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The nonlinear heat equation

up — Au = |.u\0‘u in (0, T) x €, (NLH)
u(0) = up in £,
Q is a bounded domain or the whole RV,

a >0,
Uy € Co(Q)

TC, FD, FBW () sign-changing solutions Benasquelll, August 2009 2 /24



Some known results

G = {ug, u(t) is global},

Go={uw € G,u(t) — 0,t — +oo},
B = {uo, u(t) blows up}.
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Some known results

G = {ug, u(t) is global},

Go={uw € G,u(t) — 0,t — +oo},
B = {uo, u(t) blows up}.

@ There exists 0 # 1y € Go.
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Some known results
G = {ug, u(t) is global},
Go={uw € G,u(t) —0,t - 40},
B = {uo, u(t) blows up}.
@ There exists 0 # 1y € Go.
@ Given p # 0, A\p € B if X is large.
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Some known results
G = {ug, u(t) is global},
Go={uw € G,u(t) — 0,t — +oo},
B = {uo, u(t) blows up}.
@ There exists 0 # 1y € Go.
@ Given p # 0, A\p € B if X is large.
0 >0, pedg=NppeGif0< A<,

(G* is starshaped with respect to 0.)
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Some known results

G = {ug, u(t) is global},

Go={uw € G,u(t) — 0,t — +oo},
B = {uo, u(t) blows up}.

@ There exists 0 # 1y € Go.
@ Given p # 0, A\p € B if X is large.
0 >0, peg=XppeGif0<A<]1.

(G* is starshaped with respect to 0.)

Some Questions:
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Some known results
G = {ug, u(t) is global},
Go={uw € G,u(t) —0,t - 40},
B = {up, u(t) blows up}.
@ There exists 0 # 1y € Go.
@ Given p # 0, A\p € B if X is large.
0 >0, peg=XppeGif0<A<]1.
(G* is starshaped with respect to 0.)

Some Questions:
e Is G, Gy convex?
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Some known results
G = {ug, u(t) is global},
Go={uw € G,u(t) —0,t - 40},
B = {up, u(t) blows up}.
@ There exists 0 # 1y € Go.
@ Given p # 0, A\p € B if X is large.
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e Is G, Gy starshaped with respect to 07
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The Neumann Problem
Consider

up— Au=ulu in(0,T)xQ,
u(0) = up in Q, (NP)
Oyu =0 on 0f.
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The Neumann Problem
Consider

up— Au=ulu in(0,T)xQ,
u(0) = up in Q, (NP)
Oyu =0 on 0f.

o {U()ZO,U()#O}CB.
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The Neumann Problem
Consider

up— Au=ulu in(0,T)xQ,
u(0) = up in Q, (NP)
Oyu =0 on 0f.

° {U()ZO,U()#O}CB.
@ How about sign-changing solutions?
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The Neumann Problem

Theorem - Suppose /90 #0. Then \p e Bif A >0is

small.
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The Neumann Problem

Theorem - Suppose /90 #0. Then \p e Bif A >0is

small.

Proof - Assume [¢ > 0 and let v(t,x) = u(t,x)/\.
Then,

vi — Av = A v|%, v(0) = o.

Consider, z = e"®¢. Since [ >0, z(t) > 0 for t large.
Thus, v(t) > 0 if A is small. O
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The Neumann Problem

Theorem - Suppose /90 #0. Then \p e Bif A >0is

small.

Proof - Assume [¢ > 0 and let v(t,x) = u(t,x)/\.
Then,

vi — Av = A v|%, v(0) = o.

Consider, z = e"®¢. Since [ >0, z(t) > 0 for t large.
Thus, v(t) > 0 if A is small. O

Remark - Let u be a stationary solution in R:

—u" = |ul*u, v(-1) = (1) = 0.
Then \u € G for |A| < 1.
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]
The Neumann Problem

Theorem - There exists ug € Gy such that /uo # 0.
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]
The Neumann Problem

Theorem - There exists ug € Gy such that /uo # 0.

Proof - The linearization of (NP) around O is the heat
equation. Let M be the nonlinear stable manifold near 0,
S = [1]* the linear stable manifold, C = [1].

C

\|/M

S
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The Neumann Problem

For ps € S we may choose uy = eps + ¢ € M. Suppose
c = 0. Define I(t) = [ u(t). Then

(t) = / ()| u(t) = 1'(0) = / el
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The Neumann Problem

For ps € S we may choose uy = eps + ¢ € M. Suppose
c = 0. Define I(t) = [ u(t). Then

(t) = / ()| u(t) = 1'(0) = / el

We pick ¢ such that /(0) # 0.
Then I(t) # 0 for t = 0. O
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N —
The Neumann case
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N —
The Neumann case

TC, FD, FBW () sign-changing solutions Benasquelll, August 2009 8 /24



The Cauchy Problem
Consider
ur — Au = |u|®u, in(0,T)xRN

u(0) = ug, in RV (CP)
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The Cauchy Problem
Consider

— — o ; N
{ut Au=u/u, in(0,T)xR (CP)

u(0) = up, in RV,

(CP) for a < 2/N corresponds to the Neumann problem
in the following sense.
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The Cauchy Problem
@ up >0, ug # 0, then uy € B (Fujita, '66).
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The Cauchy Problem
@ up >0, ug # 0, then uy € B (Fujita, '66).
o If p €Ll [p+#0then \p € Bif \is small.

TC, FD, FBW () sign-changing solutions Benasquelll, August 2009 10 / 24



The Cauchy Problem
@ up >0, ug # 0, then uy € B (Fujita, '66).
o If p €Ll [p+#0then \p € Bif \is small.
@ There exists p € L' NG, [ #0.
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The Cauchy Problem
@ up >0, ug # 0, then uy € B (Fujita, '66).
o If p €Ll [p+#0then \p € Bif \is small.
@ There exists p € L' NG, [ #0.
@ 0 is stable in L*°.
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The Cauchy Problem
@ up >0, ug # 0, then uy € B (Fujita, '66).
o If p €Ll [p+#0then \p € Bif \is small.
@ There exists p € L' NG, [ #0.
@ 0 is stable in L*°.

@ There exists p € L' NGy, [ =0. A\p € Gy for all
Al < 1and A\p € B if \is large.
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-
The Cauchy Problem

A
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The Dirichlet Problem
up — Au=|u|u, in(0,T)xQ
u(0) = up, in €, (DP)
u=0 1in0Q
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The Dirichlet Problem
up — Au=|u|u, in(0,T)xQ
u(0) = up, in €, (DP)
u=0 1in0Q

@ If ¢ >0, ¢ # 0 then there exists A* > 0 such that
Ap € Gy if A< A, dp e Bif A > \".
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The Dirichlet Problem
up — Au=|u|u, in(0,T)xQ
u(0) = up, in €, (DP)
u=0 1in0Q

@ If ¢ >0, ¢ # 0 then there exists A* > 0 such that
Ap € Gy if A< A, dp e Bif A > \".

e G, Gy are convex.
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The Dirichlet Problem
up — Au=|u|u, in(0,T)xQ
u(0) = up, in €, (DP)
u=0 1in0Q

@ If ¢ >0, ¢ # 0 then there exists A* > 0 such that
Ap € Gy if A< A, dp e Bif A > \".

e G, Gy are convex.

o If « < as; =4/(N — 2) then (DP) admits stationary
sign-changing solutions V.
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The Dirichlet Problem
Proposition - Take W a stationary sign-changing solution.
Let 1 be a first eigenvector of —A — (o + 1)|W|*. If

| = [Wp; # 0then AW € Bif A~ 1 X # 1. In
particular, G is not star-shaped around 0.
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The Dirichlet Problem

Proposition - Take W a stationary sign-changing solution.
Let 1 be a first eigenvector of —A — (o + 1)|W|*. If
| = [Wp; # 0then AW € Bif A~ 1 X # 1. In
particular, G is not star-shaped around 0.

Proof - Assume | > 0, call uy the solution starting at AW

and set z), = u;\ : T Then
Yy — (Vv
atZ)\—AZ)\ = ’U‘ u)\_ll | ~ (CV+1)|W|QZ)\,

Z)\(O) =V
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z\(t) — z(t) in C, where

0z — Az — (a+ 1)|V|*z =0,
z(0)=WV
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z\(t) — z(t) in C, where

0z — Az — (a+ 1)|V|*z =0,
z(0)=WV

Since [W¢; > 0, z(t) becomes positive and so does
z)(t). This means uy > W for A > 1 and uy, < V¥ for
A <L

But we know that u blows up if ug > W or ug < V.
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Theorem - If a < a then G is not convex.
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Theorem - If a < a then G is not convex.

Proof - We may assume that | = 0. For uy € G let
upr = Atp+ (1 — ANV and let zy, = (uy — V)/A. Then,

a, — (plew
0izy — Az\ = |U/\‘ il ‘ ‘ ~ (Oé—|—1)‘\U|aZ)\,

A
Z/\(O) = Up — L
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z\(t) — z(t) in C, where

0z — Az — (a+ 1)|V|*z =0,
Z(O) = Uy — v
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z\(t) — z(t) in C, where

0z — Az — (a+ 1)|V|*z =0,
Z(O) = Uy — v

[ z(0)p1 = [ uppr. If [ uppr > 0 then z becomes posi-
tive and so does z) for A\ = 0. Thus uy <V = 1\ € B.
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z\(t) — z(t) in C, where

0z — Az — (a+ 1)|V|*z =0,
Z(O) = Uy — v

[ z(0)p1 = [ uppr. If [ uppr > 0 then z becomes posi-
tive and so does z) for A\ = 0. Thus uy <V = 1\ € B.

To show the existence of uy € G such that f ugp1 > 0 we
use a dynamical system argument.
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The case of a ball

Consider Q = By. If a < as = 4/(N — 2) there are
infinitely many stationnary (radial) solutions.
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The case of a ball

Consider Q = By. If a < as = 4/(N — 2) there are
infinitely many stationnary (radial) solutions.

If N =1, ¥ is symmetric, /(o) = 0 for all .

TC, FD, FBW () sign-changing solutions Benasquelll, August 2009 17 / 24



The case of a ball
Consider Q = By. If a < as = 4/(N — 2) there are
infinitely many stationnary (radial) solutions.

If N =1, V¥ is symmetric, /(a) = 0 for all a.
Wy(r) = (1+ (NN —2))1r?) ¢ N 2/2 is a stationary
global solution for a = as.
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Theorem 1 - Let N >3, o < as =4/(N — 2). Let ¥ be
a stationary sign-changing solution of (DP). Then there
exists o < as such that /() > 0 for a > .
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Theorem 1 - Let N >3, o < as =4/(N — 2). Let ¥ be
a stationary sign-changing solution of (DP). Then there
exists o < as such that /() > 0 for a > .

Proof -
Consider a = a5 and W(r).
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Theorem 1 - Let N >3, o < as =4/(N — 2). Let ¥ be
a stationary sign-changing solution of (DP). Then there
exists o < as such that /() > 0 for a > .

Proof -
Consider a = a5 and W(r).
There exists ¢; the first eigenvector of —A — (s +1)Ws

in RV, Clearly/ W, > 0.
RN
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Theorem 1 - Let N >3, o < as =4/(N — 2). Let ¥ be
a stationary sign-changing solution of (DP). Then there
exists o < as such that /() > 0 for a > .

Proof -

Consider a = a5 and W(r).

There exists ¢; the first eigenvector of —A — (s +1)Ws
in RV, Clearly/ W, > 0.

RN
A limiting argument shows that /(a) > 0 for a ~ as. [
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N
Theorem 2 - If N = 3, then /(«) > 0 for a small.
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N
Theorem 2 - If N = 3, then /(«) > 0 for a small.

Proof - Call p, the second zero of ¢, and consider Q2 =
B(po).
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N
Theorem 2 - If N = 3, then /(«) > 0 for a small.

Proof - Call p, the second zero of ¢, and consider Q2 =
B(po).

el N

Pa

W, (r) = 4@y (7r), where v = pa/po.
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Theorem 2 - If N = 3, then /(«) > 0 for a small.

Proof - Call p, the second zero of ¢, and consider Q2 =
B(po).

el N

Pa
W, (r) = %/ “®,(yr), where v = pa/po.
If 1 is the first eigenvalue associated to ¢,

then ¢1(r) = n1(yr) and
/(@) — fBo \ngl — 72/04—N fBa ¢771 — 72/0¢—NJ(O().
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N
Theorem 2 - If N = 3, then /(«) > 0 for a small.

Proof - Call p, the second zero of ¢, and consider Q2 =
B(po).

el N

Pa
W, (r) = %/ “®,(yr), where v = pa/po.
If 1 is the first eigenvalue associated to ¢,

then ¢1(r) = n1(yr) and
/(@) — fBo \ngl — 72/04—N fBa ¢771 — 72/0¢—NJ(O().
So it suffices to study the sign of J.
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—Ad = |]°D
—Am = (a+1)[®|*n + A
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—Ad = |]°D
—Am = (a+1)[®|*n + A

Note that A\;(«) < 0 even for o = 0.
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—Ad = |]°D
—Am = (a+1)[®|*n + A

Note that A\;(«) < 0 even for o = 0.

MJ() = a /B D2 = J(a) = J(0)/71(0) = 0.
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—Ad = |]°D
—Am = (a+1)[®|*n + A

Note that A\;(«) < 0 even for o = 0.

MJ() = a /B D2 = J(a) = J(0)/71(0) = 0.
But
J(@)/a? — ()\1(0))1/ log |®o|Por1.0-

By
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When N =3, n; =sinjr/r. For j > 1,

m ™
/ log | sin jr|/r sinjrsinr = —/ log r sinjrsinr < 0.
0 0

TC, FD, FBW () sign-changing solutions Benasquelll, August 2009 21 /24



When N =3, n; =sinjr/r. For j > 1,

m ™
/ log | sin jr|/r sinjrsinr = —/ log r sinjrsinr < 0.
0 0

This shows that J(«) > 0 for a small.
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Nehari Functional

Consider
1 1
S V 2 - a+2
5 [ IVt = = [l
M) = / Val? - / "
= inf{E(u), N(u) = 0}.
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Known facts:
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Known facts:
e ¢, > 0.
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Known facts:
e ¢, > 0.
e If u is a stationary solution, N(u) = 0.
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Known facts:
e ¢, > 0.
e If u is a stationary solution, N(u) = 0.
@ E(u(t)) is nonincreasing.
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Known facts:
e ¢, > 0.
e If u is a stationary solution, N(u) = 0.
@ E(u(t)) is nonincreasing.
o £~ CB.
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Known facts:
e ¢, > 0.
If uis a stationary solution, N(u) = 0.

E-CB.
W={E<e}n{N>0}cCd.

°
@ E(u(t)) is nonincreasing.
°
°
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Known facts:
e ¢, > 0.
e If u is a stationary solution, N(u) = 0.
@ E(u(t)) is nonincreasing.
o £~ CB.
o W={E<e}n{N>0}CG.
o Z={E<e}N{N<0}CB.
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Known facts:
e ¢, > 0.
e If u is a stationary solution, N(u) = 0.
@ E(u(t)) is nonincreasing.
o £~ CB.
o W={E<e}n{N>0}CG.
o Z={E<e}N{N<0}CB.
@ uy € Gz = u(t) € W for t large.
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Known facts:

e ¢, > 0.
If uis a stationary solution, N(u) = 0.
E(u(t)) is nonincreasing.
E- CB.
W=A{E <e}n{N>0}CG.
Z={E<e}n{N<0}CB.
up € Gz = u(t) € W for t large.
weB=u(t)e Zfort~T.

® 6 6 6 66 o o
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Known facts:

e ¢, > 0.
If uis a stationary solution, N(u) = 0.
E(u(t)) is nonincreasing.
E- CB.
W=A{E <e}n{N>0}CG.
Z={E<e}n{N<0}CB.
up € Gz = u(t) € W for t large.
weB=u(t)e Zfort~T.
d/dt||u|> = —2N(u(t)).

® 6 6 6 6 66 o o
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Question: N~ C B?
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Question: N~ C B?

The answer is no. Let W be a stationary sign-changing
solution of (DP) and let
up =V + ecps + o(e)p, € M. Since N(V) =0,

N(up) = eN'(W)ps + ofe).

N'(W)ps = 0 = |W|*V € [01, 2, ..., ] € CIOTF2,

This is not possible if « is not an even integer.
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