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The linear Boltzmann equation

8tf(t,£l?,’0)—|—’U'Vf(t,£C, U) — / 0'(£E,’U, v’)f(t,x,v’)dv’—z(x, U>f(t7 Ly U) — Q(f)

(1)
1
f>0, teR, zcR? v eV compactset of R

(Ref Dautray Lions (88), Bardos, Golse, Perthame, Sentis (88))

Mass conservation: / o(z,v,v")dv = X(z,v")
v

— 1 belongs to the kernel of QQ*.

Maxwellian profile: we define M by

Q(M)=0 and /M(az,v)dvzl vz € RY
v



Two Scaling: mean free path and size of the cell

e: the mean free path = average time between two collisions
a: the size of the cell, we assume that o is periodic of period «

The Boltzmann equation becomes

9

of + vVt 55(E0)f = 5 / o(Z 0,0 fla )i (2)

Ref: € — 0, « fixed Diffusion approximation, Dautray Lions (88)
a — 0, e fixed Homogenization, Dumas Golse (2000)
e =0, — 0 Homogenization of the diffusion equation
Poupaud, Goudon Poupaud, Capdeboscq
e=a—0 Homogenization + diffusion approximation
Allaire Bal and (99-02) Goudon Mellet (01-03)
e<<a—0 M(v), Sentis (80)



Heuristic I: diffusion approximation

Diffusion Limit: Formal expansion in € (o« = 1) f = f¥ + ef! + €2 f2
order ¢ 2 : Q(f%) =0
QU = VS

e 1 QUff)=v-Vof' +0uf°
— 0 = n(t, z)M(z,v)
fl' = x-Veyn+An with Q(x)=vM, and Q(\) =v-VM
2=

Compatibility conditions:
Non drift condition + Diffusion equation

/ vMdv =0 on — div(D(z) - Vn) + div(U(z)n) =0

where D(z) = — /

v ® xdv and U(z) = / vAdv.
v

%



Heuristic I: homogenization 1

Homogenization process

e Reintroduce «, the diffusion equation for n becomes

)-Vn®) + ldiv(U(E)nO‘) =0

(87 (87 (87

x
on® — div(D(—
e Make the formal two scale expansion introducing

the fast variable y = £

«

n®(t,z) = n’(t,z,y) + an'(t,z,y) + o’n’(t, z,y)

2
. 1 |

R 11 _ 1 . 1 - 1
ecall Vn E a'(Ven' + avyn)

1=0



Heuristic I: homogenization 11

e at the order a2

—div, (D(y)V,n®) + div, (U(y)n°) = L(n°) =0

e at the order o !

—divy (D(y)Ven?) + div, (D(y)Vyn°) + V. (U(y)n°)
—div, (D(y)Vyn') + div, (U(y)n')

e at the order o’

Oyn® — div, (D(y)VnY)



Heuristic I: homogenization III

First equation implies

n°(t, x,y) = n(t, z)p(y)
with L(p) = —divy(D(y)Vyp) + divy(U(y)p) = 0.

The second equation gives

The third equation can be writen
L(n*) = F(n° n')

Note that 1 belongs to the Ker (Q*.



Heuristic I: homogenization IV

Compatibility conditions: (1 € KerL*)

For the second equation

/Y div, (D(y)V,n°) + V. (U (y)n®) = 0

and for the third equation

Oyn—div (] // )| Vn) le;E//’UVX —x*v-VM)L 'H(y)-Vyn = 0.

Let us introduce 6_; solution to

L*(0_,) = / (v -Vyx* —x"v-V,M)
v



Formal result

i

F(t,@,0) ~nlt 2, M, 0) = p( )it 2) M (=, v)

x
e e o
e with p periodic in y satisfying

~div, (D) V(1) +div, U W)p(w) = 0 with [ () =

where D(y):—/ X (y,v) ® vdv and U(y):/ vA(y, v)dv
1% 1%

e and 7(t, x) is the solution of the diffusive equation

oy — div, (DV,n) =0 with a diffusion coefficient given by

DZ—//(pv®x+pr*-Vy9—1®v+v-Vy(pM)9—1®x*)dvdy
Y JV



Heuristic 11

Start from or and introduce n = —
s}

We obtain

fon(t,z)F (y, v)

F" solution of nv-V,F7T—Q(F") =0
n'l solution of On" + V,(D"V,n) =0

with D"://X*"@)’UF"dvdy
vy Jv

where x*" is defined by  nv - V,x*7 + Q*(x*") = v.

Idea: study the expansion with respect to n of the solutions F™

and x*"7 of two cell equations.



Study of the cell equations I

Expansion of F7 solution of nv:-V,F7—Q(F") = 0:

F(y,v) = p(y)M (y,v)+n (x(y,v) - Vyp(y) + Ay, v)p(y))+n° F*(y,v)+R"(y, v)

where Q(x) =v and Q(\) =v -V, M

e at the order 7!, Q(F°) =0 = F° = p(y)M(y,v)
e at the order n°, Q(F') =v-V(F°) = p(y)v-V,M + Mv-V,p
e at the order !, Q(F?) = —v-V(F!) = same eq. on p



Study of the cell equations 11

Expansion of x*7 solution of nv -V, x*"+ Q*(x*") = v:

1
X" = 59—1(,@) + X"+ x" - VO_1(y) +6o(y) + 7}

e at the order 7%, Q*(x ) =0= x"'=0_1(v)

o at the order n~ 1,  Q*(x"*) =v—v - V(x )

e at the order nY, Q*(x') = —v- V(x%)

under compatibility conditions that give the expression of 6_4

which is the same as above



Theorem

Assume 0 < ¢g < o € C,

0(_y7 v, U,) — O(ya v, U,)a U(ya —, —’U,) — U(ya v, UI)

—> compatibility conditions

/ / f(x,v)dvdx < C.
R JV

Then f" two scale converges ( at the scale 1 and o = ) towards

F(t,z,y,v) =nt,z,y)M(y,v) = p(y)n(t,z) M (y,v)

with p solution of

~div, (D) V,p(w) + div, (Uw)p(s)) = 0 with [ p(y) =1

and n(t, z) is the solution of the diffusive equation

oyn — div,(DV,n) =0 with the diffusion coefficient D



Idea of the proof I: two scale convergence

Definition Two scale convergence

A sequence of positive measures pey 1S said to two scale converge
toward p if and only if for any test function
¢ € Cg#([O,T], R4, R%, V), we have

/ /R,d/ (¢, V) phen (dt, dz, dv) —>en—>0/ /Rd/ / o(t,z,y,v)u(dt, dz, dy, dt)

Apply Banach Alaoglu to pe,(t,z,y,v) = fo7(t, 2, v)d(y — =)
which is a bounded sequence of measure and you obtain that
feN(t, z,v) two scale converges towards F(t,x,y,v).



Idea of the proof II: oscillating test functions I

For any oscillating test function ¢(t, z,y, v) periodic in y, we have

en—0

Then Vi s.t. / dev:(),/ / //Ip}"dvdydxdt:().
1% 0o JRIJY Jv

= F(t,z,y,v) = n(t,z,y) M(y,v)

T
im €n * * — 0.
! /0 /R d /V Fn(t 2, 0)Q" (9(t, 2,1 v))dvdadt = 0



Idea of the proof II: oscillating test functions 11

Using the peculiar test function

i i i i
¢(t7 €L, 77;770 — w(ta x?”?) + 772(757337 7727 U) + Ew(ta £, 77277))7

with Q*(2) = —v - V49, and Q*(w) = —v - V9, we obtain

d
E/ FNh = / "0t +n0z+edrw) + O f (Y +n2z+ew)
VW R

n?
/ fen 3t¢+773t2-|-63tw+ V- Vgz+v- Vg w—l——v Vy Z+ U Vyw),



Idea of the proof 1I: oscillating test functions III

Passing to the limit 4+ z = —x™* - V9

/OT /Rd /Y /V n(t,z,y)M(y,v)v-Vy(—x"(y,v)-Vyb(t, z,y))dtdzdydv = 0

Passing the derivative on n

/divy[—vvyn(t,fv,y)M(y,'U)x*(y,'v)—n(t,:v,y)’v-VyM(y,v)x*(y,v)]w(t,x,y))dtdw

which is nothing but L(n) =0 = n(t,z,y,v) = p(y)n(t,x)



Idea of the proof II: oscillating test functions IV

Finnally, to obtain the diffusion equation for n, take
x x
¢(t7 €L, 7727 ’U) — (P(ta SL‘) + €¢<t7 €L, 77? U)

with nv - V, 0" + Q*(¢") = —v - Vyp e, 7T = —xT -V,

and replace x*" by its expansion

Xy, v) = %9_1(y) + X (y,v) — X (y,v) - Vy0_1(y).



Remark on the proof: the entropy equation

Thanks to the classical dissipation property, we have

//atf tv-VfL dvdy—// dvdy<0

V,M # 0 — no L? bound

Lframework

— We need C° convergence for x*”



