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A Fluid–Structure system with a control in the fluid equation
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Problem 1.

(Locally) Stabilize (with an arbitrary decay rate) the coupled
system (NSE + Damped Beam Eq.) with a control acting only
in the fluid equation.

Problem 2.

Control to zero a system coupling the LNSE + Finite Dim.
Beam Eq. (Finite Dimensional approximation of the Beam
Equation)

Motivation. Better understanding for the control of
fluid–structure systems.



Known results

• Null controllabilty of a system coupling NSE + Rigid Body
(2007, Imanuvilov & Takahashi, Boulakia & Osses).

• Null controllability of Stokes Eq. + Helmholtz Eq. (2009, R.
& Vanninathan) −→ Problem 2.

• Stabilization of NSE + Damped Beam Eq. with a force
acting only in the beam equation for rectangular type domain
(2008, R.) −→ Problem 1.



Notation

Domain occupied by the fluid at time t

Ωη(t) =
{

(x , y) | x ∈ (0, L), 0 < y < 1 + η(x , t)
}
∪ Ω0.

Boundary corresponding to the structure at time t

Γs,η(t) =
{

(x , y) | x ∈ (0, L), y = 1 + η(x , t)
}
.

The space-time domain and boundary

Q̃T =
⋃

t∈(0,T )

Ωη(t), Σ̃T
s =

⋃
t∈(0,T )

Γs,η(t), ΣT
0 = Γ0 × (0,T ).



We have

0 =

∫
Ωη(t)

div u =

∫
Γs,η(t)

u(t) · n(t) =

∫ L

0

ηt =

∫
Γs

ηt ,

because

n(t) =

(
−ηx√
1 + η2

x

,
1√

1 + η2
x

)T

.

We choose η1,0 and η2,0 the In. Cond. in

L2
0(Γs) =

{
η |
∫

Γs

η = 0
}
,

and we denote by M the orthogonal projection on L2
0(Γs).



The fluid equation

ut + (u · ∇)u − div σ(u, p) = f χO, div u = 0 in Q̃∞,

u = ηt~e2 on Σ̃∞, u = 0 on Σ∞0 , u(0) = u0 in Ω0,

σ(u, p) = ν(∇u +∇uT )− p I .

The structure equation

ηtt − βηxx − δηtxx + αMηxxxx = M(p + H(u, η)) on Σ∞s ,

η = 0 and ηx = 0 on
{

0, L
}
× (0,∞)

η(0) = η1,0 and ηt(0) = η2,0 in Γs ,

and
H(u, η) = −ν(∇u +∇uT )(−ηx~e1 + ~e2) · ~e2.



The nonlinear and linearized models

• First change of variable −→ Fixed domain Ω.

• Second change of variable to take into account the
exponential decay rate −ω

• Writing of the linearized model



Well posedness of the nonlinear system

• H. Beirao da Veiga (2004), 2D, Existence and uniqueness of
local strong solution with small data.

• A. Chambolle, B. Desjardins, M. J. Esteban, C. Grandmont
(2005), 3D, Existence of weak solutions.

• M. Guidorzi, M. Padula, P. I. Plotnikov (2008), 2D,
Existence of weak solutions.

• J. Lequeurre (2009), 2D, Existence and uniqueness of local
strong solution without smallness condition on the data.



We make the change of variable

(x , y) 7−→ (x , z) =

(
x ,

y

1 + η(x , t)

)
,

transforms Ωη(t) onto Ω = (0, L)× (0, 1) ∪ Ω0. Setting

û(x , z , t) = u(x , y , t), p̂(x , z , t) = p(x , y , t),

the nonlinear system is rewritten in the form

ût + (û · ∇)û − ν∆û −∇p̂ = F̂ (η, û,∇p̂), div û = Ĝ (η, û)

û = ηt~e2 on Σ∞s , û = 0 on Σ∞0 , û(0) = u0 in Ω,

ηtt − βηxx − δηtxx + αηxxxx = p̂ + Ĥ(û, η) on Σ∞s ,

η(0) = η1,0 and ηt(0) = η2,0 in Γs ,



where

F̂ (η, û,∇p̂)

= −ηût +
(
zηt + νz

(
η2

x

1+η
− ηxx

))
ûz

+ν
(
−2zηx ûxz + ηûxx +

(
z2η2

x−η
1+η

)
ûzz

)
+z(ηx p̂z − ηp̂x)~e1 − (1 + η)û1ûx + (zηx û1 − û2)ûz ,

Ĝ (η, û) = −ηû1,x + zηx û1,z = div (−ηû1~e1 + zηx û1~e2),

and

Ĥ(û, p̂, η) = ν
(

ηx

1+η
û1,z + ηx û2,x − 2+η2

x

1+η
û2,z

)
.



For −ω < 0, we make the following change of variables:

ũ = eωt û, p̃ = eωt p̂, η̃1 = eωtη1, η̃2 = eωtη2.

The system is transformed into

ũt + e−ωt(ũ · ∇)ũ − ν∆ũ −∇p̃ − ωũ = e−ωt F̃ (η̃1, η̃2, ũ,∇p̃),

div ũ = e−ωtG̃ (η̃1, ũ) in Q∞,

ũ = η̃2~e2 on Σs
∞, ũ = 0 on Σ0

∞, ũ(0) = u0 in Ω,

η̃1,t = η̃2 + ωη̃1 on Σs
∞,

η̃2,t − ωη̃2 − βη̃1,xx − δη̃2,xx + αη̃1,xxxx

= p̃ − 2νũ2,z+e−ωtH̃(ũ, η̃1) + f̃ on Σ∞s ,

η̃1(0) = η1,0 and η̃2(0) = η2,0 in Γs .



The linearized system (around 0) is

vt − div σ(v , p)− ωv = 0,

div v = 0 in Q∞,

v = η2~e2 on Σ∞s , v = 0 on Σ∞0 , v(0) = v0 in Ω,

η1,t = η2 + ωη1 on Σ∞s ,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx = p + f on Σ∞s ,

η1(0) = η1,0 and η2(0) = η2,0 in Γs .

Observe that

v1,x + v2,z = 0 implies v2,z |Γs = 0.



Plan of the talk

1. Local stabilization

Stabilizability of the linearized model

• The semigroup is analytic.

• The resolvent is compact.

• Approximate controllability of the linearized system.

Local feedback stabilization of the nonlinear model



2. Null controllability of the Stokes eq. + Finite
dimensional elastic structure

• Carleman estimates for the Stokes equations with NHBC

• Gradient estimate of the pressure

• Trace estimate of the pressure

• Elimination of the structure deformation (Compactness
argument)

• Elimination of the local estimate of the pressure (Method by
Gonzales-Burgos, Guerrero, Puel)



Part 1. Definition of the semigroup

V0
n(Ω) =

{
y ∈ L2(Ω) | div y = 0, y · n = 0 on Γ

}
,

L2(Ω) = V0
n(Ω)⊕ grad H1(Ω),

P : L2(Ω) 7−→ V0
n(Ω).

We denote by A0 either the Stokes operator in V0
n(Ω) with

domain

V2(Ω) ∩ V1
0(Ω) = H2(Ω) ∩H1

0(Ω) ∩ V0
n(Ω),

or its extension to (V2(Ω) ∩ V1
0(Ω))′ (by extrapolation) as an

unbounded operator with domain V0
n(Ω).



For ω = 0, the equation satisfied by v can be split into two
equations

Pvt = A0Pv+(−A0)PD(η2~e2 χΓs ), v(0) = v0 in Ω,

(I − P)v = (I − P)D(η2~e2 χΓs ) = ∇q,

(I − P)vt(t) = (I − P)D(η2,t(t)~e2 χΓs ),

(I − P)v0 = (I − P)v(0) i.e. v0 · ~e2 = η0
2 on Γs ,

and D(η2~e2 χΓs ) = w is the solution to

−ν∆w +∇ρ = 0, div w = 0 in Ω, w = (η2~e2 χΓs ) on Γ.

Idea: Eliminate (I − P)v



The pressure p = π − qt where

∆π = 0 in Ω,
∂π

∂n
= ∆Pv · n on Γ,

∆q(t) = 0 in Ω,
∂q

∂n
= η2 on Γs ,

∂q

∂n
= 0 on Γ0.

Let N ∈ L(L2
0(Γs),H3/2(Ω)) and N0 ∈ L(H−1/2(Γ),H1(Ω)) be

N0(∆Pv · n) = π and N(η2) = q,

and let γs ∈ L(H1(Ω), L2
0(Γs)) be

γsq = q|Γs −
1

|Γs |

∫
Γs

q.



For ω = 0, we rewrite the system in the form

Pvt = A0Pv + (−A0)PD(η2~e2 χΓs ), v(0) = v0 in Ω,

(I − P)v = (I − P)D(η2~e2 χΓs ) = ∇q,

η1,t = η2,

η2,t − βη1,xx − δη2,xx + αη1,xxxx

= −γsN(η2,t) + γsN0(∆Pv · n) + f on Σs
∞,

η1(0) = η1,0 and η2(0) = η2,0 in Γs .

The equation satisfied by η2 is

(I + γsN)η2,t − βη1,xx − δη2,xx + αη1,xxxx

= γsN0(∆Pv · n) + f on Σs
∞,



We can rewrite the system in the form

d

dt

 Pv

η1

η2

 = A

 Pv

η1

η2

 ,

with

A = I 0 0

0 I 0

0 0 (I + γsN)−1


 A0 0 (−A0)PD

0 0 I

γsN0(∆(·) · n) Aα,β δ∆s


D(Aα,β) = H4(Γs)∩H2

0 (Γs)∩ L2
0(Γs), Aα,βη = βηxx −αηxxxx ,



and

D(A) ={
(Pv , η1, η2) ∈ V2

n(Ω)× (H4 ∩ H2
0 ∩ L2

0)(Γs)× (H2
0 ∩ L2

0)(Γs)

| Pv |Γ = −∇τ (I − P)D(η2 χΓs )
}
.

The compatibility condition

Pv |Γ = −∇τ (I − P)D(η2~e2 χΓs )

is equivalent to
v = η2~e2χΓs on Γ.



Theorem. The operator (A,D(A)) is the infinitesimal
generator of an analytic semigroup on
H = V0

n(Ω)× (H2
0 (Γs) ∩ L2

0(Γs))× L2
0(Γs).

Proof. We have

A =

 A0 0 (−A0)PD

0 0 I

0 Aα,β δ∆s

+ B = A1 + B ,

with

B =

 0 0 0

0 0 0

(I + γsN)−1γsN0(∆(·) · n)) Ks Aα,β δKs ∆s

 ,

with Ks = (I + γsN)−1 − I .



We prove that the operator (A1,D(A)) is the infinitesimal
generator of an analytic semigroup on
H = V0

n(Ω)× (H2
0 (Γs) ∩ L2

0(Γs))× L2
0(Γs), and that (B ,D(B))

is A1-bounded with relative bound zero:

D(B) ⊃ D((−A1)ρ) with 0 < ρ < 1.

Theorem. The resolvent of (A,D(A)) is compact in
H = V0

n(Ω)× (H2
0 (Γs) ∩ L2

0(Γs))× L2
0(Γs).



Stabilizability/Approximate controllability

Theorem. The system SE + DBE is approximately
controllable. It is also stabilizable with any decay rate.

Proof. The reachable set R(T ) at time T when f describes
L2(0,T ; L2(O)) is dense.

If (φT , ζ1,T , ζ2,T ) ∈ (R(T ))⊥ then∫ T

0

∫
O

f φ = 0 where (φ, ζ) solves the adjoint syst.

By the unique continuation result for the Stokes equation it
yields

φ = 0 in Q.

Next, coming back to the adjoint system we prove that
(φT , ζ1,T , ζ2,T ) = (0, 0, 0).



Feedback control of the linearized model

A feedback law can be obtained by solving an optimal control
problem over the time interval (0,∞)

(P∞0,v0,η1,0,η2,0
)

inf
{

I (v , η1, η2, f ) | (v , η1, η2, f ) satisfies (LS), f ∈ L2(Σs)
}
,

where

I (v , η1, η2, f ) =
1

2

∫ ∞
0

∫
Ω

|v |2 dxdt +
1

2

∫ ∞
0

‖η1‖2
H2

0 (Γs) dt

+
1

2

∫ ∞
0

∫
Γs

|η2|2 dxdt +
1

2

∫ ∞
0

‖f (t)‖2
L2(Γs) dt.



Theorem. (Existence of a feedback operator)

For all Pv0 ∈ V0
n(Ω), η1,0 ∈ (H2

0 ∩ L2
0)(Γs), and η2,0 ∈ L2

0(Γs),

Problem (P∞0,v0,η1,0,η2,0
) admits a unique solution. There exists

Π ∈ L(V0(Ω)× (H2
0 ∩ L2

0)(Γs)× L2
0(Γs)), obeying Π = Π∗, and

the optimal control can be writen in feedback form

f (t) = −Π1(v(t), η1(t), η2(t)).



Theorem. (Regularity of optimal solution)

If Pv0 ∈ V1
n(Ω), η1,0 ∈ (H3 ∩ H2

0 ∩ L2
0)(Γs),

η2,0 ∈ (H1
0 ∩ L2

0)(Γs), and if Pv0 and η2,0 satisfy the C.C.,

then the optimal solution to Problem (P∞0,v0,η1,0,η2,0
) belongs to

H2,1(Q∞)× H4,2(Σ∞s )× H2,1(Σ∞s ) and

‖v‖H2,1(Q∞) + ‖η1‖H4,2(Σs) + ‖η2‖H2,1(Σs)

≤ C (‖Pv0‖V1
n(Ω) + ‖η1,0‖H3(Γs)∩H2

0 (Γs) + ‖η2,0‖H1
0 (Γs)).



Local feedback stabilization of the nonlinear model

The nonhomogeneous closed loop linear system

vt − ν∆v −∇p − ωv = −Π1(v , η1, η2)χO + e−ωt F̃ ,

div v = e−ωtG̃ = e−ωtdiv w̃ in Q∞,

v = η2~e2 on Σ∞s , v = 0 on Σ∞0 , v(0) = v0 in Ω,

η1,t = η2 + ωη1 on Σ∞s ,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx = p − 2νv2,z + e−ωtH̃ on Σ∞s ,

η1(0) = η1,0 and η2(0) = η2,0 in Γs .



Theorem.

If Pv0 ∈ V1
n(Ω), η1,0 ∈ H3(Γs)∩H2

0 (Γs), η2,0 ∈ H1
0 (Γs) + C.C.,

F̃ ∈ L2(Q∞), w̃ ∈ H2,1(Q∞), H̃ ∈ L2(0,∞; L2(Γs)),

then the nonhomogeneous closed loop linear system admits a
unique solution belonging to H2,1(Q∞)× H4,2(Σs)× H2,1(Σs),
the pressure belongs to L2(0,∞; H1(Ω)), and

‖v‖H2,1(Q∞) + ‖p‖L2(0,∞;H1(Ω)) + ‖η1‖H4,2(Σs)

≤ C (‖Pv0‖V1
n(Ω) + ‖η1,0‖H3(Γs)∩H2

0 (Γs) + ‖η2,0‖H1
0 (Γs)

+‖e−ω·F̃‖L2(Q∞) + ‖e−ω·w̃‖H2,1(Q∞)

+‖e−ω·H̃‖L2(Σs)).



Theorem. There exist µ0 > 0 and an increasing function θ0

from R+ into itself such that if 0 < µ ≤ µ0 and

‖v0‖V1
n(Ω) +‖η1,0‖(H3∩H2

0 )(Γs) +‖η2,0‖H1
0 (Γs) ≤ θ0(µ) +C .C .,

then the nonlinear closed loop system admits a unique solution
in the set{
‖e−ω(·)v‖H2,1(Q∞)+‖e−ω(·)η1‖H4,2(Σ∞s )+‖e−ω(·)η2‖H2,1(Σ∞s ) ≤ µ

}
,

and

‖v(t)‖H1(Ω) + ‖η1(t)‖(H3∩H2
0 )(Γs) + ‖η2(t)‖H1

0 (Γs)

≤ Ce−ω t(‖v0‖V1
n(Ω) + ‖η1,0‖(H3∩H2

0 )(Γs) + ‖η2,0‖H1
0 (Γs)).



Part 2. A model - Coupling S.E. + F.D. beam Eq.

vt − ν∆v +∇p = f χO and div v = 0 in Q,

v = 0 on Σ0,

v = ηt ~e2 on Σs ,

v(0) = v0 in Ω,

ηtt − βηxx − δηtxx + αηxxxx = Mp in Σs ,

which can be approximated by

η =
∑N

i=1 qi(t) ζi(x) = q(t) · ζ with ζ = (ζ1, · · · , ζN)T ,

v = q′ · ζ ~e2 on Σs ,

q′′ + Bq′ + Aq =

∫
Γs

p ζ in (0,T ).



Stokes equation coupled with a finite dimensional elastic
structure

v ′ − ν∆v +∇p = f χO and div v = 0 in Q,

v = 0 on Σ0,

v = q′ · ζ ~e2 on Σs ,

v(0) = v0 in Ω,

q′′ + Bq′ + Aq =

∫
Γs

p ζ in (0,T ),

q(0) = q0 and q′(0) = q1 in RN .

With e.g.

−βζi ,xx + αζi ,xxxx = λi ζi , and BC and

∫
Γs

ζi = 0.



Theorem.

If v0 ∈ L2(Ω), div v0 = 0, q0 ∈ RN , q1 ∈ RN , v0 · n = q1 · n on
Γs , v0 · n = 0 on Γ0, then there exists a control
f ∈ L2(0,T ; L2(O)), such that the solution (v , q, q′) to SE +
FDBE obeys

(v(T ), q(T ), q′(T )) = (0, 0, 0).



Carleman inequality for the adjoint system

−φ′ −∆φ +∇π = 0 and divφ = 0 in Q,

φ = 0 on Σ0,

φ = −r ′ · ζ ~e2 on Σs ,

φ(T ) = φT in Ω,

r ′′ − BT r ′ + Ar =

∫
Γs

π ζ in (0,T ),

r(T ) = r0,T and r ′(T ) = r1,T in RN .



We have to take different weight functions

η(x) > 0 for all x ∈ Ω,

η(x) = CΓe and ∂nη ≤ 0 for x ∈ Γe ,

|∇η(x)| > 0 for all x ∈ Ω \ O0,

with O0 ⊂⊂ O,

β(x , t) =
e5λm‖η‖∞/4 − eλ(η+m‖η‖∞)

tk(T − t)k
.

ξ(x , t) =
eλ(η+m‖η‖∞)

tk(T − t)k
, m > 1, k = 4.

Conjugate the Heat operator esβ(∂t −∆)e−sβφ.



s−1

∫
Q

ξ−1 e−2sβ (|φ′|2 + |∆φ|2)

+sλ2

∫
Q

ξ e−2sβ |∇φ|2 + s3λ4

∫
Q

ξ3 e−2sβ |φ|2

+sλ

∫
Σs

ξ e−2sβ |∂nφ|2 + s3λ3

∫
Σs

ξ3 e−2sβ|φ|2

≤ C

{∫
Q

e−2sβ|∇π|2 + s3λ4

∫
O×(0,T )

ξ3 e−2sβ |φ|2

+

∫
Σs

e−2sβ|φ′|2+

∫ T

0

e−2sβ
∣∣∣ ∫

Γs

π ζ
∣∣∣2} ,



s−1

∫
Q

ξ−1 e−2sβ (|φ′|2 + |∆φ|2)

+sλ2

∫
Q

ξ e−2sβ |∇φ|2 + s3λ4

∫
Q

ξ3 e−2sβ |φ|2

+sλ

∫
Σs

ξ e−2sβ |∂nφ|2

+

∫ T

0

e−2sβ(|r ′′|2 + |r |2) + s3λ3

∫ T

0

ξ3 e−2sβ|r ′|2

≤ C

{∫
Q

e−2sβ|∇π|2 + s3λ4

∫
O×(0,T )

ξ3 e−2sβ |φ|2+

∫ T

0

e−2sβ|r |2

+

∫ T

0

e−2sβ
∣∣∣ ∫

Γs

π ζ
∣∣∣2} ,



After eliminating the pressure gradient, we arrive at

LHS

≤ C

{
s2λ2

∫
O×(0,T )

e−2sβ|π|2 + s3λ4

∫
O×(0,T )

ξ3 e−2sβ|φ|2

+

∫ T

0

e−2sβ|r |2+s1/2

∫ T

0

|ξ∗|1/2e−2sβ∗‖π(t)‖2
H1/2(Γ)

}
,

with

ξ∗(t) = min
Ω
ξ(·, t) =

eλ(η∗+m‖η‖∞)

tk(T − t)k
, η∗(t) = min

Ω
η(·, t),

β∗(t) = max
Ω
β(·, t) =

e5λm‖η‖∞/4 − eλ(η∗+m‖η‖∞)

tk(T − t)k
.



Trace estimate of the pressure∫ T

0

|ξ∗|1/2e−2sβ∗‖π(t)‖2
H1/2(Γ).

We set

µ(t) = |ξ∗|1/4e−sβ∗ , φ∗ = µφ, π∗ = µπ.

The equation satisfied by r ∗ = µ r is not similar to that
satisfied by r . The usual proof (FC-G-I-P, I-T, B-O) relies on
an estimate of π∗ in L2(0,T ; H1(Ω)).

We introduce φe = Pφ, φs = (I − P)φ, π = πe + πs . We do
not estimate directly π∗ in L2(0,T ; H1(Ω)). We eliminate πs

in the equation. We estimate φ∗e , φ∗s , π∗e , and r . We use

µπs = γsN(µr ′′ · n).



We show that φe = Pφ, φs = (I − P)φ, πe , obey

−φ′e − Aφe = (−A)PL(r ′χΓs ), φe(T ) = φT ,

(I − P)φ = φs = (I − P)L(r ′χΓs ),

r ′′ − BT r ′ + Ar = −
∫

Γs

πe ζ −
∫

Γs

γsN(r ′′ · ζ)ζ,

(I + K )r ′′ − BT r ′ + Ar = −
∫

Γs

πe ζ,

r(T ) = r0,T and r ′(T ) = r1,T ,

with

K = K ∗ ≥ 0, Kr ′′ =

∫
Γs

γsN(r ′′ · ζ)ζ.

We first obtain an estimate of φe , πe and r . The estimate for
πs is derived from the one of r .



After eliminating the pressure trace, we arrive at

LHS

≤ C

{
s2 λ2

∫
O×(0,T )

ξ2 e−2sβ|π|2 + s3λ4

∫
O×(0,T )

ξ3 e−2sβ |φ|2

+

∫ T

0

µ2|r |2
}
.

Estimate of
∫ T

0
µ2|r |2. Let us choose

0 = T0 < T1 < T2 < · · · < T` < T`+1,

such that µ is monotone on the intervals (Tj ,Tj+1).



Let E be the vector space of solutions to system satisfied by
(ψ, π, r). We introduce the following subspace of E :

Ei =
{

(ψ, p, r) ∈ E | r(Tj) = 0 for all 1 ≤ j ≤ `
}
.

The space Ei is of finite codimension and∫ T

0

µ2 |r |2 ≤ C

∫ T

0

e3λ(η+m‖η‖∞)|Γs

t3k(T − t)3k
e−2sβ|Γs |r ′|2.

if (ψ, p, r) ∈ Ei .



With a compactness argument we arrive at

LHS ≤ C (s, λ)

{∫
O×(0,T )

ξ3 e−2sβ |φ|2 +

∫
O×(0,T )

ξ2 e−2sβ |π|2
}
.

Next step.

i – Use two controls to obtain a null controllability result with a
boundary control. (Gonzales Burgos - Guerrero - Puel, 2008).

ii – Prove that the second control is regular enough to be
removed.



Control of the Fluid – Solid structure model with two controls

v ′ − ν∆v +∇p = χO f , div v = θ g in Q,

v = 0 on Σ0,

v = q′ · ζ ~e2 on Σs ,

v(0) = v0 in Ω,

q′′ + Bq′ + Aq =

∫
Γs

p ζ in (0,T ),

q(0) = q0 and q′(0) = q1 in R2.

where θ ∈ C∞0 (O), θ|O1 = 1, θ ≥ 0, O1 ⊂⊂ O.
∫

Ω
θ g = 0.



Minimize

Jε(v , q, f , g) =
1

2ε
‖Pv(T )‖2

H−1(Ω) +
1

2ε
|A1/2q(T )|2 +

1

2ε
|q′(T )|2

+
1

2

∫
Q

(ξ−3 e2sβ |f |2 + θ ξ−2 e2sβ |g |2),

where (v , q, f , g) solve the state equation.



Introduce the adjoint system

−φ′ − ν∆φ +∇π = 0 and divφ = 0 in Q,

φ = 0 on Σ0,

φ = −r ′ · ζ ~e2 on Σs ,

φ(T ) =
1

ε
(−P∆)−1Pvε(T ) in Ω,

r ′′ − BT r ′ + Ar =

∫
Γs

π ζ in (0,T ),

r(T ) = −1

ε
qε(T ), r ′(T ) = −1

ε
q′ε(T ) in R2.

We first have

fε = ξ3 e−2sβ φε and gε = −ξ2 e−2sβ πε+
1∫
O θ

∫
O
ξ2 e−2sβ πε θ dx .



and

1

ε
‖Pvε(T )‖2

H−1(Ω) +
1

ε
|qε(T )|2 +

1

ε
|q′ε(T )|2

+

∫
O×(0,T )

ξ3 e−2sβ |φε|2 +

∫
O×(0,T )

ξ2 e−2sβ θ |πε|2

=

∫
Ω

φε(0) Pv0 − rε(0) · q0 − r ′ε(0) · q1.

With the observability inequality, we have

‖φε(0)‖2
L2 + |rε(0)|2 + |r ′ε(0)|2

≤ c
∫
O×(0,T )

ξ3 e−2sβ |φε|2 + c
∫
O1×(0,T )

ξ2 e−2sβ |πε|2.

From which we deduce the null controllability of the Stokes
system with two controls, or with a boundary control.



Regularity of the control vε.

‖θ gε‖H1(0,T ;H1(Ω)) ≤ C .

Thus
θ g ∈ H1(0,T ; H1(Ω)).

The equation

div z = θ g in O, z = 0 on ∂O0,

admits a solution in H1(0,T ; H2
0 (O)). Its extension z̃ by zero

belongs to H1(0,T ; H2
0 (Ω)) and

z̃(0) = z̃(T ) = 0.

We set v = Z + z̃ . The function (Z , p) is solution to the null
controllability problem with one control equal to

f − (∂t − ν∆)z̃ .
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