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Piezo-electric material: shape and topology optimization
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Piezo-electric material: shape and topology optimization

The time harmonic model

Piezoelectricity

The material law describing the piezoelectric effect is given by

S(w) = Ae(w),
o(u,q) = Ce(u)— Pe(q),
P(u,q) = PTe(u)+ De(q),
{UZ z 8 on Sop {wz z 8 on St ,

We consider the following transmission conditions

{20 = { M4

where, for any z € T';, i = 1,2, ..., m, the symbol [(:)] is used to denote the jump between
quantities evaluated on the boundary I'; of each pair ;1 and ;, that is

[O1=0O® =D,

and n = n(® = —n(i=1) is the unit normal vector pointing toward the exterior of €;.

0
0
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Piezo-electric material: shape and topology optimization

The weak system

The weak formulation of the piezoelectric problem reads:
(—w?u,ma +afM(u,n) +a§M(g,m) = 0 VneWu(Q)

agE(Q;f) - G‘QME(u7 g)

0 VEe W)
as]‘z”M(uvn):/QCVSu'Vsn and asEzM(q,n)=/QPVq~V5n,

aSE(q, £) = /QDVq - V¢  and ag[E(u,g) = /QPTVSu V€,
with a§™ (q,u) = a{ ¥ (u,q) and V := 9/dz and

Wa(@) = {uwelH@P: ulg, =0, [ully, =0, i=1,2,.,m},
WE(Q) = {q € Hl(Q) : q|SO = 0’ IIq]”Fl = 07 1= 1>2a“'am} .
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Piezo-electric material: shape and topology optimization

Shape sensitivity: Novotny, Perla-Menzala, G.L., Sokolowski 2009
also for time-dependent problems and acoustic, mechanic, piezo-electric
coupling

Adjoint system

In order to simplify the further calculation, let us introduce the adjoint displacement
v € Wy (2) and the adjoint electrical potential p € Wg (), such that

(—=w?v,m)q + adf M (v,n) — a5M (p,n)

ag® (p,€) + aiy P (v,) —(Dq(Ja(u,q)),§) V&€ Wg(Q)

From the above system, we can define the adjoint stress tensor o, and the adjoint electrical
displacement ¢, as following

Ua(’l),p) = CVsy — Pvp ’
¢a(v,p) = —PTV®—DVp.
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Piezo-electric material: shape and topology optimization

Adjoint equation

@ The perturbed domain:
Qr ={z: €ER®:x;, =x+7V, 2€Q, 7> 0},

where V' is a smooth vector field defined in € that represents the shape change velocity.
@ The perturbed shape functional:
Ja, (ur,qr)
where the pair ur = ur(z+,t) and ¢r = g-(x-,t) solve

@ The perturbed variational problem:

(~w?ur,ma, +adM(ur,n) +agM(gr,m) 0 VneWnm(r)

agf(qn@ - QQMTE('U'W&) 0 V§eWg(Qr)

o The perturbed forms:

MM (4 ) = /Q CVeur -9y and aBM(gr,n) = /Q PV, -V,

QETE(an) :/Q DVgq, - V¢ and aé{E(uT,g) :/Q PTVSu, - VE,

=

with agi\/[(q-,—,uT) = aQMTE(u.,-,q-,—) and V := 9/0z.
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Piezo-electric material: shape and topology optimization

Shape sensitivity

Derivatives....

The shape derivative of the functional Jq(u, q) is given by
Ja(u,q) = (Da(Ja(u,q)), V) + (Du(Ja(u,q)), &) + (Dg(Ja(u,q)),d) -
M (u,m) = asj\{[M('d,n)Jr/ (CVSu'VSn)divvf/(VuT(CVSn)+VnT(CVSu)-V/,
Q Q
ag™(an) = a§™(dmn) + / (PVq- Von)divV — / (Vg® PTVn+ VT PVq)-VV
Q Q
@6 = aEP@9+ [ (DY Ve - [ (Vaw DVE+VE® DV IV,
Q Q
B (u,6) = aé‘fE(u,g)Jr/ (PTvsu~vg)divV—/(VuTPv5+V§®PTvsu)~vv
Q Q
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Piezo-electric material: shape and topology optimization

Shape derivative

(Du(Ja (4, a)), ) / (CV*u- V¥ + PVq- Vu)divV + aEM (4,v) + aBM (p, )
Q

/ (VuT (CVe0) + VT (OVSu) 4+ Vg @ PTVEy + Vol PVg) - VV
Q

+ w2/(VuT'u+VvTu)-V—w2/ (w-v)n-V,
Q

o0

<Dq(JQ(U»Q))7q> =

/Q(DVq -Vp — PTVeu - Vp)divV — oM E (i, p) — ad B (v, )

= /(Vq®DVp+Vp®DVq—VuTPVp—Vp@PTVS )-VV
Q

we have

(Du(Ja(u,q)), w)+{Dq(Ja(u,q))

/SVV w/ (u-v)n-V4w? /(VuTv—l—VvTu)-V
Q
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Piezo-electric material: shape and topology optimization

The tensor S reads
S=(0-Viv—¢-Vp) - (Vulog +VoTo —Ve® pa—Vp® ),

In addition, we observe that

m
/S~VV:/ Sn~V+Z/ [[S}]n-V—/divS-V.
Q le) iz /Ty Q

Shape gradient

|
| \

We obtain the shape derivative of the functional Jq(u, q) independent of 4 and ¢,
namely

Jalned) = (Da(alsq)V)+ /6 (et -V

+ / Sn-V—i—Z/ [[S]]n~V—/divS-V
o0 =1/ Q

+ w2/ (VuTv + VoTu) -V,
o0
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Piezo-electric material: shape and topology optimization

Topological gradient

Topological gradient

We dig a hole wy, of radius h into €2 centered at the origin and denote the new domain
Q(h) = Q\ @p. The system then reads

D(-Va)TA@)D(Va)uh(z) = f(z), @€Qh)
D(n(@)")T A@)D(Va)uh(z) = glz), w€Tn
D(n(z)MTA(z)D(Vy)u"(z) = o0, x € Owy,

uP(z) = 0, zelp

uh(z) = u(z) + x(x)(hw(z/h) + R2w?(z/h) + ...)

The shape functional is of the form:

A = [ J(u(e)iz)do

Q

with some canonical regularity conditions and growth bounds
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Piezo-electric material: shape and topology optimization

Topological gradient: Cardone, Nazarov, Sokolowski 2009

Formula

We obtain the following formula for the topological gradient:

A Qn) = 3(wQ)+ kI ((0);0) + h*(—=P(0)T £(0)mes(w) — D(Vz)P(0)" Me’)
+O(h3+....)

where P solves the adjoint problem

D(—V )T A(z) D(V ) P(z)
D(n(z))" A(z)D(Vz)P(x)
P(x)

J' (u(x),z), =€Q
0, zel'y
0, zelp

and M is the so-called polarization matrix which has to be computed numerically, as no
analytical formula is yet available.
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Figure: topology at 1850/950 Hz
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Optimization for Single Fre:
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Figure: displacement at
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robust SIMP

@ Robust design
for SIMP using
MMA as in the
previous case

o Perform this
with shape
optimization

o combine with
topological
gradient
method

o transient
problem in
progress!!
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Thank you for your attention ...
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