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e Joint work with C. Kenig, G. Ponce and L. Vega.
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Theorem (Hardy’s Uncertainty Principle)
Assume f(X) = O(efxz/ﬁQ) and f(&) = O(e™*/%). If 2

af3

1
> 4

f=0.If L B = 4, f is a constant multiple of e 218,



Oru=iAu, xeR", teR,
u(0) = wp.
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N\D —i|x j X
(4mit)3e P/ y(x, t) = (el /4t ug) <27>

u(0) = O(€_|X|2/’62) and u(T) = O(e—lx\z/a2)

then, u=01in R" x [0, T]. If J; =}, u has initial data



(Cowling M. and Price J. F.) If p, g € [1,00] with at least one
of them finite, -L; > 7, el*! */B%f ¢ LP(R) and e¥P/2°F € L9(R),
then f = 0.

(Beurling) If f is in L1(R) and

/ / FGOIIF(E) e8! di dé < oo,
R JR
then f =0.

o If eﬁ2 up € LP(R), eaZelT% g € L9(R), p, g € [1, 00] with at
least one of them finite and Jg > 411, then ug = 0.
o If up € L*(R) and

//\uo(x)ue'mxuo(y)elxyl/?dedy < o0,
R JR

then ug = 0.



General Framework

e u verifies O;u = (A+ iB) (Au+ V(x, t)u), f = e?:ty,
o f verifies |0;f — Sf — Af| < M|f|, S is symmetric and A is
skew-symmetric.
S=A(A+|Ve|?) —iB(2Ve -V + Ap) + O,
A=iB(A+|Ve]?) —AQVe -V + Ayp),
S+ [S, Al = D20 + 4AV - VOrp — 2iB (2Vrp - V + Adrp)
— (A + B?) [4V - (D?pV ) —4D%pVyp - Vo + A%p] .

e When f = e/‘|X|2u,

= —/ (A2 + 52) [8A — 32,u2\X|2] ,

- (A2+B2)/ 8V F[2 + 32,13 x 7| F2 .
Rn



General Framework

e May need to get control on H(t) = ||f(t)||?> = ||e?ul|, for t > 0.
OtH(t) = 2R(0:f, f) = 2R(0f — Sf — Af, ) + 2(Sf, f)
Is S a negative operator?
O2H = 20;Re (0,f — Sf — Af, ) +2(S:f +[S, Al f, f)
+ ||0:F — Af + SF|? — ||0:f — Af — SF|?

Is St + [S, .A] a non-negative operator?



General Framework

e To obtain logarithmic convexity for H(t)
O¢log H(t) = 2R(0:f, f) = 2R(0:f — Sf — Af,f)/H + N(t).
o N(t) = 2(Sf, f)/H and

ON(t) = 2(Scf +[S. Al f, ) /H
+ [l0cF — AF + SEPIFI2 = (R (0cF — Af + SF,F)?| /H?
+ [(Re(arf — AF = SF, ) — |0cF — Af = SFI2|IFI2] /H?.

Is S¢f + [S, A] a non-negative operator?



e To prove an L% — % Carleman inequality
le“ulliz, S 11e? (0r = (A+iB) A)ull 2,
the standard argument is to write f = e¥u,

e? (9 — (A+iB) A u = O,f — SF — Af.

|0cF — SF — Af||7, = ISF|[2 + 10:F — Af|[f

—2Re/ Sfof — Af dxdt,

_9Re / SFOF — AF dxdt — / (Sef + [S, AIf, f) dt.

e Relation between Carleman inequalities for evolutions, convexity
and logarithmic convexity properties of solutions.



o 0 (7(t)0: log H(t)) > 7 (v Sef + 7S, Alf + 4 SFf, f).
o When f(x, t) = e®IxTb(BE? y(x ), ¢ € R", H(t) = ||F(¢)]|?
and u is a free wave

(v Sef ++[S, Alf ++Sf,f)

. b ;4
= 8ay Rnl—'Vf+2£f+(;+477) (x + b&) fI? dx

ayb

2
o )a P d

2b2
§|2/ |£|? dx,

+F(a,7)/Rn Ix + b€+




Ix12.

ur(x,t) = R™2 (t — )—% o W)

|~

(R—iR?t)

= (Rt — )72 e 4+R22)

ur(x,t+to), R>0,a€R.

e Choosing R and tg can find free waves such that

when

[x?



e When f = ea(t)‘x‘zu, f verifies 0;f = Sf + Af, with
S = —4ia(x0x + 3) + ax? A= ((9)% + 432x2) :
1S+ 18, Al-58=-807+F(al)x,
Fal)=1(a- % +324°).

e If ais a positive and even solution of
F(a, 1) >0, in[-1,1],
the formal calculations show that H,(t) = || u(t)||? verifies
1 .
81- <8t IOg Ha(t)> > 0, n [—].7 ].]
a

and

N|—=

H(0) < Ha(—1)2 Ha(1)3.



e The solutions of F(a, %) = 0 are the functions

1
Ra(Rt + t9), R t R, with a(t) = ————-.
a(Rt + tp), R > 0, ty € R, with a(t) i1+ 0
e If formal calculations are correct for H,,
ar(t) = Ra(Rt) = L
RY = T 41+ R?P)

and some free wave u, we get

Rx? Rx?

2 _ R _Rx®
e u(0)|2 < [|e ™+ u(—1)| "+ (1))

and v =0, letting R — +o0.

[ ]
|x|2 1 _ (=i

U(X, t) = (t — I)i% e_4f(t7i) = (t — i)fﬁ e 4(1+£2)

contradicts this.

[x|?



e (C.E. Kenig, G. Ponce, L. Vega)

Theorem

Assume u € C([0, T], L>(R™)) verifies
Oru =i (Au—+ F(x,t)), inR" x [0, T],
then

[%U% leX*u()]| < [le**u(O) ]|+ X< u(T) I+ | Fl 110, 77.c2(8))-

A-x

o f = e™*u verifies

Oif — iNF — i|\*f 4 2iX\ - VF = —iF,
DeF(£) + (il6 = IIAP = 2) - ) F(2) = —iF(2).



e There is € > 0 such that if u € C([0, T], L2(R")) verifies
Oru =i (Au+ V(x,t)), inR"x [0, T], Ve L®R"x [0, T]),
and

1
I. V oo n =
RJTOO/O [V (£)]] oo (mm\ Bg) dt = O,

then

sup [[e**u(t)]| < |e**u(0)] + [ u(T) + e VI= sup [[u(2)].
[0,T] [0,7]

2
e The identity, [, e2VIAX—15 gy (27r)”/2e2“|x|2, gives

sup "M u(t)|| < [le"F u(0)[|+ || u(T) || +e"IVI% sup [|u(t)]].
[0,7] [0,7]



Theorem
Assume u € C([0,1], H*>(R")) is a strong solution to

Oru =i (Au+ V(x, t)u),
V:R"x[0,1] — C, V,VV e [*(R" x [0,1]),

and

1
I' V oo n — V.
oIV e =0

Then, there is ¢ = c(n, |lul| o2, | Vs, [V V| 11o0) such that if
u(0) and u(1) are in H (e dx) and 1 > ¢, then u = 0.



Theorem
¢ :[0,1] — R is a smooth function. Then, there is

N = N(|¢]loc + [[&]loc) >0
such that the inequality
02 €] [|e“PHOL F | o gy < NPT (@D, — iA)F [ 2

holds, when o > N, £ € R" and f € C§°(R"*1) is supported in the
set

{(x, 1) - Ix+ e(8)e] = (€]} -



e up, up € C([0,1], HX(R")), k > n/2 + 1, verify
i0ru + Au+ F(u, 1) =0,
F:C?—-C, FecCk F(0)=0,F(0)=d;F(0)=0.

There is ¢ = c(n, [|u1]| o2, (w2l Lo 2, [|Fl o) such that if
u1(0) — up(0) and wy (1) — up(1) are in H (e dx) and 11 > «,
then u; = ws.



For up in S'(R") the following statements are equivalent:
(/) There are two different real numbers t; and tp, such that
e etit g is in L2(R™), for some a; > 0, j = 1,2.
(ii) ebX”uy and e?2X*Ty are in L2(R"), for some bj>0,j=1,2
(iii) Thereis v : [0, +00) — (0, 400) such that e’(D)IXI”eit2 ;s
in L2(R™), for all t > 0.

(iv) g(x) = e ug(x), 7 € R, verifies (ii) with possibly different
constants.

(v) uo(x + iy) is an entire function and
|ug(x + iy)| < Ne=@XP+EIYP for some N, a, b > 0.

(vi) Uo(& + in) verifies (v) with possibly different constants.

(vii) There are § and € > 0 and h in L2(e?*” dx) such that
uo(x) = e’2h.



Assume «, (3, T are positive and A is in R"”. Then,

A-x Ax B(T—t) A-X (aT+p)t
lect8 u(t)[| < [le 7 u(0)|| T(tTH) [leaT+B u(T)||(tFAT,

when 0 <t < T.

°
A X A-X 8 — at

€28 u(t)|| < [le P u(0)|[atFB |le”s" u(0)||at+B,

when t > 0.



AXx
o f(x,t) =eathu(x,t), A € R".
e u(0) extends to C” as an analytic function and

|u(x + iy, 0)] < Ne P +bF for all x,y € R™.

® SUPg<i<T ||e"|x‘2u(t)|| < 4o00.

o 0.f = Sf + Af, H(t) = || f(1)|*.

o (at + 3)2 St + (at + )’ [S, Al + 20 (ot + 8) S > 0.
. 0; ((at +3)log H(t)) > 0.

o T2|u(xT, T)| — 272[6(£/2,0)| and

A-x (aT+P)t AxT (aT+p)t
|eaT+3 u(T)[| (@EFAT = |[eaT+3 TEu(Tx, T)|(at+0)T,

and converges to
2A§ — _at
le o u(0)[|>++0,

when T — +o0.



e W2 B(T—1) 2 (aT-HB)t
le@@B2 u(t)|| < [l 7% u(0)]| T(at+0) He(aT+B u(T)l (at+p)T

when 0 <t < T.

[ ]
‘X‘2 Ix|2 B ‘§| — _oat
JeGe u(e)] < [l u(0)| T [le"er u(0)]| 47,
when t > 0.
[}
MX\Z

A2 wx ﬁ 2
/ e a3 2 d)\ (27‘(’)”/ (xt+/5)



Other Convexr Weights

Given fi = (u1, ..., fn) in [0,00)", the following holds:

ujf 1jx? B(T—t) MJ < (aT+B)t
|7 u(t)]| < fle 7 u(0)]| TE@ER) [l o? u( T)|| GEAT

when 0 <t < T.

[ ]
2 2
1jx; 1 Jé] 4u~§2 o at

@ u(®)]] < fle# u(0)[[ 77 e u(0) |a¢+7,

when t > 0.



Given p € (1,2], there is ¢ = ¢(p, n) > 0 such that

[ ]
B(T—t) N (aT+B8)t

el u()) < c el3l woy T@FD el uery @A
when 0 <t < T.
[ ]

x |P B
Jel 75l ue)l < c el 3l ugoy 577 el 1" ae) 373,

when t > 0.

e There is ¢ = ¢(n, p) such that

IxIP |x1P
cler S/e)‘ d)\<ceP,WhenX€R”.



Theorem
e Assume that u in C([0, T]), L2(R")) verifies

Oru =i (Au+ V(x, t)u), inR" x [0, T],
Ix? 12
le 7 u(0)[] + [le o u(T)|| < o0,
the potential V(x, t) verifies one of the conditions in the next slides

Tt
aff 47
Then, u=0 in R" x [0, 1].
e When , ,
le* " u() ]| + (e u(T)|| < +o0,
the same holds provided that

1
Ry



Conditions on the Potential

(i) V(x,t) = Vi(x) is real-valued and || V1 || oc(gn) is finite.
(ii) V(x,t) = Vi(x)+ Va(x,t), Vi as above and
x\z
sup || e (t+80-07 Va(t)|| oo (mny is finite.
[0,1]

(i) ||V || Lo (mrx[0,1)) is finite and

1
oI IVl de =0,



(i) V(x,t) = Vi(x) is real-valued and || V4|~ is finite.
(i) V(x,t) = Vi(x) + Va(x,t), Vi as above and

sup ||e*** V5 (t)[|so is finite.
[0,1]

(7i) || V| oo is finite and

1
li V(t)] oo (mrn dt =0.
IV ey e = 0



Theorem
Assume T /a3 = 1/4. Then, there is a smooth complex-valued

potential V' verifying

|V(x,t)| < in R" x [0, T]

1+ |x|?’
and u in C*([0, T],S(R™)) such that
Oru =i (Au+ V(x,t)u), inR" x [0, T]

and
|x|?

2 12
le 7 u(0) || 2(rmy + [le o (Tl 2(rr)

is finite.



e Reduction to case « = (3 using the Appell (conformal) transform:

|x|2

w(x,t) = t_gu(x/t, 1/t)e%Ari)

verifies

n |x|2
orw = — (A + Bi) <Aw + t‘§‘2F(x/t, 1/t)e4(A+fB>t> )

when
Osu=(A+ Bi)(Au—+ F(y,s)).
[}
2 (a—p)|x|?
- . ap 2 afB x t F(al—t)150)
u(x,t) = (a(l‘{;m> u (a(I/_THﬂt, a(l—ﬂt)+,6’t) eFa(I=0)+70)
verifies

8, = i (A’ﬁ+ V(x, t)ﬁ) L in R % [0,1]



7 . af VaBx Bt
Vixt) = (a(1-t)+pt)° v (a(l—t)+ﬁt’ a(l—t)+ﬁf)

and
ly[? 1
[a(t)e"™ V]| = [[u(s)etes+sa=D|| , when p = oy ST s orEE
- a B
[ V][ oo mrxo,1)) < max{ﬁ, a}||VHL°°(R"><[O,1])-
[}

1 1
/0 V(8 o iy dt = /0 1V(8) o= g .



(A=) |x]2

u(x, t) = (1+ it)fzkfg (1 + |x]2)_ e m

for some k > 7
[ ]

He|X‘2/8u(i1)H <400, Oww=i(Au+ V(x, t)u), in R

and



Variable Coefficients and the same Gaussian decay

Assume 1 > 0 and that u in C([0,1]), L?(R™)) verifies
Oru =i (Au+ V(x,t)u), in R" x [0,1].
Then, there is a universal constant N = N(u) such that

X2 X2
SUP[O,l]HeM Fu(t)] + [|V/E(@ - t)er Vull2mexjo,1))
< MV [ u(0)] + e u(1)]]

Moreover, ||e“*u(t)|| is “logarithmically” convex in [0, 1]:

e u(e)]] < eMHHIVIE) et (o) | 1= e F u()|



Theorem

Assume i > 0, u in C([0,1]), L2(R")) verifies
Oru =i (Au+ Vi(x)u), inR" x [0,1],

with V4 real and bounded. Then, there is a universal constant
N = N(u) such that

suppo,1plle"™ u(t)[| + 1v/t(1 = £)e*™ " Vul| 2(gnx o)
< M) [ u(o) | + e (1))



Gausstan decay for diffusions

Theorem
Assume that u in L>°([0,1], L2(R")) N L2([0, 1]), H*(R")) satisfies

Oru=(A+iB)(Au+ V(x,t)u+ F(x,t)), in R" x (0,1],
A >0 and B € R. Then,

uA|x|
e~ M7 ||eArn(BHBT y(T)||

pAlx|?

< [l u(0)|| + /A2 + B2||e N (1) 110, 71.02(Em)
for all T > 0 and with

MT = ||ARe V — Blm VHLl([O,T],LOC’(R”))'



Convexity for Diffusions

e uin L>=([0,1]), L2(R")) N L?([0, 1], HY(R")) verifies
Oru = (A+iB) (Au+ V(x, t)u), in R" x [0,1],

A>0, BeR. Then,
e P u(t))|

is logarithmically convex in [0, 1] and there is N such that
e u(e)|| < eNOFHAHBIIVIE) | grbt® 4 (0|1 e (1) 2,

when 0 < t <1.



Convexity for Diffusions

Moreover,

X2
Iv/t(1 — t)e Vull 2wexo,1))

< N(1+(+B) | VIR.) (He“'XPu(O)H n Heplx\zu(l)n) .
e When u(t) = e™ug, H= A + Vy(x),

{atu = i(Au+ Va(x)),in R" x [0,1],
u(0) = up.



o u(t) = ele+DtH 4o solves

{atu = (e+ i) (Au+ Vi(x)),in R" x [0,1],
u(0) = wo.

o u (1) = elFDHyg = eHeM yy = eHy(1), and

I

etel P eet (1) < elVillow 1 etx2 u( 1)1 with . — .
I u(1)] < [ u(L)l], with e T

o ||ler<x* u (¢)|| is logarithmically convex and

X2 gXQ
FOUBHEME‘ Puc(t)]] + [Vt — t)erl Ve 2mnxo,1))
< eN(1HIVLIIZ) (HeuGIXIQUG(O)H + \|e“‘»|x|2u6(1)||) ‘

Then, let € tend to zero.



A Carleman inequality

e The inequality

x 2\¢12 € \ﬁl( )
€[] et (1Fe) ll 2gesy <

Nyl 0 EOF 010 EED i) gy
holds, when y >0, € >0, £ € R” and f € C§°(R"! x (—1,1)).
e Related to the logarithmic convexity of

H() = [t O 2, 0, g e,

when u is a free wave in R” x [—-1,1].



o H(t) < H(—1)2H(1)Z, when —1 < t < 1.

H(—1)2H(1)z = |[e™ u(-1)| " u(1)]| < 1,

H(t) = eI @IeP gl gy 2
proves theorem, when ;> 1 in R” x [—1,1]. Otherwise,

2 (1 42y g2 Ie—16p2(1—t) 2y, _2¢(1—=1%) 42
Heu\x\ (1=2)[¢]* ==, ——+2u(1-t )Xgu(t)||2 <e  tou §

and integrate d¢ to get



sup [|e(22(t)=9) ‘XFu(t)Hz < 400, forall e >0,
[7171]
where
/1/
1— 1642(1 — t2)

a(t) = >, in (—1,1).
e Also,
F(ag,a)>0|n[11]

and the latter justifies the log-convexity calculations and implies
that

sup e u(e)|? < 1.
(-1.1]



Theorem
1w <1/8. Then, there is N = N (u) such that

%Mz
[Sl;Pl] |e4FRZE) 0 y(e) ||

(R—iR?t)

LVIS @ v et ()] ligeext-1a

< MV [P (-1 + e u(u)]]

where R is the smallest root of the equation

R

= ra+ R



2
Ix[2.

)—5 e Ht—F)

ug(x,t) = R™2 (t—

|~

n _ (R=iR%t)
— (Rt — /)*E e 4(1+R2t2)

e uin C([-1,1],L2(R")) is a solution of
Oru — iAu=0, in R" x [-1,1]

[xI?

, R>0.

and
e u(=1)| + [ u(1)] < 1, for some 11> 0.

e Show that either u =0 or
x 2
sup e u(o)] < 1
[(-1,1]
where R is the smallest root of the equation
R
PR



sup [l u(t)]| + eul V1 — 2 eV u| 2mar1y) < 1,
[_1>1]

e kth step: k smooth functions a; : [-1,1] — (0, +00) have been
constructed:

aA=p<ap<-o-<ag in(-1,1),
F(aival,-) >0, in [_171]7 ‘31'(_]')231'(]'):}’67 i=1...,k

where _
Fa.l)=1(a- % +329°)

’a a



sup [ e u(e)]| + e[|V ul g1y <1 (1)
[_171]

1 2b2|¢|2
) (aat log Hb> > F(’f) | (2)

1
O¢ (;%H) > ea/ & (IVul? + |x2[uf?) dx
Rn

when F(a, 1) >0, in [-1,1] and

Hy(t) = ([P OF u(6)|[Fagny , H(E) = 1€ u(t) | F2 -



e Take a = aj in (2) with a suitable choice of a certain b = by in
(—1,1), with
b(—1) = b(1) =0,

gives:

/ €2k (1) =216 (Ti(t) ~a(0)b1(0)2) +4au(Obk(€ (1) 2 d < 1,

for all £ € R".
°
0 <1 0 T) 713% in [ 1 1] T, ( 1) T, (1) 0
—_ ] — —_ = = U.
t ar t 1k F(ak, alk), s 4y k k

o Is Ti(t) — ak(t)bk(t)? < 0, somewhere in (—1,1)?.

e A positive answer implies u = 0.



e Otherwise
/ ezak(t)‘x|2*2|§‘2((1+5)Tk(t)*ak(t)bk(t)2)+43k(t)bk(t)x'f‘u(t)‘2 dx

< e 2eT(D)IE]?

and integrate d¢ to find that

sup ||e(ak+1(t)_€)‘x‘2u(t)|| < 400, foralle >0
[_171]

with
ap T

A+l = =15
+ Tk—akbi’
a=p<ap<--<ag<aky, in(—1,1),

Flakt1, 507) > 0, in [=1,1], a1 (—1) = aka (1) = e



e When limg_, ;o ax(0) < 400, the sequence a, converges to an
even function a verifying

{F@@):l(a—ﬁj+w§)zmianu,

a

a(l) = p.

R
4(1+ R%t2)’
are all the even solutions of this equation and a must be one of
them:

R e R,

R
P dar Ry

for some R > 0. In particular, u = 0, when > 1/8.



Parabolic analog

Theorem
Assume that

|Au—eul < M([u| + |Vu]) | |u(x, t)] < MeMXP
in R" x [0, T] and
lu(x, T)| < Cee XX in R", for all k > 1.
Then, u=0 in R" x [0,1].

L2
o If e e uy € L2(R"), up € L2(R") and ¥ > L. Then,

ug = 0.



Parabolic analog

Theorem
Let u in L*([0, T], L2(R™)) verify

Oru = Au—+ V(x,t)u, inR" x [0, T],

for some bounded potential V/,

2

JES
[u(0)[[ + lle # u(T)|| < +o0

and assume \/—j > 1. Then, u=0.



e Log-convexity in [0, 1] of

_ lePta-n@-2t) _|e2t1-1t)
H(t):/ e2u|x+§t(1 t)er|?+ 3 8 |U(t)|2 dX,

when £ € R”,

e P a)]| + [le P a(1)|| < +oo
. Ix12 . (R2t+iR)\x\2
ur(x,t) =Rz (t— L) 2e R = (Rt —1) 2e RA)

(0 R2t R2
a = = ———
R a1+ R M T a1 RY



8A

F(a) = ® (5 4 2423 + 64a°) = %7 where A — a.

(b+2(s+82) 6)2

O (eSAat log Hb) > —eSA\£|2

x 2
Ha(t) = [| P u () | oy

e What is the choice of b so that if

ga (b+2(a+82%)b)?
3+24a52+6423 2=

at (eSAat T) = —
T(0) = T(1) =0,
a verifies
F(3) > 0, in [0,1],
when F(a) > 0in [0,1] and T — ab?® > 0 in (0,1)?

2+ 2423+ 6433

aTl

T — ab?’



Finding Gaussian decaying solutions

e Gaussian decaying solutions for 9; = i (A + Vi(x)):
o (R. Killip)

When e#X* g is in L2(R") and u(t) = etH (efuo),

u(t) = e(%+i)tHuO

and

ulx|?
e 405 u(t)|| < ellillee||erxF o|| | when t > 0.



