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Object to
be cloaked:
here a ball

Obiject to
be cloaked:
Claoking layer

Desing material properties in the coating layer
Qpr such that the scattering of an incident
'wave’ is 'minimal’. The ultimate, goal com-
plete extinction, is reminiscent of a controlla-

bility problem

G.Leugering, AM 2, FAU Erlangen-Nurnberg 2

>l
i3
N



s

Iy~ optimization problem

Spherical geometry General heterogeneous
can also be handled exactly material layers and inclusion
using moment theory no explicit solution
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\ O Layers: microstructures
> l.e. design such:microstructures in.order to achieve cloaking or the
p& _ appearnace of band-gaps! (see alsoTuesday’s session)

@ Examples in FEM-realizazion
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F(z,t) = f(z)e™?t |

where f = (f;),s = 1,2,3 is its local ampli-
tude and w is the frequency. We consider a
displacement field with local magnitude u®

Us(z,w,t) = ut(z,w)e™?t

Th steady periodic response of the medium,
by the displacement field u®, satisfies the fol-
lowing boundary value problem:

—w?pfuf — div o = p°F  in €,
u“=0 on 0%,
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Similarly, we can consider a piezoelectric field
with magnitudes (u®, ¢°)

i (z,w,t) = u¥(z,w)e™" |  FF(z,w,1) = ¢*(z,w)e

and the corresponding system of equations

‘u® — div o =p°f in Q,

— divDf=¢q in Q,
u*=0 on 0%,
©* =0 on 0%,

afj — ijkzekl(ug) = g;f;@jak@ga
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- Homoegenized mass tensor

To simplify the notation we introduce the eigen-
momentum m" = (m}),

r __ 2r
mt= [, PP (1)

T he effective mass of the homogenized medium
is represented by mass tensor M* = (M;‘j),
which is evaluated as

2\ —
MWD = g o0~ vy 3

(2)
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L Homogenized elasticity tensor

The elasticity coefficients are computed just
using the same formula as for the perforated
matrix domain, thus being independent of the
inclusions material:

1 1 ki ki
sz}kl |Y| Y, Cpqrs€ 'rs(w + I )6PQ(W”+HU)

where NM* = (M) = (y;6;,) and wh € HL, (Y1)
are the corrector functions satisfying

/Y cLorsel(WH 4 MFeY (v) =0 Vv € HL (V7).
1
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"\ Homoegenized Helmholtz-type elasticity

The global (homogenized) equation of the ho-
mogenized medium, here presented in its dif-
ferential form, describes the macroscopic dis-
placement field u:

0
M5+ 5 Clien() = Mi@)J;
J

M(w)* and C* can be viewed as objects of op-
timization in order to influence the function-
ality of the structure! Analogous situation for
piezo-electric material!

G O
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Major goal: describe and control the mapping
w — M(w) in order to influence wave propaga-
tion. In particular, if

e all eigenvalues of M (w) are negative, no wave
propagation is admitted

e there positive and negative eigenvalues, only
polarized waves admittes

Thus, the desired occurance of band-gaps be-
comes a matter of PDE-constrained optimiza-
tion linked with homogenization!
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L Three cloaking scenarios as cartoons

area to be concealed™-

Non homogenized § — ¢ level homogenized bi-domain level

o @a to be LOI]CE&IEd \ 0

homogenized singke-domain level
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parameters of the medium: description:

66",@5" constant
Bo s o const.

B, 1 pm const.
BE0 €9 pwW const.
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Cost function

scattered field in Q7T given as u5¢ = u —u"c. A
physically reasonable measure of the cloakmg
effect is the extinction function defined as:

. 2 -
Qext(uzfnc’ USC) — |d 5O Ireal {Il du%ncusc _|_ k%nc Scuznc}’
. C
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\‘ h‘The nen-homogenized problem § = A

1
_|_V2 w0t + W2 u0u5+—0 in Q;_,
O

25— _ o
( )—I—wp/u, =0 in S,
V- (/8 )-I—w pu’ =0 in Qs

On (T —u®) =0 on rT.
On(u’™ —u®) =0 on rs,
w7t —w® =0 on I_+,
W~ —u? =0 on s,

O’ — yu®c = 0on 9<2,

G O
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j Optimization on the § level

z 'E:E_.
The corresponding optimization problem can
be treated as a material optimization problem

as follows.
( min QQS(UinC,’U;SC) s.t.
B
y (w7’ u®) satisfies system above
L (/Baﬂ) & Z/{ad )

However, the tensors can now be characterized

by homogenization. They carry the parameters
of the inclusions, voids etc. in the coeffcients!
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—V2u+—|—w2uou+ =0 In Q_l_,
)6+
0]

1_ _ > _ : _

V- EV’LL +wpuu =0 in 27,

—fut =0 ut = —iwﬁg'go on g,
oy =0, u = iwﬁago on g,
dr (Adru® +iwBg®) + w?pe*u® =0 on Ig,
iwBou® +w?Fg® = ——(ut —u") onTlyg.

Onu’c — yu®c =0 on 90f2.
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min uC 43¢ s.t.
Ao, |, Qo u™)
] Uu

2N

(u™ u®) satisfies system above

\ (A,B,F,ﬁ,/i)euad,

This problem is open:
here we take coeeficients of a Laplace-Beltrami
operator on the boundary as controls!

we can regard the cloaking condition as an ex-
act controllability constraint!

GO iwﬂogo =0,u = 8+ T = k_l_ 'mc
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V(g% A, B, F) = ||k u"™+iwfog’lr, , s-t.

1
\Y (BVU) —I—wzuu =0 inS ,

Opu = bfiw,@o_go on g,
Or (AaTuO_I_ing ) +w Ho UO—O on g,

iwBou® + w2 Fgl = ——(umc —u) onlg.
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