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ABSTRACT. This article studies a hyperbolic conservation law that models a
highly re-entrant manufacturing system as encountered in semi-conductor pro-
duction. Characteristic features are the nonlocal character of the velocity and
that the influx and outflux constitute the control and output signal, respec-
tively. We prove the existence and uniqueness of solutions for L!-data, and
study their regularity properties. We also prove the existence of optimal con-
trols that minimizes in the L2-sense the mismatch between the actual and a
desired output signal. Finally, the time-optimal control for a step between
equilibrium states is identified and proven to be optimal.

1. Introduction and prior work. This article studies optimal control problems
governed by the scalar hyperbolic conservation law

1
Op(t, ) + 0 AW (1)) p(t,x)) =0 where W(t) = /0 p(t, z) dz, (1)

on a rectangular domain [0, 7] x [0, 1] or the semi-infinite strip [0, 00) x [0, 1]. We
assume that A\(-) € C*([0, +00); (0, +0o0)) in the whole paper.

This work is motivated by problems arising in the control of semiconductor man-
ufacturing systems which are characterized by their highly re-entrant character, see
below for more details. In the manufacturing system the natural control input is
the influx, which suggests the boundary conditions
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p(0,2) = po(x), for 0 <z <1, and p(t,0)A(W(t)) = u(t), for t >0. (2)

Various different choices of the space of admissible controls are of both practical and
mathematical interest, each leading to distinct mathematical problems. Motivated
by this application from manufacturing systems, natural control objectives are to
minimize the error signal that is the difference between a given demand forecast
yq and the actual out-flux y(t) = AM(W(t))p(¢,1). An alternative to this problem
modeling a perishable demand, is the similar problem that permits backlogs. In that
case, the objective is to minimize in a suitable sense the size of the different error
signal

B(t) = / ya(s) ds — / AW (s))p(s. 1) ds, 3)

while keeping the state p(-,2) bounded. This article only considers the problem of
perishable demand and the minimization in the L?-sense.

Partial differential equations models for such manufacturing systems are moti-
vated by the very high volume (number of parts manufactured per unit time) and
the very large number of consecutive production steps which typically number in
the many hundreds. They are popular due to their superior analytic properties and
the availability of efficient numerical tools for simulation. For more detailed discus-
sions see e.g. [5,2,3,6,16,17,19]. In many aspects these models are very similar to
those of traffic flows, compare e.g. [12].

The study of hyperbolic conservation laws, and especially of control systems
governed by such laws, have a rich history. A modern introduction to the subject
is the text [8]. From a mathematical perspective, the choice of spaces in which
to consider the conservations laws (and their data) provides for distinct levels of
challenges. Fundamental are question of wellposedness, regularity properties of
solutions, controllability, existence, uniqueness and regularity of optimal controls.
Existence of solutions, regularity and well-posedness of nonlinear conservation laws
have been widely studied under diverse sets of hypotheses, commonly in the context
of vector values systems of conservation laws, see e.g. [4,7,9]. Further results
on uniqueness may be found in [11], while [10] introduced an a distinct notion
of differentiability of the solution of hyperbolic systems. For the controllability
of linear hyperbolic systems, see, in particular, the important survey [22]. The
attainable sets of nonlinear conservation laws are studied in [1,15, 18,20, 21], while
[14] provides a comprehensive survey of controllability that also includes nonlinear
conservation laws.

This article is, in particular, motivated by the recent work [19] which, among
others, considered the optimal control problem of minimizing ||y — yallz2(0,7) (the
L? norm of the difference between a demand forecast and the actual outflux). That
work derived necessary conditions and used these to numerically compute optimal
controls corresponding to piecewise constant desired outputs .

The organization of the following sections is as follows: First we rigorously prove
the existence of weak solutions of the Cauchy problem for the conservation law (1)
for the case when the initial data and boundary condition (2) lie in L'(0,1) and
LY(0,T), respectively. Next we establish the existence and uniqueness of solutions
for the optimal control problem of minimizing the L2-norm of the difference between
any desired L2-demand forecast y; and actual outflux y(t) = A(W(t)) - p(t,1).
Finally, in the classical special case where



ANALYSIS OF A CONSERVATION LAW 3

AW) = @)

we prove that the natural candidate control for transferring the system from one
equilibrium state to another one is indeed time-optimal.

While preparing the final version of this article, the authors received a copy of
the related manuscript [13] which is also motivated in part by [5,2,19] and which
addresses wellposedness for systems of hyperbolic conservation laws with a nonlocal
speed on all of R™. It also includes a study of the solutions with respect to the initial
datum and a necessary condition for the optimality of integral functionals. There
are substantial differences between [13] and our paper, especially the treatment of
the boundary conditions and the method of proof.

2. Existence, uniqueness, and regularity of solutions in L'.

2.1. Technical preliminaries and notation. For any A € C*([0, +o0); (0, +0))
define the functions A\, A € C°([0,00);(0,00)) and d € C°([0,00);[0,00)) with re-
spect to A as

M) = oint AW, A(M) = OSSVL;I;MA(W), d(M) = OS%EMW(W)" (5)

For convenience we extend A to all of R in such a way that this extension, still
denoted ), is in C1(R; (0, +00)).

2.2. Weak solutions of the Cauchy problem. First we recall, from [14, Section
2.1], the usual definition of a weak solution to the Cauchy problem (1) and (2).

Definition 2.1. Let T > 0, pg € L'(0,1) and u € L'(0,T) be given. A weak
solution of the Cauchy problem (1) and (2) is a function p € C°([0,T]; L*(0,1))
such that, for every 7 € [0, T] and every ¢ € C1([0,7] x [0,1]) such that

o(r,2) =0,Vz €[0,1] and (¢, 1) =0,Vt € [0, 7], (6)

one has

T 1
|| ottt + AW @) s ) dzar
T 1
+/0 u(t)ga(t,())dt—i—/o po(z)p(0,z)dr = 0. (7)

One has the following lemma, which will be useful to prove a uniqueness result
for the Cauchy problem (1) and (2).

Lemma 2.2. If p € C°([0,T]; L*(0,1)) is a weak solution to the Cauchy problem
(1) and (2), then for every T € [0,T] and every ¢ € C1([0,7] x [0,1]) such that

o(t,1) =0,Vt € [0, 7], (8)

one has

/ ' / Pt 2) (e (1 2) + MW (1)) g ()t + / " ult)e(t, 0)de
0 0 0
1 1
- [ prplrade + [ mae.0d = 0. (9)
0 0
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Proof. The case 7 = 0 is trivial. For every 7 € (0,7] and ¢ € (0,7), let n. €
C1([0,7]) be such that

ne(t)=0 and n.(t)=1,Vte[0,7—¢] and n.(t) <0, Vte[0,7]. (10)
It is easy to prove that, for every h € C°([0, 7)),

im [ (Oh()dE = —h(r). (11)

e=0 /¢

Then, for every ¢ € C1([0, 7] x [0, 1]) satisfying (8), let . (t,2) := n.(t)p(t, ). This
obviously verifies

e (1,2) =0,Vz € [0,1] and ¢.(t,1) =0,Vt € [0,7]. (12)

Since p € C°([0,T]; L*(0,1)) is a weak solution to the Cauchy problem (1) and
(2), we have

T 1
/O / Pt 2) (92t ) + AW () (92 ) (1, 2) et
T 1
+ / w(t)(i02) (£,0)dt + / po(@)(92)(0, 2)dz = 0. (13)

Using the definition of ¢, (10) and (13), one has

/ / (t, ) (pe(t, ) + MW (t)) s (t, z))dxdt
+/ u(t)p(t, O)dt—i—/o po(x)p(0, z)dx
- [ / (1= 0 (ot 2) (91t 2) + AW (8)) i (8, )t

—l—/_ (1 —ne(t)u(t)p(t,0)dt — /77E p(t,x)p(t, x)dzdt. (14)

T—E€
Observing that p € C°([0,T7]; L*(0, 1)) A€ C’l( :(0,00)) and ¢ € C*([0, 7] x [0, 1]),
we point out that the functions W (- fo ,w)dw, fol p(-,2) (-, z)dz and A(W(+)
are all in C°([0, 7).
We can estimate the first two terms on the right hand side of (14) as

‘/i /0 (1—Ws(t))/’(tvx)(%ﬁt(tafﬂ)+/\(W(t))gaz(t,:1:))da:dt‘ <Ke, (15

and
-

/_ (1= e, 0)de| <K [ u(tya, (16)

T—E

where K is a constant independent of e. While for the last term on the right hand
side of (14), we get from (11) that

/Ts/ nL(t)p(t, x)p(t, x)dedt = /Eng(t)(/olp(t,x)gp(t,x)d:c)dt

—>—/0 p(r,x)o(r,z)de as € — 0. (17)

In view of (15)-(17), letting € — 0 in (14) one gets (9). O
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Theorem 2.3. If po € L'(0,1) and v € L*(0,T) are nonnegative almost ev-
erywhere, then the Cauchy problem (1) and (2) admits a unique weak solution
p € C°([0,T); L*(0,1)), which is also nonnegative almost everywhere in Q = [0,T] x
[0, 1.

Proof. We first prove the existence of weak solution for small time: there exists
a small 6 € (0,7] such that the Cauchy problem (1) and (2) has a weak solution
p € C°([0,6]; L*(0,1)). The idea is to find first the characteristic curve & = £(t)
passing through (0,0), then construct a solution to the Cauchy problem.

Let

Qsar = {g € 09([0,6]): £(0) = 0, A\(M) < w < X(M),Vs,t €[0,0]s > t},
(18)
where X, X are defined by (5) and

M = ||ull 10,7y + Ipoll 1 0,1)- (19)
We point out here that the case d(M) = 0 (by (5), A is a constant in [0, M]) is
trivial. We only prove Theorem 2.3 for the case d(M) > 0.
We define a map F : Qs — C°([0,4]), € — F(£), as

t s 1-£(s)
F&)(t) :== /0 /\(/O u(o)do —I—/O po(z)dx)ds, Y& € Qs 0, VE € 10,6].  (20)

It is obvious that ' maps into {25 57 itself if

1
0<d<Tand §d < =——. (21)
A(M)
Now we prove that, if § is small enough, F' is a contraction mapping on s s with
respect to the C° norm defined by

€llcoqo,a)) == sup [£(2)].
0<t<s

Let &1,& € Qs . We define & € C°([0,8]) and &, € C°([0,6]) by & (t) ==
max{&; (t),& (1)} and &,(t) := min{&; (¢),&(t)}. By (5) and changing the order of
the integrations (see Figure 1), we have

t 1—52(5)
Fe)(O) - Feo <don) [ | [ po(a)dalds
o1

—&1(s)

1-5,(1) .
= a0 [ e 80—

(M) / @@ ) —E (- a)de.
1-€,(1)
1-85(t) 1 - 1 -
d(M) E ) PO(x)df : (52 (52(15)) —-& (f2(t)))

! ——1 —1
) [ @@ ) s

IN

1
a(M) / po@dz - s & @) — & W)). (22)

&1 () 0<y<E,(t)

IN
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Using the definitions of £, &, and of Qs a7, We obtain that, for every y € [0, &,(t)]

(see Figure 2),

0<% -& (v

2

IN

(&'~ &' +Z§l(y)) N (Zfl(y) +& ()

; -4 W)

+ = &1

— —1 —1 =1
(y—22(§1 (y) +& (y))) 1 )(— (51 (y) +& (y))_y)

A(M) 2 A(M 2
——1 -1 -1 -1
_ 1 (Z (51 (y) + & (y))_g (61 (W) +& (y))>
(M) ! 2 2 2
1
< m”gl_&HCU([O,&])' (23)
Therefore,
dm) (!
FE)® - Fenl < S0 [ p@de o - @llesgon
AMM) J1-g, 1)
dMm) [
< ﬁ /1—5 po(z)dz - [[&1 — &2llco(po,8))- (24)
S S
t
1]
O N &
W+
2
g
0 |1-£.0 1-6.0 X 0 gzgf'(y);i;'mgyg‘EE."m;i;'(y)E Eo Y
Ficure 1. Change FIGURE 2. Using
order of integrations property of s in
for  and s in (22) (23)

Since po € L'(0,1), we can choose § € (0,1) small enough such that

! (M)
/176p0(x)d17 < (M)

(25)

Then
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1
1F(&1) — F(&2)llcoqo,s)) < 5”51 — &lleo((o,8))- (26)

By means of the contraction mapping principle, there exists a unique fixed point
&= F(&) in Q5. By (20), the fix point £ is an increasing function in C*([0, d]),
and one has

t 1-£(t)
) = )\(/0 u(o)do +/0 po(x)dz), WVt e [0,4]. (27)

Then we define a function p by

=
IN
8
IN
“}—‘

o o
IN
8
IN
P
=
IN
“}—‘
) )
INIA
~ ~
ININ
S >

(28)

which is obviously nonnegative almost everywhere. Direct computations give that,

for every ¢ € [0, 0],
1
/ p(t, z)dz
0

SO e (Ew) — ) b
/o 5/(5—1@@)—x))d“/g(t)”(x §(t)de

' 1)
= / U(U)d0+/ po(y)dy
0 0
< Nullzio,ry + llpollzro,) = M. (29)

0 < W(t)

A

Using (5), (27) and (29), we obtain the following estimates of &’ from above and
below:

0 < AM) < E(t)=ANW(t) <XM), Vtelo,d]. (30)

We now prove that p € C°([0,8]; L'(0,1)). For every s,t € [0,5] with s > ¢,

1
[ 1ots.2) = plt)o
0

€O (e (s —a)  u(E M (EW) — o)
S/0 P =) FEEE =)

€(s) .
+ /5(15) lp(s, ) — p(t, z)|dx + /5(5) [po(z — &(s)) — po(x — &(t))|dx. (31)

As for the first term on the right hand side of (31), we choose {u"}>2, C
C1([0,T]) which converges to u in L'(0,T), then we have
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/“’ w(E (E(s) —2) U(é“‘l(&(t)—w))‘ i
o EET(E) ) EETED — )
< [uEEs) —e)  unEE) )|
= S lEETE) —w)  EET(E) —a)
€O € Es) — ) un € EW) — )|
*/ gE1(E(s) — ) E(E1(ER) —2)) ‘d
/“” w(ETME®) —2) u(é*l(f(t)—x»’ "
ET(ER) — )  E(EER) —2)
ulo) —u™(o)|ldo
= / £(s)— £(t))+0 |() ()l
/ ((s r)  uh(EMEW) — ‘ "
—z)  €(EER) )
< / o)|do
¢® (s)— ) u(E(E®)
/ —3 ~ T =y |- (32)
By (30),
/f“ (€M Es) — @) un(ETHE) - >>’ "
o TEENEs) —a)  EEED — )
SO (e (s) — ) —un(ETLER) — x)
= / EE1(E(s) — 1) @
£(t) S 1 1
+/0 €60 - N gErr = ~ seeg—)|©
< Gulé(s) =)+ Cn / t)/ 1(5(:) K o)dodx
£(t) pl—€(t)+a
+O/ /1g(s)+m y)dydz, (33)

where C,, is a constant independent of s and ¢ but depending on u™. By changing
the order of integrations, we obtain furthermore (see Figure 3)

(t) &M (Es)— w)
/ / o)dodx

1(5(5) £(t) &) t §(s)— §(s)—¢(0)
e S el e
0 £(t)—¢(o) §71(&(s)—=¢(1) J&(t)—€(o)

IN

( /Ogl<s<s>f<t>>+ /;1(5(5)—£(t))+ /t S)u(d)d0'|§(8)_§(t)|

l[ullLr o,y - 1§(s) — £(2)]

IN

and (see Figure 4)
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£(t) pl—g)+
/ / y)dydx
0 1 s)-l—w

=€) pE()-l+y [ pl=E()+EE®) pe()-1+y 1 &(t)
- ([ / +f L atwdedy
1-¢(s) 1-€(1) s-1+y  J1-e()+e0) Je—1+y

1-£(t) 1—£(s)+€(t) 1
< ([ o+ +f )po(w)dy - €(s) — (1)
1-&(s) 1-¢(%) 1-&(s)+&(1)
< lpollzro,) - 1€(s) = E@)I-
€(0) y
1
189 +E®)
&(s) y=1-§(O+x
&
[E©)=E(s)~%|
1-£®) :
o
HOE)

0 HOMRION 0| tw-to &) EW X
Ficure 3. Change FiGurRE 4. Change
order of integration on order of integration on
o and z in (34) y and x in (35)

As for the second term on the right hand side of (31), it is easy to get that
£(s) £(s) £(s)
[ tots.) = pltsalido < [ pts,ajda+ [ pttardo
£(t) () ()
€1 (E(s) =€) £(s)—¢(t)
-/ uoydo+ [ ol (36)
0 0

As for the last term on the right hand side of (31), we choose {p2}°, C C([0,1])
which converges to po in L(0,1), then we have

(35)
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[ Ione = ¢66)) = pole — €le)ldo
&(s)

< [ Imle €D~ el [ bl e(o) el
1
+ [l €0 = ol - €(0)lda
£(s)
1=¢(s) 1=¢(¢)
< (/ +/§_() 1)~ 50y + Dale(s) €0
< 2 [ 1nlo) ~ pb(w)ldy + Dales) ~ €0 (37)

where D,, is a constant independent of s and ¢ but depending on pf.
Using (19) together with the estimates (31) to (37), we obtain for any s,t € [0, ]
with s > t,

/ lp(s,x) — p(t, z)|dx

< 2 / lu(o) —u"(@)do + Culé(s) — £()] + MIE(s) — £()]
e (E(s)—€(t)) E(s)—&(t)
+ / u(o)do + / poly)dy

1
+2 / po(y) — R W)ldy + Dalé(s) — £(2)]. (38)

We can choose u™ and p{} such that fOT |u(o) —u"(0)|do and fol lpo(y) — pi (y)|dy
are small as we want. Then according to (30) and the fact that w € L'(0,T) and
po € L'(0,1), the right hand side of (38) is sufficiently small if s and ¢ are close
enough to each other. This proves that the function p defined by (28) belongs to
CO([07 d]; Ll(ov 1)).

Next, we prove that p defined by (28) is a weak solution to the Cauchy problem
(1) and (2). Let & € [0,6]. For any ¢ € C'([0,8"] x [0,1]) with ¢(8',2) = 0 and
p(t, 1) =0, let

_/0 /0 p(t, ) (pe(t, ) + AW (t)) s (t, x))dxdt. (39)
Then we have
1 —x
t o / / 6 tt - 33)))) (e (t, 2) + AW (1)) oz (8, ) ddl

+ / / pol — E(0) (91t ) + AW ()i (1, 2))ddt

/ / (g, €(t) — £(0)) + AW () (1, (1) — £(0))dordt

1-£(¢
/ / DL EW) + 1) + MW () s (1, £(1) + 1) dydt, (40)

and thus
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4 = // ) §lo ))dtd
/1 £<‘5>/ /1£(5,/ (- y> pO dcp(t 5;) )dtdy

- _/ u(o)g (a,o)dt—/ po(y)e(0,y)dy. (41)

0 0

This proves the existence of weak solutions to the Cauchy problem (1) and (2) for
small time.

Now we turn to prove the uniqueness of the weak solution. Let us assume that
p € CY([0,6]; L*(0,1)) is a weak solution to the Cauchy problem (1) and (2). Then
by Lemma 2.2, for any 7 € [0,6] and ¢ € C*([0, 7] x [0, 1]) with ¢(t,1) =0,

/ / (t, ) (e (t, ) + AW (t))ha (8, :E))d:rdt—i-/(: u(t)y(t,0)dt

- [+ [ m@wo.ae=o (42)
0 0
where W (t fo (t,x)dx.
Let £(t) = fo ))ds and 1y € C§(0,1) (i.e. a C! function with compact

support in (0 1)). Then we choose the test function

Wit z) = {1/)0(5(7') —&(t) + ), 0<ax<Et)—&n)+1,0<t<T,

0, 0<E)-Enrl<a<lo<t<r

which obviously belongs to C*([0,7] x [0,1]) and satisfies the following backward
Cauchy problem:

Y+ AW (), =0, 0<t<7,0<z<1,
U)(Ta I) - 1/)0(17)a 0 S X S 1; (44)
P(t,1) =0, 0<t<T

In view of (42), we compute
1
/ (7, )ho(x)dx
0

T _ _ 1—¢(7) _
= [ uunE) ~Eenat+ [ po(w)in(Er) + 2)ds
0 0

_ [ GO =)y g [ ,
[ ferae it [ ml = )

Since 9o € C}(0,1) and 7 € [0, 8] were arbitrary, we obtain in C°([0, d]; L*(0,1))
that

po(l‘—g(t)), SE()S <L0<t<d,
)= uE€ EW-2) |\, zp<rocics 9
HENEORE) ST

which hence gives
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7 / BY / (s, )de)ds
/ /f(s i— z ))_i))))der/g:t) po(@ — E(s))da)ds

- /O)\(/O u(o )do’—l—/ol v po(y)dy)ds

= F)®). (47)
It is easy to check that £ € Qs a when ¢ is small enough, which implies that £E=¢
since ¢ is the unique fixed point of F' in Qs s for J small enough, and then p = p
by comparing (28) and (46). This gives us the uniqueness of the weak solution for
small time.
Now we suppose that we have solved the Cauchy problem (1) and (2) to the
moment 7 € (0,7) with the weak solution p € C°([0,7]; L'(0,1)). By (29), the
following uniform a priori estimate holds for every t € [0, 7]:

7axY

—
~

~

0<W(t) = /1 p(t,x)dr < M. (48)
0

Hence we can choose 0y € (0,7") small enough such that (21) holds and

! (M)
/1_50 p(r,x)dx < 240"

Applying the previous results on the weak solution for small time, the weak
solution p € C°([0,7]; L1(0,1)) is extended to the time interval [r, T + do] N [r, T].

Moreover, by (48) and pg € L'(0,1), u € L'(0,T), one can find a suitably small
0o > 0 independent of T such that

%0

1 t+ m x+0d0
[ srow < sw o [ uodo s sw [ iy
1 60 ] t

te[O,T—% z€[0,1—60] J =
A(M)
. 4
< o (19)
Step by step, we finally have a unique global weak solution p € C°([0,T]; L*(0,1)).
This concludes the proof of Theorem 2.3. |
2.3. Remarks.
Remark 2.4. Let p be the weak solution in Theorem 2.3. Let W € C°(]0,T]) be
defined by W (¢ fo (t,z)dx and let £ € C1([0,T]) be defined by requiring
£(0) = 0, £(t) = AW(1)), ¥t € [0,T].
Then, it follows from our proof of Theorem 2.3 that
polx — £(1)), 0<E) <z <1,0<t<E71(1),
( ( ( ) z)) 1
0<z<&t)<1,0<t< 1
( ( ( ) z)) 1
;o 0<z<1t>E71().
§(E1(E) — )

Moreover, W (t) can be expressed as
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t -
s [u@do+ [ mway, 0<t<er,
W(t)z/o p(t,x)de = ¢ 70 0 (51)

/ u(o)do t> €711,
£-1EM)-1)
which implies that
1
0<W(t) = / p(t,x)de < M, Vte[0,T] (52)
0
and
0 < AM) < &'(t) =AW () < XM), Vtelo,T). (53)

Finally, W is absolutely continuous:

W(t)zW(O)—i—/O W'(s)ds (54)
with

TR S < A (55)

"t) = ) CEDuE ) —1 =
O e -y o 200
and
r !
og/o W ()|dt < M. (56)

Remark 2.5. (Hidden regularity.) From the definition of the weak solution,
we can expect p € L'(0,1; L1(0,T)). However, the weak solution is more regular
than expected. In fact, under the assumptions of Theorem 2.3, we have the hidden
regularity that p € C°([0,1]; L*(0,7)) so that the function t — p(¢t,z) € L*(0,T)
is well defined for any fixed « € [0,1]. The proof of the hidden regularity is quite
similar to our proof of p € C°([0,1]; L*(0,T)) by means of the explicit expression
of p (see also (54)-(56) that we use when T is large).

Remark 2.6. If py € L?(0,1) and v € LP(0,T) (p > 1) are nonnegative al-
most everywhere, then the Cauchy problem (1) and (2) admits a unique weak
solution p € C°([0,T7]; L*(0,1)) N C°([0,1]; LP(0,T)), which is also nonnegative
almost everywhere in @ = [0,7] x [0,1]. In fact, the uniqueness of the weak
solution comes directly from Theorem 2.3. And the expression of the solution
p € C°([0,T); L*(0,1)) N C°([0,1]; L(0,T)) given by (50) shows that p belongs to
CO([0,7}; 1¥(0,1)) N C°([0, 1J; L*(0, 7).

Remark 2.7. If py € C*([0,1]) and u € C*(]0,T]) are nonnegative with
u(0) = po(0) =0

1
WO+ ([ pula)da)gi0) =0, (57)

then the Cauchy problem (1) and (2) admits a unique classical solution p € C1([0, T'] x
[0, 1]), which is also nonnegative.
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3. L?-optimal control for demand tracking problem. Let py € L?(0,1) be
nonnegative almost everywhere and let 7" > 0 be given. Let us define

L%(0,T) := {u € L*(0,T);u is nonnegative almost everywhere}.

According to Remark 2.6, for every u € L2 (0,7, the Cauchy problem (1) and (2)
admits a unique solution p € C°([0,77], L*(0,1)) N C°([0, 1], L*(0,T)).

For any fixed demand signal yq € L?(0,T) and initial data po, define a functional
on L2 (0,T) by

T T
() ;:/0 |u(t)|2dt+/0 () — ya(t)[2dt, u € L2(0,T), (58)

where
y(t) = p(t, DAW (1)) (59)
is the out-flux corresponding to the in-flux u € Li(O7 T) and initial data pg.

Theorem 3.1. The infimum of the functional J in L3 (0,T) is achieved, i.e., there
exists oo € L2 (0,T) such that

J(use) = Inf  J(u). 60
(vec) =, it 0 (60)

Proof. Let {u,}52, C L%(0,T) be a minimizing sequence of the functional J, i.e.

Then we have
lunllL20,1) + lynllL2o,ry < C, Vne Z*. (62)

In (62) and hereafter, we denote by C' various constants which do not depend on n.
The uniform boundedness of u,, in L?(0, T') shows that there exists us € L2 (0,7)
and a subsequence of {un, }32; such that u,, — us in L7 (0,T). For simplicity,
we still denote the subsequence as {u,}02 ;.
Let p, be the weak solution to the Cauchy problem of equation (1) with the
initial and boundary conditions

pEOAW () = un(), 0<t<T,
{M&@—wd@, 0<a<l. (63)
Let Wy, : [0,T] — R and &, : [0,T] — R be defined by
Wi (t) = /O pult2)dz,  En(t) = /O AW (s))ds. (64)

Thus by (51), we have

t s 1-&,(s)
&n(t) = /0 /\(/0 up(0)do —i—/o po(x)dz)ds, 0<t<min{¢, *(1),T}. (65)

In view of (62) and (64), we can derive from (51) that

HWn”CU([O,T]) <C, Vne ZJr, (66)
which in turn gives with (64) that
||§anl([07T]) <C, Vne 77T, (67)

Moreover, let us point out that ¢/, is uniformly bounded from above and below:

0<AC) < €(t) = AW, (1) < XC), Vtel0,T], YneZ*, (68)
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where X, X are defined by (5) with
C = sup lunllz10,r) + llPoll L1 (0,1) < 0. (69)

nel+

Then it follows from Arzela-Ascoli Theorem that there exists £, € C°([0,7])
and a subsequence {&,, }7°, such that &, — £ in C°([0,T]). Now we choose the
corresponding subsequence {uy,, }7°, and again, denote it as {u, }5% ;. Thus we have

Up — Uso in L*0,T), asn — oo (70)
and
& — & in C°%0,T]), asn — oo. (71)
Then one has
MOl @) = & @) < [6a(&r (@) — &0 B (@)
= |z~ aEe (1)) = [EBre () — (B (2))| = 0, asm— 00 (72)
uniformly for x € [0,€(T)). Thus we get for any z¢ € [0,£..(T)),
&l — 500 in C°([0,20]), asmn — oo, (73)
and therefore, by passing the limit n — oo in (65),

B t s 1-&..(8) __
£.(t) _/0 )\(/O uoo(a)da—F/O po(x)dz)ds, 0<t<min{€. (1),T}.

(74)
Let poo be the weak solution to the Cauchy problem of equation (1) with the
initial and boundary conditions

p(t, AW (1)) = uoo(t), 0<¢t<T,
{p<o,x> = (@) 0<a<l, )
and denote
W (t) = /0 Poo(t, x)dx, Eoolt) := /0 AWoo(8))ds. (76)

We claim that &, = €. In fact,

t s 1—E€ae(s)
foo(t):/o )\(/0 uoo(a)da—i—/o po(z)dz)ds, 0 < t<min{e= (1), T}.

(77)
As in the proof of Theorem 2.3, there exists § > 0 small enough which is depending
only on u~ and pg such that

t s 1-£(s)
£(t) = Fa(€)(t) = / A / thoo(0)dor + / po(@)dzyds  (T8)

has a unique fixed pomt in Q5 (replacing M by C in (18)). This implies from (74)
and (77) that {oo(t) = €. (t) on [0, ]. Moreover, with the help of (49), there exists
do > 0 independent of 7 € (0,T) such that if oo (7) = €., (7) then &0 (t) = €. (1)
on [, 7+ & N[r,T].
Therefore
=&, and &, — & in CY[0,T]), asn — oo, (79)

and it follows that
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Wy — W, §7/1 - géo in OO([O,T]), as n — oo (80)
and, for any x¢ € [0, &0 (T)),
=6 in CO0,a0]), asn — oo (s1)

Next prove that y,, (t) = A(W,, (1)) pn(t, 1) converges to Yoo (t) = A(Woo (t)) poo (t, 1)
weakly in L2(0,7T). By (62), {yn}52, is bounded in L?(0,T). Hence, it is suffices
to prove that for any g € C*([0,T1),

T

lim [ (ynt) — yoo (£))g(t)dt = 0. (82)

n—oo 0

If £o(T) < 1, then &,(T) < 1 for n large enough. By (50), (64) and (76), for
every xg € [0,&x(T)), we have

| / (1) = ()9 (00

T
(Po(1 = & (E)) AW (1)) = po(1 = €oo (1)) A(Wiso (t)))g(t)dt‘

1

\c\

1
po(y)g(&, (1 —y))dy — / po(y)g(€xt (1 — y))dy}
1-£,(T) 160 (T)

<) mel ) - el (- )]
oo (T)
1—€eo (T)

+ / po(y)g(fgl(l—y))dy‘
lfgn(T)

< Coswp 16 (@) =€ (@) + Cléoo(T) = 0|2 + Clén(T) —Ewo(T)]7. (83)

0<z<zg

By (79) and (81), it is easy to get (82) from (83).
If o (T) =1 (e, T =E2H1) ), for every 7 € [0,61(1)), we have

’/5 v (Yn(t) — Yoo(t (t)dt’

= | / ()~ ()9 011 + /f“’l(l)@n(t)—yoou))g(t)dt
< | [ w0 -ual t)dt\w(g;;()—ﬂ

Since it is known that for every 7 € [0,T)
/ (yn(t) — yoo(t))g(t)dt‘ —0 asn— oo,
0

one has (82) for T'= ¢ (1) from (84).
If £ (T) > 1, then &,(T") > 1 for n large enough and we have

l\)l)—‘
—~
oo
~
S~—

T £ ) T
n — Yoo dt = n — Yo dt.
| n® =vesnaar = ([ [ Ym0 —vtnoar 65

From the above study, we need only to estimate the last term in (85). Assuming
E71(1) < €1(1) (the case €,1(1) > £:1(1) can be treated similarly), we get from
(50) that
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ORI OPOT
oo

1)
- | [(1 (€5 (6n(0) = 1)) = e (€ (Eoc(0) = 1) (21|

‘/ SHEMTD T u,(0)g(65 (6alo) + 1))

e (En (€21 (1) -1) & (€n(0) + 1))

_/ = 6= g (0)g (65! (6o (0) + 1)) ()
0 € (65 (6c(0) + 1))

/T"(T) un (o ) (12 (0))€4(0)
Tu(€21 (1) & (1n(0))

_/“’(T)u 2o (0)0010(0))2(0)
0 S (e (0)) ’

where we denote

Tn(t) := {;1(571(15) —1), na(t) = ggl(fn(t) +1),
Too(t) 1= 651 (6o (t) = 1), Moo(t) = 65 (€ (8) +1).
From (79) and (81), we get

g

Tn — Too  in C°([0,T]), asn — oo
and, for every ¢y € [0, 7(T)),
N — Moo in CO([t,00]), asn — oo.

Therefore, by (86), one has for every t € [0, 7o (1)) and for n large enough,

T
M/T yn t'_ymat g td4
£t (1)

i
) /(T) [ T

A <>§Z<(ZZ<(U>)>)§;<U>_%< (0060 1
< Clra(T) = 7o (T)]} + Clra(€2 (1))

o [ 8D (0, 0) — gl ]

o[ mlontrston (gt - g )

; /O“"(T’(unw)—uoow»%d |

Clrn(T) = 7o (T)|2 + Clrn (€' (1))]2 + Clrao(T) — tol2
§u(0) (o)

&, (7771( ) Ehe(Neo(0))

+’/OTOO<T>(UH(U)_Um(a))g(zfog ))f’ o }

IN

+C sup |nu(0) —neo(o)] +C sup
0<o<tg 0<o<tg
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By (70),(80), (89)-(90) and the arbitrariness of ¢y € [0, 7o (7)), we have (82) for the
case oo (T') > 1. This concludes the proof of (82).
As a result,

T T
J(us) = / oo (1) Pt + / oo (1) — ya(t) Pt

T T
< liminf/ |, ()2 dt + 1iminf/ lyn (t) — ya(t)|*dt
< liminf J(u,) = lim J(u,) = inf  J(u) (92)

n—00 n—o0 ueL2 (0,T)

This shows ue is a minimizer of J(u) in L%(0,T), and it proves also that u, tends
to Uso strongly in L2(0,T). O

4. Time-optimal transition between equilibria. In this section, we focus on
the specific model that relates the nonlocal speed to the total mass according to
the assumption (4).

It is immediate that constant boundary data p(-,0) = pin > 0 eventually drive
the state to the equilibrium p = pi,. Together with the symmetry (¢, z, p(t, z)) —
(T —t,1—a,p(T —t,1 —x)) of the conservation law (1) this establishes (long-time
state) controllability. Of particular interest is the question of how long it takes
to drive the system from one equilibrium state pg to another equilibrium state p1,
compare also the numerical studies of transfers between equilibria in [19].

We first explicitly calculate all quantities for the corresponding piecewise constant
boundary data p(-,0), and subsequently prove that this boundary control is indeed
time-optimal.

Suppose p1 > po > 0 are constant, the initial density is the equilibrium p(0, z) =
po for x € (0,1}, and the desired terminal density is p(T,z) = p1 for x € [0,1] and
some minimal 7" > 0. The case pg > p1 > 0 is similar.

A natural choice for the boundary values is p(¢,0) = p; for ¢ > 0. This determines
for 0 < ¢t < T the control influx and the outflux via u(t) = p1t A\(W(t)) and y(t) =
poA(W (1)), where W is a solution of the initial value problem

1
W) = L Lo WO:/ 0,2) dz = po. 93
0 =L WO = [ p02dr=p, (93)
This can be integrated in closed form, yielding
W (t) = =14 /(1 + po)? + 2t(p1 — po) (94)

and similar expressions for the fluxes and the speed. All characteristic curves are
translations of the solution of the initial value problem

! _ _ 1 _
€0 =MW (1) = Zreee—, £(0)=0, (95)

which has the explicit solution
£(t) = V(1 +p0)% +2t(p1 — po) — (1 + po)
P1— Po
The time T to achieve this transition between equilibria is uniquely determined by
&(T) =1 and evaluates to

(96)

T:1+@%?ﬂ. (97)

In the sequel we prove that this time is indeed minimal.
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Note that W is a continuous function, and, in particular W(T) = p;. It is
convenient to extend p, u, v, and W to negative times by setting p(¢,2) = W(t) = po
and u(t) = y(t) = ¥~ = ug = yo for all t < 0. Then wu is continuous except for a
jump at t = 0, and y is continuous except for a jump at 7. Note that the height of
the jump of u at ¢t = 0 is larger than the corresponding jump of y at T'.

- P1 — Po — £1 — Po
w(0") —u(07) = , whereas y(TT)—y(T™) = . 98
(07) — ufo) = 22 YTy = ZL (o
Supposing a jump of the reference demand from y4(t) = poA(po) for t < T to
ya(t) = p1A(p1) for t > T at this earliest feasible time, the total backlog at any
t > T is, due to the inverse response,

T T _ 42
5(0) = [l —(s))ds = 2o [ AWs))ds = LI (o)

=1

Using the expression (97) for T, this simplifies for ¢ > T to

(p1 = po)po
t)= ——— = — . 100
B(t) T oo yo(p1 — po) (100)
Wa
Wi(t)
Wi
t
o
u(t)
Uz = Y2
U1 = Y1
T t

FiGUure 5. Total mass, influx, and outflux during optimal transi-
tion between equilibria

Correspondingly, for 0 < ¢ < T the total mass W (t) < p; continues to grow, and
hence the speed is further decreasing. Therefore, the influx u(t) = ptA(W(t))) is
larger than the eventual new equilibrium influx u; = p1A(p1). The total excess in
influx evaluates to

T —
o) = [ AW () = (s = PP oy <) (100)

Together with the nominal difference (y1 — yo)T between the accumulated equilib-
rium fluxes over the time interval [0, T], these add up the difference in total mass,
compare the three shaded regions in Figure 5,
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T
W (T)~W(0) = / (u(s) ~y(s)) ds = a(T)+B(T) +(prA(p1) ~ poA(p0))T = p1— po.

(102)

While it may seem intuitive that this control is time-optimal, we need to rigor-

ously prove that it is indeed not possible to improve on this time by e.g. temporarily
increasing the speed via smaller influxes.

Proposition 4.1. The minimum time to transfer the state from one equilibrium
p(0,2) = po, = € (0,1] to the equilibrium p(x,T) = p1 > po, = € [0,1] using influz
u € LY([0,00),[0,00)) is T =1+ £ofer,

p1

R
__________ t

po

1 1

FIGURE 6. Time optimal transfer between equilibrium states

Proof. Suppose T > 0 and p(t,0) is an integrable function on [0, 7] such that the
solution of (1) satisfies p(T,-) = p1.

Since p is constant along the characteristic curves, there exists to € [0, 7] such
that for all t € [to,T], p(t,0) = p1. Let £: [0, T] — [0,00) be the unique function
satisfying £(0) = 0 and &'(t) = )\(fol p(t,z) dx). Then there exists a unique t; €
(0,T] such that £(t1) = 1.

For 0 <t < tg, &'(t) is bounded above by

/ o 1 1 - 1
) = 1+ fol p(t, z)dx = 1+ f;(t) p(t, z)dx C T+ po(1—£(1)

Rewrite as ((1 + po) — po&(t))¢'(t) < 1 and integrate from ¢ = 0 to t = 1 to
obtain a lower bound for tg.

(103)

(1+ po)é(to) — %Poﬂfo)? < to. (104)

The primary interest is the case of tg < t1. For tg <t < t; estimate
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1
1+f(f(t)_g(m)p(t,w)div-i-f;(t) o(t, 2)da
1
T T D) — €(t0) + ol — (1) (105)

and integrate from tg to t; to obtain

gt <

(14 po — po&(to))(&(t1) — &(to)) + % (p1— po)(&(t1) — &(to))* < t1 —to.  (106)

Analogously, for t; <t < T, the bound &'(t) < 1/(1 + p1 (£(t) — &(to))) yields

E(T) — £(0) + 1 ((ET) — €(10) — (E(h) ~ E()?) ST~ (107)

After combining the estimates (104), (106), and (107), elementary simplifications
yield

T > (14 po)(to) — %poé(to)Q

+(1 4 po — poé(to))(&(t1) — &(to)) + % (p1— po)(&(t1) — &(t0))?

FE(T) — £(0) + 1 ((6T) — E(0)* — (1) —€(00))?) . (108)

Noting that £(t1) = £(T') — &(to) = 1, (108) simplifies to

po + p1
(o).

T21+T+§0 (109)

This shows that the optimal choice is tg = 0, i.e. p(t,0) = p; for all ¢ > 0.

It remains to dispose of the case when t; < to. For 0 < t < ¢, use £'(t) <
1/(14 po(1 —&(t))) and £(t1) = 1 to obtain

12 €)1+ po) — 30€(0)* = 1+ 50 (10)

Similarly, for to < ¢ < T, use €'(t) < 1/(1+ pu(€(t) — £(to))) and &(T) — &(to) = 1
to obtain

Tt 2 (6(T) = 6(t0)) + 5o (E(T) ~ Et0) P =1+ 3p1. (1)

Combining (110) and (111) together with ¢ > ¢; yields

1 1 +
T:(T—t0)+(t0—t1)+t1z(1+§p1)+0+(1+§p0)22+%. (112)

This shows that any controls for which ¢; < ¢y will perform even worse than the
ones in the first case. |
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