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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Mathematical model

Infinitesimal strains only!

“divyT = b(x, t),
T = D(e(Vxu) —ep),
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Mathematical model

Infinitesimal strains only!

“divyT = b(x, t),
T = D(e(Vxu) —ep),

2z = f(e(VXu), z),

ot
z(x,0) = zéo)(x), x €
u(x,t) = ~v(x,t), xe€0Q
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Mathematical model

Infinitesimal strains only!

“divyT = b(x, t),
T = D(e(Vxu) —ep),

0

52 = f(e(Vxu), z),
z(x,0) = zéo)(x), x €
u(x,t) = ~v(x,t), xe€0Q

Given: b(x, t) volume force, v(x, t) boundary displacement,

zéo)(x) initial data
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Mathematical model

Infinitesimal strains only!

“divyT = b(x, t),
T = D(e(Vxu) —ep),

0

52 = f(e(Vxu), z),
z(x,0) = zéo)(x), x €
u(x,t) = ~v(x,t), xe€0Q

Given: b(x, t) volume force, v(x, t) boundary displacement,
z(o)(x) initial data
0

z=1(gp,2) € S3 x RN-6 ~ RN
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Mathematical model

Infinitesimal strains only!

~divyT = b(x, t),
T = D(e(Vyu) — Bz),

0

5% = f(e(Vxu), z),
z(x,0) = z(()o)(x), x €
u(x,t) = 7(x,t), x€9Q

Given: b(x, t) volume force, y(x, t) boundary displacement,
z(o)(x) initial data
0

B:RN - S3 ap:Bz€S3
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Restrictions for f

The second law of thermodynamics (Clausius-Duhem inequality)
requires

V(e z)=T.

<

Vp(e,z)- (<0 (€ flez)
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Restrictions for f

The second law of thermodynamics (Clausius-Duhem inequality)
requires

V(e z)=T.
Vp(e,z)- (<0 (€ flez)
Free energy can be chosen as positive semi-definite quadratic form
YP(e, z) = %D(g — Bz)-(e — Bz) + %(Lz) -z

with symmetric, positive semi-definite N x N-matrix L.
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Restrictions for f

The second law of thermodynamics (Clausius-Duhem inequality)
requires
V(e z)=T.
Vp(e,z)- (<0 (€ flez)
Free energy can be chosen as positive semi-definite quadratic form
‘ 1 1
P(e, z) = 5@(5 —Bz)- (e — Bz) + E(Lz) -z
with symmetric, positive semi-definite N x N-matrix L.

Fulfilled if

f(e,z) = g(—V(e, 2)),
with a function g : RV — RN satisfying g(z) -z > 0.
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Problem of monotone type

Suppose that g : RV — RV is monotone satisfying 0 € g(0).
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Problem of monotone type

Suppose that g : RV — RV is monotone satisfying 0 € g(0).

Initial boundary value problem of monotone type [Alber, '98]

—divy T = b(x,t),
T = D(e(Vyu)— Bz),
o r
az = g(B T — Lz),
z(x,0) = z(()o)(x), x €Q

u(x,t) = ~v(x,t), xe€0Q

Existence theory for L > «/ is due to Alber&Chelminski, ['02]
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Problem of monotone type

Suppose that g : RV — RV is monotone satisfying 0 € g(0).

Initial boundary value problem of monotone type [Alber, '98]

—divy T = b(x,t),
T = D(e(Vyu)— Bz),
o r
az = g(B T— Lz),
z(x,0) = zéo)(x), x €Q

u(x,t) = ~v(x,t), xe€0Q

Existence theory for L > «/ is due to Alber&Chelminski, ['02]

Special case: g = V¢, ¢ convex (Generalized standard material)
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Example: nonlinear kinematic hardening
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Introduction Setting of the problem

Models of monotone type
Nonlinear kinematic hardening

Example: nonlinear kinematic hardening

T = D(e(Vxu) —e€p),

T-Y

— q|T-Y—_

atgp C1| ||T—Y|’
Y
dien = alY['r,
tE C2’ ‘ ‘Y|

Y = k(ep—en) 7, r=5..1.
Y is backstress. c¢1,cp and k are material constants.
z=(ep,en) € S3 x 83 ~R2.



Microscopic problem

Mathematical model

Microstructure is periodic!
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Microscopic problem

Mathematical model

Microstructure is periodic!

—div, T, = b(x,t),
T, = D|2|(e(Vauy) - Bz,),
n
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Microscopic problem

Mathematical model

Microstructure is periodic!

—div, T, = b(x,t),

Ty = D |(e(Vat) ~ By,
%zn S g(%,BTTn—LG),
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Microscopic problem

Mathematical model

Microstructure is periodic!

—div, T, = b(x,t),
X

Ty = D |(e(Vat) ~ By,

-Zy € g(%,BTTn—LG),
zy(x,0) = zéo)<x,%), x €

up(x,t) = 7(x,t), xe€0Q
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Microscopic problem

Mathematical model

Microstructure is periodic!

—div, T, = b(x,t),

Ty = D |(e(Vat) ~ By,
%zn S g(f,BTTn—LG),
zy(x,0) = (O) <X 5), x €

up(x,t) = 7(x,t), xe€0Q

Given: b(x, t) volume force, v(x, t) boundary disolacement,

z(go)(x,y) initial data
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Microscopic problem

Mathematical model

Microstructure is periodic!

—div, T, = b(x,t),

X
Ty = D |(e(Vat) ~ By,
0 X
azn € g(—,BTTn—LG),
zy(x,0) = (O) <x 5), x €
up(x,t) = 7(x,t), xe€0Q

Given: b(x, t) volume force, v(x, t) boundary disolacement,
z(o)(x initial d

o (x,y) initial data

y — (D, f,z((,o))(% -) periodic with periodicity cell Y C R3!
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Homogenized problem

Asymtotic ansatz

Assume that

A

(up, Ty, 2y) ~ (0, Ty, 2p),

where i, T, 2, are given by the ansatz

B (x, 1) = uolx,£) +un (x>, ),
n
7\—7](X7t) = TO(X?ivt)a
n
X
Zn(x,t) = Z()(X,*,t).
! 1

Mapping y — (u1, To, 20)(x, y, t) is periodic with the periodicity
cell Y.
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Homogenized problem

Homogenized problem

(uo, u1, To, 20) must satisfy

—divx/ To(x,y,t)dy = b(x,t),
Y
up(x,t) = ~(x,t), (x,t) €02 x[0,00)
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Homogenized problem

Homogenized problem

(uo, u1, To, 20) must satisfy

—divx/ To(x,y,t)dy = b(x,t),
Y
up(x,t) = ~(x,t), (x,t) €02 x[0,00)
—divy, To(x,y,t) = 0,
To(x,y:t) = Dly(e(Vyu(x,y,t)) = Bao(x,y,t)
+e(Viuo(x, 1)),

1o}

aZO()Qy? t) € g(yaBTTO(Xaya t)_LZO(X7y7 t))7
ZO(X7y>O) = ZSO)(Xay)v

Existence [Alber, 02], L > al
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

We would like to show!

After solving the homog'ed problem we define

(0777 -,,\_777277)()(3 t) = <UO(X’ t) + nux (X7 ia t>7 TO <X7 ia t)vzo (X7 fa t>)
n n n

and try to show that

lim (lluo(t) = un(B)lle + 1 7(8) = To(®)
+[125(t) — zy(t)]@) =0, 0<t< Te.

Problem: Regularity of w1, Tg, zg is too low for that!
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

Low regularity of the solutions of the homogenized problem
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e . Convergence result
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Problems of justification

Problem with phase shift

e . Convergence result
Justification =

Low regularity of the solutions of the homogenized problem

To(t) € L2(Q2 x Y) only!

(x,x/n+9) Hence, no trace on the
3-dimentional subset
{(x,x/n | x € Q)} of the
6-dimensional set Q2 x Y
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Problems of justification
Problem with phase shift
Convergence result

Justification

Low regularity of the solutions of the homogenized problem

To(t) € L2(Q2 x Y) only!

(x,x/n+9) Hence, no trace on the
3-dimentional subset
{(x,x/n | x € Q)} of the
6-dimensional set Q2 x Y

x +— To(x,x/n,t) is not
defined!
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

Phase shift

Microscopic problem with initial data and coefficients depending
on the parameter y € R3:

—divy :I'n(x, y,t) b(x, t)
Toler,t) = D | ((Vaialx,v. 1) = By (x,v. 1)

0 . X = -

azn()g)/:t) € g(% +vaTT77(X7y7t)_LZn(X7ya t))
3 _ 0 X

ZN(X’y7O) - ZO (X7n+)/)

Up(x,y,t) = ~(x,t) (x,t) €0 x[0,00)
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

Convergence result for problem with phase shift

For a solution (ug, u1, To, 20)(x,y, t) of the homog'ed problem set
A X
Tn(X1y7 t) = TO<X7 5 +ya t)a

~ X
Zn(xv)/a t) :ZO(X7E+}/> t)
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Problems of justification
Problem with phase shift
Justification Convergence result

Convergence result for problem with phase shift

For a solution (ug, u1, To, 20)(x,y, t) of the homog'ed problem set

A

X
Tn(X1y7 t) = TO<X75+ya t)a

277(X7)/a t) = ZO(X7%+}/> t)
Theorem (N.,2006)

Let (ug, u1, To, z0) be the solution of the homogenized problem.

Then the solution (i, 7',7, Z,) of the microscopic problem with
parameter y satisfies

lim (luo(t) = Tp(Dllaxy + | To(t) = Tu(t)laxy

+12,(t) = Z,(t)[laxy) =0, 0<t < Te.
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

Convergence for ae. y € Y

Corollary
There is a subsequence such that for almost every y € Y

(HU()(t) - a’]('?)/? t)”Q + H?_ﬂ('a)/v t) - 7-77('7)/7 t)”ﬂ

+||2T]('7ya t) - En('a)/7 t)HQ) = 07 0 <t< Te-

lim
n—0
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

Convergence for ae. y € Y

Corollary
There is a subsequence such that for almost every y € Y

Tl]ig’lo (HU()(t) - a’]('?)/? t)HQ + H Tﬂ('aY: t) - 7-77('7)/7 t)HQ

+||2T]('7ya t) - En('a)/7 t)HQ) = 07 0 <t< Te-

Does the above result hold for y = 07
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Problems of justification
Problem with phase shift

e . Convergence result
Justification =

Convergence for ae. y € Y

Corollary
There is a subsequence such that for almost every y € Y

r|]i210 (HUO(t) - a’]('?)/? t)HQ + H Tﬂ('aY: t) - 7-7]('7)/7 t)HQ

+||2T]('7ya t) - ET]('aYv t)HQ) = 07 0 <t< Te-

Does the above result hold for y = 07

If yes, then the justification is complete, since

(un, Ty z9)(x, t) = (O, Ty, Z)(x, 0, t).
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Problems of justification
Problem with phase shift

e . nvergence resul
Justification e (i

Shifting of the solution

Set v = 0!
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Problems of justification
Problem with phase shift

e . nvergence resul
Justification e (i

Shifting of the solution

Set v = 0! For (x,y,t) € Q x Y X

0, Te) set
90 [0, Te)

(Uls Tpps Zim)) (X, y5 1) =
(@, T 20)(x =1y, ¥, 8)s X € Qyy
0, otherwise ’

where

Q,, ={x€Qx—ny € Q}.
(2 +1y) "
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Problems of justification
Problem with phase shift

e . nvergence resul
Justification e (i

Convergence by shifting of the solution

Theorem (Alber,N.,2008)

Let (uy, Ty, z,) be the solution of the micro'pic problem.

Let (@i, T,), 2,) be the solution of the micro'pic problem with
parameter y.

Let (i, :r[n]’i[n]) be the shift of the solution of the micro’pic
problem with parameter y
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Problems of justification
Problem with phase shift

e . nvergence resul
Justification e (i

Convergence by shifting of the solution

Theorem (Alber,N.,2008)

Let (uy, Ty, z,) be the solution of the micro'pic problem.

Let (@i, T,), 2,) be the solution of the micro'pic problem with
parameter y.

Let (i, :r[n]’i[n]) be the shift of the solution of the micro’pic
problem with parameter y

Then

tim (1), T Zp0)(8) = (s Ty 20) (D)) = 0

for0 <t < Te.
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Problems of justification
Problem with phase shift

e . nvergence resul
Justification e (i

Averages for the shifted solution

Set

* X *
T (x,t) = / To(x—ny,g,t)dy, zy(x, t) = ...,
Y,

7,X

where

1
Yn,x:{yeY|X—7]y€Q}:YﬂE(X—Q).
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Problems of justification
Problem with phase shift

e . nvergence resul
Justification e (i

Averages for the shifted solution

Set

* X *
T (x,t) = / To(x—ny,g,t)dy, zy(x, t) = ...,
Y,

7,X

where
1
Yn,x:{yeY|X—7]y€Q}:Yﬂ5(X—Q).

Then, by the previous theorems and the triangular inequality, we
obtain that

(uo(t) — u(t)la + I T (t) = Ty(t)lle

+z5(t) = zy(t)lo) =0, 0<t< Te.

lim
n—0

Rate-independent case [Mielke& Timofte, 2007]
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