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Overview

Aim of our study:

@ Given a Poisson-Nijenhuis Lie algebroid (A, P, N) we want ro
reduce it to a symplectic-Nijenhuis Lie algebroid (A, Q, N)
with Q symplectic and also N nondegenerate.

Motivation:

@ Reduction in a more general and flexible framework than
manifolds (Magri-Morosi).

@ Concrete physical examples may be reducible just if seen as
Lie algebroids (e.g. Toda Lattice).
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Lie algebroids

Definition (Pradines)

A Lie algebroid is a vector bundle 74: A — M endowed with
(i) an anchor, i.e., a vector bundle morphism pa: A — TM
(i) a Lie algebra bracket on I'(A), [, |4, such that

[X, Y4 = F X, Y]4 + pa(X)(H)Y,

for all X, Y € T(A), f € C(M).
We denote such a Lie algebroid by (A, [, ]4,pa) or simply by A.

It follows that

pa([X, Y1) = [pa(X), pa(Y)]p -
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@ The tangent bundle A= TM of a smooth manifold M, with
pa = idTy and the usual Lie bracket of vector fields.
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Examples of Lie algebroids

@ The tangent bundle A= TM of a smooth manifold M, with
pa = idTy and the usual Lie bracket of vector fields.

@ An involutive distribution A= D C TM with the inclusion
map as anchor and the usual Lie bracket of vector fields.

@ A Lie algebra A = g considered as a vector bundle over the
singleton M = {pt}, with trivial anchor ps = 0.
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Cartan calculus

Associated to a given Lie algebroid (A, [, ]4,pa) thereis a Lie
algebroid differential dA: T(A®A*) — [(A*+1A*) defined by

k

(Aw)(Xo, - X)) = (=) pal(X:) ((xo,...,)%i,...,xk))

i=0
+ Z (_ )I+Jw([Xi7)<j]A7X07'"7)%f7"'7)?j7"'7Xk)7
0<i<j<k

for w € T(AKA*), Xo, ..., Xk € T(A).
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Cartan calculus

Associated to a given Lie algebroid (A, [, ]4,pa) thereis a Lie
algebroid differential dA: T(A®A*) — [(A*+1A*) defined by

k

(Aw)(Xo, - X)) = (=) pal(X:) ((xo,...,)%i,...,xk))

i=0
+ Z (_ )I+Jw([Xi7)<j]A7X07'"7)%f7"'7)?j7"'7Xk)7
0<i<j<k

for w € T(AKA*), Xo, ..., Xk € T(A).

o For X € T(A), L% = ixd” + d?ix.
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Properties of the Lie algebroid differential

o d” is a graded derivation of degree 1, i.e.,

dA(0 Aw) = A0 Aw + (—1)7€0)9 A dAw,
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e d?od?=0.
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Properties of the Lie algebroid differential

e d?isa graded derivation of degree 1, i.e.,
dA(0 Aw) = A0 Aw + (—1)7€0)9 A dAw,
e dhod?=0.
Actually, given a vector bundle 74: A — M and a R-linear map

dA: T(A®A*) — T(A*TLA*) with these properties, the anchor map
and the Lie bracket can be recovered.
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Schouten-Gerstenhaber algebra

The Lie algebra bracket on I'(A) can be extended to the exterior
algebra (F(A®A),A). For X € I (A) and P € T (APA),

[X, P]a (a1, ..., 0p) =pa(X)(P(ag, ..., ap))

p
— Z P(aq,... ,E)A<oz,-, S Qp),
i=1
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Schouten-Gerstenhaber algebra

The Lie algebra bracket on I'(A) can be extended to the exterior
algebra (F(A®A),A). For X € I (A) and P € T (APA),

[X, P]a (a1, ..., 0p) =pa(X)(P(ag, ..., ap))

p
— Z P(aq,... ,E)A<oz,-, S Qp),
i=1

If P €T (APA), Q € T (A9A) and R € I (ATA), then
[P, Qla €T (APT971A) and

O ['Dv Q]A = _(_1)(p71)(q71) [Qa P]A
o [P,QAR],=I[P,QIa AR+ (-1)PDIQA[P,R],

o (—1)(P-D(-1 [P [Q, R] 4l 4 + cyclic perm. =0



Poisson-Nijenhuis Lie alg.
°

Poisson structures on Lie algebroids

Let A be a Lie algebroid and P a section of the vector bundle
A2A — M. We denote by P? the usual bundle map

Pi: A* — A: a— PHa) = iyP.

Definition

A Poisson structure on A is a section P € I'(A?A), such that

[P, P]a=0.
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Poisson structures on Lie algebroids

Let A be a Lie algebroid and P a section of the vector bundle
A2A — M. We denote by P? the usual bundle map

Pi: A* — A: a— PHa) = iyP.

Definition

A Poisson structure on A is a section P € I'(A?A), such that

[P, P]a=0.

In this case, the bracket
[, Blp = Lhvo8 — Lhsgo— dA (P(a,8)), o, B € T(AY),

is a Lie bracket and A% = (A%, [, ]p,pa o P%) is a Lie algebroid.
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Nijenhuis operators

Let (A,[, ], pa) be a Lie algebroid and N : A — A a bundle map.
The torsion of N is defined by

Tn(X,Y) = [NX,NY]a— N[X,Y]n, X,Y €Tl(A),

where
[X, Y]y :=[NX, Y]a+[X,NY]a— N[X,Y]a, X,Y eT(A).
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Nijenhuis operators

Let (A,[, ], pa) be a Lie algebroid and N : A — A a bundle map.
The torsion of N is defined by

Tn(X,Y) = [NX,NY]a— N[X,Y]n, X,Y €Tl(A),

where
[X, Y]y :=[NX, Y]a+[X,NY]a— N[X,Y]a, X,Y eT(A).

When 7 = 0, N is called a Nijenhuis operator,
An = (A,[, ]y pn = paoN) is a new Lie algebroid and

N:Ay — A

is a Lie algebroid morphism.
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On a Lie algebroid A with a Poisson structure P € I'(A2A), we say
that a bundle map N : A — A is compatible with P if

(i) NP% = pPipN*
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where [, ]p is the bracket defined by NP € T'(A?A), and [, ]g* is
the bracket obtained from [, |, by deformation along N*.
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Poisson-Nijenhuis Lie algebroids

On a Lie algebroid A with a Poisson structure P € I'(A2A), we say
that a bundle map N : A — A is compatible with P if

(i) NP% = pPipN*

(i) C(P, N)(a, ) = [, Blyp — [ Bl =0
where [, ]p is the bracket defined by NP € T'(A?A), and [, ]g* is
the bracket obtained from [, |, by deformation along N*.

Definition (Grabowski-Urbanski)

A Poisson-Nijenhuis Lie algebroid (A, P, N) is a Lie algebroid A
equipped with a Poisson structure P and a Nijenhuis operator
N : A — A compatible with P.
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1°t step: Reduction by restriction

(A,[,]4,pa, P) Poisson Lie algebroid.

!
D(x) == pa(P*(AL) € TuM  forx e M

!
[pa(PHa), pa(P48)] = pa(P [a, Blp):
!

D is a generalized foliation of M. J
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1°t step: Reduction by restriction

Let
@ L C M be a leaf of the foliation D
o AL :=P}A") CA
Hypothesis: P : A* — A has constant rank on each leaf L.
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1°t step: Reduction by restriction

Let
@ L C M be a leaf of the foliation D
o AL :=P}A") CA
Hypothesis: P : A* — A has constant rank on each leaf L.

!

A; — L is a Lie subalgebroid of A — M J

with ([, la, ,pAL) given by
o [Ploy, P'5y] 2= Pt [, Bpy € T(AL)
@ pA = (PA)\L
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1° step: Reduction by restriction

For any X; € I'(AL) there exists a € '(A*) such that
| X, = Ptaor. So, we define a section Q;: L — /\2A‘Z by

QL(XLa YL) = P(Oz,IB) ol, for any XL, YL E F(A,_)
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1° step: Reduction by restriction

For any X; € I'(AL) there exists a € '(A*) such that
| X, = Ptaor. So, we define a section Q;: L — /\2A‘Z by

QL(XLa YL) = P(Oz,IB) ol, for any XL, YL E F(A,_)

Now, consider a Nijenhuis operator N : A — A compatible with P.
Then, we may induce N; : A, — A; such that

IoN (X)) = N(P*a) o, for any X, € T(AL)

Theorem (A)

Let (A, P, N) be a Poisson-Nijenhuis Lie algebroid such that the
Poisson structure has constant rank in the leaves of the foliation
D = pa(P*(A*)). Then, we have a symplectic-Nijenhuis Lie
algebroid (AL, 2, N;) on each leaf L of D.
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Reduction by epimorphisms of Lie algebroids

Let Ta: A— M and 73: A — M be Lie algebroids and let

A— o5
TA 7’%
M u M

be an epimorphism of Lie algebroids from A to Z\ i.e.,
om:M— Misa submersion,

e for each x e M, N,: Ay — Z\W(X) is an epimorphism of vector
spaces
and

o dA(M*a) = M*(dA@)  for all @ € M(AKAY),
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Projectability

@ Let [',(A) be the set of the IN-projectable sections X : M — A
of A, i.e., such that there exists X € ['(A) such that
MoX =X oTl.

@ A Poisson structure P on A is said to be [l-projectable if for
each @ € I'(A*) we have P*M*a € I',(A). In that case, we can

construct the 2-section P € [(A2A) of A characterized by
(P*a)om = N(PY(N*&)),  for any & € T(A").

@ Assume that N: A — A is a Nijenhuis structure on A. We will
say that N is l-projectable if

N(T,(A)) CTH(A) and N(I(Kerl)) C [(Kerl).
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Reduction by epimorphisms of Lie algebroids

If N is a lN-projectable Nijenhuis operator on A, then we can
construct a new operator N: A — A as follows.

(NX)om =M(NX)  forany X € I(A),

where X € I',(A) is a projectable section such that X = X o

Let (MN,7) : A— A be a Lie algebroid epimorphism. Assume that
(P, N) is a Poisson-Nijenhuis structure on A such that P and N are
M-projectable. Then, (P, N) is a Poisson-Nijenhuis structure on A.
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Complete and vertical lifts

® (A,[,]4a,pa) a Lie algebroid
e X eTl(A)

The vertical lift of X: XY € X(A)

(i) XV(fora) =0, feC®(M),
(i1) XV(&) = a(X)oTa, € T(A*).

Here, if & € [(A*) then &: A — R is defined by
a(a) = a(ra(a))(a), forall ae A.
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Complete and vertical lifts

® (A,[,]4a,pa) a Lie algebroid
e X eTl(A)

The vertical lift of X: XY € X(A)
(i) XV(fora) =0, feC®(M),
(i) XV(&) = a(X)oTa, «€T(A%).

The complete lift of X: X¢ € X(A)

(i) X(fora) = pa(X)(f)ota, f€C>(M),
(i1) X<(&) = Lha, e T(A%).

Here, if & € [(A*) then &: A — R is defined by

a(a) = a(ra(a))(a), forall ae A.
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Reduction by lifts of sections of a Lie subalgebroid

Let 7a: A— M a vector bundle and (A, [, ]4,pa) a Lie algebroid.
Consider a Lie subalgebroid 75: B — M of A.

The distributions pa(B) and F defined by

Fa={X(a)+ YY) | X,Y €T(B)} C T,A, forallacA

are generalized foliations.

Now assume that pa(B) and F are regular foliations.
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Reduction by lifts of sections of a Lie subalgebroid

We define 7 : A=A/F - M= M /pa(B) such that the following
diagram is commutative

>
PN

|
=
93
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Reduction by lifts of sections of a Lie subalgebroid

We define 7 : A=A/F - M= M /pa(B) such that the following
diagram is commutative

>
PN

|
=
93

Proposition

In the above conditions we can define a Lie algebroid structure on
T3 A= AJ/F — M= M/pa(B)

such that the above diagram is an epimorphism of Lie algebroids.
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Reduction by lifts of sections of a Lie subalgebroid

The structure of Lie algebroid over A= A/F is characterized by

X, YIzem =N[X,Y]a,  pa(X)(F) = pa(X)(f o),
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The Riesz index

Let (A, P, N) a Poisson-Nijenhuis Lie algebroid. For any x € M
consider the map N,: A, — Ay. Recall that there exists a smallest
integer k > 0 such that the sequences

ImN, D ImN2D ...

and
ker N, C ker N2 C ...

both stabilize at rank k. That is,

Im NS =Im NP =0 while Im N571 £ Im VK,
and

ker NX = ker NA*1 = .. while ker NA71 # ker NX.

The integer k is called the Riesz index of N at x.
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The Reduced nondegenerate PN Lie algebroid

Theorem (B)

Let (A,[, 14, pa, P, N) be a Poisson-Nijenhuis Lie algebroid such
that

1) N has constant Riesz index k.
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that
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2) pa(B) and F are regular foliations for B = ker NX.




The Reduced nondeg. PN Lie alg.
.

The Reduced nondegenerate PN Lie algebroid

Theorem (B)

Let (A,[, 14, pa, P, N) be a Poisson-Nijenhuis Lie algebroid such
that

1) N has constant Riesz index k.
2) pa(B) and F are regular foliations for B = ker NX.
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Let (A,[, 14, pa, P, N) be a Poisson-Nijenhuis Lie algebroid such
that

1) N has constant Riesz index k.
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The Reduced nondegenerate PN Lie algebroid

Theorem (B)

Let (A,[, 14, pa, P, N) be a Poisson-Nijenhuis Lie algebroid such
that

1) N has constant Riesz index k.
2) pa(B) and F are regular foliations for B = ker NX.

3) Forall x € M, ay — a., € ker(NX) if a, and a., belong to the
same leaf of the foliation F.

4) P is nondegenerate.

Then, we can induce a Poisson-Nijenhuis Lie algebroid structure
([, 12, Pz P, N) on A with P and N nondegenerate.
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Main Theorem

(Thm A + Thm B)

Let (A, [, ]4,pa, P, N) be a Poisson-Nijenhuis Lie algebroid s.t.
1) P has constant rank in each leaf L of D = pa(P*(A*)).
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Main Theorem

(Thm A + Thm B)

Let (A, [, ]4,pa, P, N) be a Poisson-Nijenhuis Lie algebroid s.t.
1) P has constant rank in each leaf L of D = pa(P*(A*)).

2) Np: AL — A; has constant Riesz index k, with
A = Pﬁ(A*)|L.
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Main Theorem

(Thm A + Thm B)

Let (A, [, ]4,pa, P, N) be a Poisson-Nijenhuis Lie algebroid s.t.
1) P has constant rank in each leaf L of D = pa(P*(A*)).
2) Np: AL — A; has constant Riesz index k, with
AL = PHA")L.
3) pa,(ker Nf) and
(FL)a = {X(a) + YV(a) | X,Y € T(ker Nf)} for a € A, are
regular foliations.
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Main Theorem

Let (A, [, ]4,pa, P, N) be a Poisson-Nijenhuis Lie algebroid s.t.
1) P has constant rank in each leaf L of D = pa(P*(A*)).
2) Np: AL — A; has constant Riesz index k, with
AL = PHA")L.
3) pa,(ker Nf) and
(F)a={X(a)+ Y¥(a) | X,Y € [(ker Nf)} for a € A, are
regular foliations.

4) For all x € M, a, — a, € ker(Nf) if ax and a are in the same
leaf of Fj.
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Main Theorem

Let (A, [, ]4,pa, P, N) be a Poisson-Nijenhuis Lie algebroid s.t.
1) P has constant rank in each leaf L of D = pa(P*(A*)).
2) Np: AL — A; has constant Riesz index k, with
AL = PHA")L.
3) pa,(ker Nf) and
(F)a={X(a)+ Y¥(a) | X,Y € [(ker Nf)} for a € A, are
regular foliations.

4) For all x € M, a, — a, € ker(Nf) if ax and a are in the same
leaf of Fj.
Then, we obtain a symplectic-Nijenhuis Lie algebroid structure

([. 15 - pz Qs Ni) on AL = AL /Fi — L= L/F with Ny
nondegenerate.
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