n

1

rn
+ C2:

Taking into consideration Lemma 5 we obtain

Theorem 7 Let (TM;G;F) be a tangent bundle of a Riemannian manifold
(M; g); with a g-natural metric G and foliation F determined by the vertical
distribution V TM: A semi-Riemannian metric G on TM is bundle-like for the
foliation F if and only if

�1 + �3 +
�2�1
�1

�
�2
�1

� �2
�1

��
�2
�1

+
�2
�1

�
� �2

�
�2
�1

�2
=

C1
rn+2

;

�1 + �3 �
�32
�21

= �C1
n

1

rn
+ C2 6= 0;

�(r2) 6= 0 and �(r2) 6= 0:

It is easily seen that the Sasaki metric as well as the Cheeger-Gromoll one
satisfy these conditions with C1 = 0.
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