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A Fluid=Structure system with a control in the fluid equation

Q1) N —




Problem 1.

(Locally) Stabilize (with an arbitrary decay rate) the coupled
system (NSE + Damped Beam Eq.) with a control acting only
in the fluid equation.

Problem 2.

Control to zero a system coupling the LNSE + Finite Dim.
Beam Eq. (Finite Dimensional approximation of the Beam
Equation)

Motivation. Better understanding for the control of
fluid—structure systems.



Known results

e Null controllabilty of a system coupling NSE + Rigid Body
(2007, Imanuvilov & Takahashi, Boulakia & Osses).

e Null controllability of Stokes Eq. + Helmholtz Eq. (2009, R.
& Vanninathan) — Problem 2.

e Stabilization of NSE + Damped Beam Eq. with a force
acting only in the beam equation for rectangular type domain
(2008, R.) — Problem 1.



Notation

Domain occupied by the fluid at time ¢t
Quer) = {(x,y) |x € (0,L), 0 <y <1+n(x, t)} U Qo.
Boundary corresponding to the structure at time t
Fon = {06 ¥) [ x € (0,L), y =1+7(x )},

The space-time domain and boundary

= U Qo = |J e, Z0 =Tox (0, 7).

te(0,T) te(0,T)



We have

0:/Q divu:/r u(t)-n(t):/OLm:/snn

n(t) s,n(t)

because

_ —Tx 1 ’
"= <\/1+77§’ ¢1+n§> '

We choose 79 and 7, the In. Cond. in

L3(Ts) = {77 | /rsnzo},

and we denote by M the orthogonal projection on L3(I).



The fluid equation
e+ (u-Vyu—divo(u,p) = fyo, divu=0 in Qx,
u=n:€& on $° u=0 on Y, u(0) = up in Qo,
o(u,p) =v(Vu+VuT)—pl.

The structure equation
et = Blhoc = OMpoc + Moo = M(p + H(u,m)) on X,

=0 and 7,=0 on {0,L} x (0,00)

n(0) =m0 and 7:(0) =120 in T,

and
H(u,n) = —v(Vu+ VUT)(—T]Xa + &) - 6.



The nonlinear and linearized models

e First change of variable — Fixed domain 2.

e Second change of variable to take into account the
exponential decay rate —w

e Writing of the linearized model



Well posedness of the nonlinear system

e H. Beirao da Veiga (2004), 2D, Existence and uniqueness of
local strong solution with small data.

e A. Chambolle, B. Desjardins, M. J. Esteban, C. Grandmont
(2005), 3D, Existence of weak solutions.

e M. Guidorzi, M. Padula, P. I. Plotnikov (2008), 2D,
Existence of weak solutions.

e J. Lequeurre (2009), 2D, Existence and uniqueness of local
strong solution without smallness condition on the data.



We make the change of variable

(on) ()= (x5 2 )
transforms €,y onto Q = (0, L) x (0,1) U . Setting
0(x,z,t) = u(x,y,t), p(x,z,t) = p(x,y,t),
the nonlinear system is rewritten in the form

A

b+ (0- V)b — vAD —Vp = F(n, 0, VD), divi= G(n, )
=& onX®, =0 on XL, (0)=upinQ,

o>

Net — BMxc — OMpxx + WMok = P+ ll:l(ll), n) on X,
7](0) =TM0 and 7]t(0) =120 in [,



where
F(n, o, Vp)

= —ni; + (znt + vz (ffﬂ — 77XX>> i,

z2n2— A
+v (—Zanflxz + Nl + ( 1”%") uzz>
+Z(7]X:62 - nﬁx)él - (]- + n)alax + (anal - Z\12)1/—\127

A

G(na Z\I) = _nal,x + anal,z = div (_7]&151 + analé2)7
and

A(

A A o Nx N N 2+7]2A
u,p, 77) =V <1jnu1,z+7]xu2,x - 1+T]XU2,2 .



For —w < 0, we make the following change of variables:

wt ~

~ ~ wt ~ wt ~ wt
U=e"u, p=¢€"p, h=e"m, n=eTn.

The system is transformed into

b+ e (- V)i — vAl — Vp — wit = e “F(fy, i, 01, V),
divii= e “'G(ii, 1) in Qu,
0=1i8 onXs,, =0 onX2, (0)=upinQ,
flie =T +wip  on X5,
flo,e — Wil — Bt o — 02,0 + Q1 000
=P — 2wilp e H(i, i) + f on X
(0) =mo and 72(0) =m0 inTs.



The linearized system (around 0) is
vi —divo(v,p) —wv =0,
divv=0 in Q,
v=1p6 onX®, v=0 onXy, v(0)=wvinQ,
Me=1n2+wn onxy,
Mot — W2 — BN1sx — 0Mosx + QM1 s = P+ 0N X°,
m(0) =mpo and 12(0) =10 inTs.

Observe that

Vix+ Vo, =0 implies v,,|r, =0.



Plan of the talk

1. Local stabilization

Stabilizability of the linearized model
e The semigroup is analytic.
e The resolvent is compact.

e Approximate controllability of the linearized system.

Local feedback stabilization of the nonlinear model



2. Null controllability of the Stokes eq. + Finite
dimensional elastic structure

e Carleman estimates for the Stokes equations with NHBC
e Gradient estimate of the pressure
e Trace estimate of the pressure

e Elimination of the structure deformation (Compactness
argument)

e Elimination of the local estimate of the pressure (Method by
Gonzales-Burgos, Guerrero, Puel)



Part 1. Definition of the semigroup

Vo(Q) = {ye L2(Q) |divy =0, y-n=0on F},
L2(Q) = V3(Q) @ grad H(Q),

P L2(Q) — VO(Q).

We denote by Ay either the Stokes operator in V9(Q2) with
domain

VZ(Q) N V5(Q) = H2(Q) N Hy(Q) N V(Q),

or its extension to (V2(Q) N VE(Q)) (by extrapolation) as an
unbounded operator with domain V9(Q).



For w = 0, the equation satisfied by v can be split into two
equations
PVt = AOPV+(—A0)PD(772§2 er)7 V(O) =V in Q,
(I = P)v= (I - P)D(m&xr,) = Va,

(I = P)ve(t) = (I — P)D(m2,e(t)€ xr.,),

(I = P)vo= (I —P)v(0) e w-&=n3 on I
and D(1,6 xr.) = w is the solution to

—vAw+Vp=0, divw=0inQ, w=(mé&xr.,)onT.

|dea: Eliminate (/ — P)v



The pressure p =1 — g; where

Ar=0 in €, @:APv-n on T,
on

99
on

Let N € L(L2(T,), H*2(Q)) and Ny € L(H™Y?(T), H()) be

Aqg(t)=0 in Q, —=mn on I =0 on Ty

No(APv-n)=m and N(n) =g,
and let v, € L(HY(Q), L3(Ts)) be

1

Ysq = qlr, —
’ e



For w = 0, we rewrite the system in the form
Pvi = AoPv + (—Ao)PD(m26> xr.), Vv(0)=wv in
(I = P)v = (I = P)D(126 xr,) = Va,
M, = 72,

772,1‘ - ﬁnl,xx - 5772,XX + anl,xxxx
= —vsN(m,t) + vsNo(APv - n) +f on 3,

m(0) =mo and n72(0) =m0 inTs.
The equation satisfied by 7, is
(I + s N2t — BN — 0M2,00 + QN1 o0
= vsNo(APv -n)+f on X2,



We can rewrite the system in the form

Pv Pv
d
E m —./4 T 9
T2 P
with
I 0 0 A 0 (—Ay)PD
0/ 0 0 0 /
0 0 (I+~N)™ VsNo(A() - n) Aag 04

D(Aoéﬂ) = H4(I—S) N Hg(rs) N Lg(rs): Aa,ﬁn = ﬁnxx — OMxxxx s



{(Pv.m,m) € VA(Q) x (H* 0 HE 1 L3)(T) x (H N L3)(T)
| Pl = =V.(I = P)D(nz xr.) }
The compatibility condition
Pvlr = =V (I = P)D(n2€: xr,)

is equivalent to
v=mpé&xr., on T.



Theorem. The operator (A, D(.A)) is the infinitesimal
generator of an analytic semigroup on

H = V(@) x (H3(T5) 1 13(T,)) x 13(Ts).

Proof. We have

Ac 0 (=Ag)PD

A=| 0 0 / +B=A+8B,
0 Aup AW
with
0 0 0
B = 0 0 0

(I +7sN) " s No(A() - 1)) KsAap 0Ks As

with K = (I +v.N)~t — 1.



We prove that the operator (A3, D(\A)) is the infinitesimal
generator of an analytic semigroup on

H=V%(Q) x (H3(I's) N L3(T5)) x L3(T), and that (B, D(B))
is A;-bounded with relative bound zero:

D(B) > D((-A.)") with0<p<1.

Theorem. The resolvent of (A, D(.A)) is compact in
H = V3(Q) x (H5(Fs) N L3(Ts)) x L3(Ts)-



Stabilizability /Approximate controllability
Theorem. The system SE + DBE is approximately
controllable. It is also stabilizable with any decay rate.

Proof. The reachable set R(T) at time T when f describes
L2(0, T; L?(O)) is dense.

If (¢7,C1,7,C7) € (R(T))* then

-
/ / f¢o=0 where (4,() solves the adjoint syst.
o Jo

By the unique continuation result for the Stokes equation it
yields

=0 in Q.
Next, coming back to the adjoint system we prove that

(¢7,¢1,C,1) = (0,0,0).



Feedback control of the linearized model

A feedback law can be obtained by solving an optimal control
problem over the time interval (0, co)

(ng)voﬂ?l,o,m,o)
inf{l(v,nl,nz,f) | (v, 11,70, f) satisfies (LS), f € LZ(zs)},

where

1 [~ 1
o) =5 [ [ WP a5 [ Imlge, o

1 [ 1 [
+—/ |772]2dxdt+—/ () o .
2 )y 2 ),



Theorem. (Existence of a feedback operator)
For all Pvy € V)(Q), mo € (Hg N L§)(Ts), and 120 € L3(Ts),

Problem (ng’v()ym!omo) admits a unique solution. There exists
Ne L(V(Q) x (HZ N L3)(Ts) x L3(Ts)), obeying M = M*, and
the optimal control can be writen in feedback form

f(t) = —Ma(v(t), m(t), n2(t)).



Theorem. (Regularity of optimal solution)

If Pvo € V(Q), m10 € (H> 0 HG N LE)(TS),
Mo € (H} N L3)(Ts), and if Pvy and 1 satisfy the C.C.,

then the optimal solution to Problem (7%, .. ) belongs to
H>1(Q.) x H*?(X) x H>(X) and

[vIIH21(@u) + Imll He2css) + 12l o (s,
< C(||PV0HV%(Q) + H771,0||H3(F5)OH§(F5) + H772,0||H(}(F5))'



Local feedback stabilization of the nonlinear model

The nonhomogeneous closed loop linear system

v — vAv — Vp —wv = —Tl1(v, n1,m) xo + e_m/t_,

divv = e G = e “tdiviv  in Qoo

v=m& onX®, v=0 onXy, v(0)=wvin,

Mt =12 +wn onXX,

Mot — W2 — BN — Mo sx + WMt soox = P — 2UVo , + e “'H on 2:

m(0) =m0 and 12(0) =mao inTs.



Theorem.

If Pvo € VA(Q), 110 € H3(T) NHB(T), 20 € HY(TS) + C.C,
F e 12(Qx), W € H2Y(Qu), H € L2(0, 00; L3(T,)),

then the nonhomogeneous closed loop linear system admits a
unique solution belonging to H*!(Q.) x H*?(¥,) x H*}(X,),
the pressure belongs to L?(0, co; H*(R)), and
[VIn21(@u) + 1Pl 20,001 0)) + Il o2z,
< C(I[Pvollvyq) + ||771,0||H3(r5)mHg(rs) + ||772,o||Hg(r5)
+le™ Fllize) + e wllh2a(q.)
+le™ Hlli2(z,))-



Theorem. There exist 1o > 0 and an increasing function 6y
from RT into itself such that if 0 < p < po and

Ivollvi(e) + 1m0l (tenmeyra T 120l 3y < Oo(n)  +C.C.,

then the nonlinear closed loop system admits a unique solution
in the set

{He_w(')V||H2s1(Qoo)+||e_w(')771||H4’2(>:;><>)+He_w(')U2||H2»1(z;>o) < N}a
and

V(O k@) + (Ol renmg)r + 1720y

< Ce™“*(||vollvy) + ”771,0||(H3HH§)(F5) + H772,0HH(}(F5))'



Part 2. A model - Coupling S.E. + F.D. beam Eq.
vi —vAv+Vp=Ffyxo and divv=0 in Q,

v=20 on X,
V=1;6 on X,
v(0) = v in €,

Net = Blxx — Moo + ANoox = Mp in X,

which can be approximated by
= ai(t) G(x) = q(t) - ¢ with ¢ = (G-, w)T,

v=¢q (& on X,

q”+Bq/+Aq=/ p¢ in (0, 7).
s



Stokes equation coupled with a finite dimensional elastic
structure

vV —vAv+Vp=Ffxo and divv=0 in Q,

v=20 on o,

v:q’-Céz on Zs,

V(O) =W in Qa

¢'+ g +Ag= [ p¢ n (0,7),

q0)=q and  q(0)=aq in RV
With e.g.

_5€i,xx + agi,xxxx - )\i Cia and BC and / Ci = 0.



Theorem.

If vo € L2(Q), divy =0, g0 € R, g1 € RN, vy-n =gy - non
[, vo - n =0 on [y, then there exists a control

f € L2(0, T; L?(0)), such that the solution (v, q,q’) to SE +
FDBE obeys

(v(T),q(T),4q'(T)) =(0,0,0).



Carleman inequality for the adjoint system

—¢ —Ap+Vr =0 and divp=0

=0
o=—r-C&
¢(T):¢T

r”—BTr/+Ar:/ ¢

s

r(T)=rrT and r’(T)=nr

in Q,

on Zo,
on X,

in  Q,

in (0, 7),
in RNV,



We have to take different weight functions
n(x) >0 forall x € Q,
n(x)=Cr, and 0, <0 forxeTl,,
[Vn(x)| >0 forall x € Q\ Oy,

with Oy CC O,
e5Amlnllec /4 _ gA(n+mlinliec)
t) =
B(x, t) th(T — t)*
Xrmlinlloc) L s
t) = —— >1, k=4
S 1) (T -tk "

Conjugate the Heat operator e°?(9; — A)e™*"¢.



s [ et o+ o)

Q

+s)\2/§e—255’vd)‘2+53)\4/53 e—2$5’¢’2
Q Q

_1_5)\ ge—ZSﬁ |8n¢|2 + 53>\3/ 53 e—2$,@|¢|2
s

X

S C{/ 6725[7”vﬂ_‘2 +S3)\4/ 53 e—25,8|¢|2
Q Ox(0,T)

T 2
+/ e2sﬂ’¢/|2+/ o258 / WC’ }7
pa 0 s




s~ / §He (9 + [ DoP?)
Q
+s)\2/ ¢ e Vel +S3A4/ e of?
Q Q

+sh | e 270,02

X

- T
+/ e,gsg(lruF + |r|2) + 53/\3/ 53 e*2sﬁ‘r/|2
0 0

.
< C{/ e25ﬂv7r\2+5”4/ ¢ e_2SB|¢|2+/ i
o Ox(0,T) 0

T ) 2
+/ ef2s‘d / ﬂ.c } ,
0 rs




After eliminating the pressure gradient, we arrive at

LHS

S C{SZ)\2/ e—25L3’7T’2_+_S3/\4/ 53 e—25ﬁ|¢|2
Ox(0,T) Ox(0,T)

T T
+/ e_256|r|2+51/2/ |§*|1/2e—2s;‘8* W(t)Hiﬂ/z(r)},
0 Jo

with

A +mlnlleo)

§(t) =ming(- 1) = (T -0 0" (t) = minn(:, t),

5 Amllnlloc/4 _ oA(n*+mlnllec)

B(t) = mﬁaxﬁ(’7 t) = th(T — t)k



Trace estimate of the pressure

§
/0 €122 (6)] 2y
We set

p(t) = [ [Ve™ ¢* =g, T =pm.

The equation satisfied by r* = p r is not similar to that
satisfied by r. The usual proof (FC-G-I-P, I-T, B-O) relies on
an estimate of 7* in L2(0, T; HY(Q)).

We introduce ¢ = Po, ¢s = (I — P)¢p, m = o + ms. We do
not estimate directly 7* in L2(0, T; H*(2)). We eliminate 7,

in the equation. We estimate ¢, ¢:, 7%, and r. We use

pums =vsN(ur"” - n).



We show that ¢, = P¢, ¢s = (I — P)¢, me, obey

_¢/ A¢e - ( )PL(r er) ¢e(T) = ¢T7
(I = P)o = ¢s = (I = P)L(r'xr.),

r”—BTr/—i—Ar:—/ neg—/ vsN(r" - )¢,

(I +K)'" —B™r + Ar = —/ e C,
s

r(T)=roT and "(Ty=nr,

with
K=K">0, Kr" :/ vsN(r" - ¢)C.

We first obtain an estimate of ¢., m. and r. The estimate for
7. is derived from the one of r.



After eliminating the pressure trace, we arrive at

LHS
S C {52 /\2/ 52 e—2sﬁ’ﬂ_|2 + S3A4/ 53 e—2sﬂ |¢|2
Ox(0,T)

Ox(0,T)
-
—l—/ u2|r|2}.
0

Estimate of fOT 12|r|?. Let us choose
O=To<Ti<hh<---<T)< Tg+1,

such that y is monotone on the intervals (T}, Tj1).



Let E be the vector space of solutions to system satisfied by
(¢, 7, r). We introduce the following subspace of E :

:{(w,p,r)EE]r(Tj)ZO fora||1gjg£}.

The space E; is of finite codimension and

, T e3\rtmlall)|
/0 prrf? < C/ £3K(T — t)3k €

if (Y,p,r) € E

r'|2.




With a compactness argument we arrive at

LHS < C(S, )\) {/ 53 e—2sﬁ |¢|2 _,_/ 52 e—2sﬁ |7T‘2} )
Ox(0,T) Ox(0,T)

Next step.

i — Use two controls to obtain a null controllability result with a
boundary control. (Gonzales Burgos - Guerrero - Puel, 2008).

it — Prove that the second control is regular enough to be
removed.



Control of the Fluid — Solid structure model with two controls

vV—vAv+Vp=xof, divv=10g in Q,

v=20 on X,

Vv = q’ . C§2 on Zs,
v(0) = v in Q,
q”+Bq'+Aq=/ p¢ in (0, 7),
g0)=q0 and ¢(0)=q in R2

where 0 € C5°(0), flo, = 1,6 >0, 0; CC O. [,0g =0.



Minimize

Ligmp

1 1
(v, f.8) = 5 IPUT)sq) + o [A2a(T) P + o

1 — S, — S
#3 LI 06 gP)

where (v, g, f, g) solve the state equation.



Introduce the adjoint system

—¢ —vAp+Vr=0 and divp=0 in Q,

¢ =0 on X,

p=—r (& on X,

o(T) = Z(=PAY*Pu(T) n 2,

r" —BTr + Ar :/ T in (0, 7),
1 / 1 / 1 2

r(T) — _gqg(T)a r (T) = _ng(T) in R ’

We first have

ﬁ; — 53 e—256 gbg and g = _52 e—2s,6 7Ts+_ §2 e—2s,6 . 0 dx.



and

1 1 1
g||PVa(T)||%+1(Q) + E|qE(T)|2 + g|q;(T)|2

s gemigpy [ @eigpnp
0x(0,T) Ox(0,T)
= / ¢:(0) Pvo — r-(0) - go — r2(0) - qu.
Q
With the observability inequality, we have

1¢=(0)17> + [=(0)* + [ (0)?

< € Joron & €210 + ¢ fo, o € €7 ]

From which we deduce the null controllability of the Stokes
system with two controls, or with a boundary control.



Regularity of the control v..

10 gl (o, 1:H1(0)) < C.

Thus
0g € H(0, T; HY(Q)).

The equation
divz=60g inO, z=0ond0,,

admits a solution in H'(0, T; H3(0O)). lts extension Z by zero
belongs to H'(0, T; H(2)) and

2(0) = 2(T) = 0.

We set v = Z + z. The function (Z, p) is solution to the null
controllability problem with one control equal to

f— (0 —vA)z.
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