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AdS/CFT conjecture
String o-model on AdS5x S5 <= N =4 N, — oo SYM 3+1 dim
Energy of string states <= Anomalous dims of local operators
String model coupling ¢ <= 't Hooft coupling \ = 472¢?

Integrability (both sides)!

e asymptotic BA: all power corrections, neglecting “wrapping”

Beisert, Staudacher '05

e generalized Luscher approach: 4-loop Konishi (agree with PT)

Janik, Lukowski '07 Bajnok, Janik '09

K =Tr{D*Z* — (DZ)*}
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e higher twist-two operators in sly sector: agree with BFKL
Bajnok, Janik, Lukowski '09

e 5-loop Konishi
Bajnok, Hegedus, Janik, Lukowski "10

ACD — ALY +glo{ 81<°(3) 1 B16(3) _ 45¢(5) | 945¢(7) _ 2285365}

e 5-loop twist-two

Lukowski, Rej, Velizhanin '10

e TBA for AdS5 x S5 string o-model

Arutyunov, Frolov '09  Bombardelli, Fioravanti, Tateo '09

Gromov, Kazakov, Kozak, Vieira '09  Arutyunov, Frolov, Suzuki "10

e Linearized TBA — Luscher numerically

Arutyunov, Frolov, Suzuki '10
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Large )\ expansion

e classical string:
Gubser, Plebanov, Polyakov '98

Arutyunov, Frolov, Staudacher '04

Ex(\) =2V +...

e numerical fit from TBA:

Gromov, Kazakov, Vieira '09

1.988 260
Er()\) = \/X{20004+ S + 82 }

A< 664 < A
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e semiclassical expansion:

Roiban, Tseytlin '09

EK(A):G/X{2+L+...

e numerical fit from TBA:

Frolov '10

Ex(A) = VA {2.00045 p L8 255

A < 2046 < AW

crit

® NO )\(1) ?( )\(1)

crit crit

~ 774 from ABA)

Benasque, 5 July 2010

+67;),+...}



Luscher corrections to the mass gap

Luscher '83 Klassen, Melzer '91

All order diagrammatic expansion: Luscher's F-term

AmS (L)

My COS d/2 17T
47r’ma Z / d(9 b27th9) Kd/2 1(mbL cosh 9) ab (9 + )

1+1 dimensional case: (mg, = mp = m)

AmIEN(L) = _m/ df cosh fe L cosht g (0+%)

27

— OO

0)=—n+ Yy Su(0)
b=1
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p-term (141 dim)

Am(ﬂ) — ZH _ ’m% 2‘) abc e —Habel

8m Habe

Aabe:  3-point coupling

Lape:  height of mass triangle (mg, my, me)

o LWW coupling and “step scaling” function Liischer, Weisz, Wolff '91
o Lattice MC measurements

e Sigma model perturbation theory
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Generalized Luscher formulae

~ ~ ~ ~ N
® () () () () O
0 1 2 3 4 5

O(2) model TBA diagram

Q (Y O O O ......
1 2 3 4 5

®
0

O(3) model TBA diagram

...... Q () () () () ® (Y [ (Y ) O
_/ N N N _/ _/ N N
-5 -4 -3 -2 -1 0 1 2 3 4 5

O(4) model TBA diagram
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SIGMA MODELS (n = 2,3,4)

Bethe-Yang limit energy:

EO) = Z p cosh 0

j=1
Bethe-Yang equations (QC)

QC’iO) ((91, o 7‘9r) _ ei,uL sinh 6, eiRk =1,

&
]
=

¢! = o (0x61, ..., 0,)

og(0|04,...,0,): eigenvalue of the transfer matrix

(unitary and crossing symmetric S-matrix)
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Luscher's F-term:
EW =EO 4 §F =

OF = —% / df 1s cosh § e #Lcosho 5 (9 - ’%T

91,...,9,,).

Bajnok-Janik formula:

QCV(01,....0,) = QC (01, ..., 0,) {1 +i0Ry} = —1,

k=1,...,r,
(SRk(Hl,...,HT) :iﬁ/ d0e‘“LCOSh98k0(6+% (91,...,674)

O = 000y
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PRINCIPAL MODELS (SU(n))

O-O-O-0O-0
O-O-O-0O-0
O-O-O-0O-0
-O-O-0O-O
o0 000
OO0
OO0
OO0
O-O-O-0O-0O

C
C

SU(6) model TBA diagram
several types of particles: masses L,
transfer matrix: o%(0/64,...,0,)
(all particles in a = n — 1 (anti-vector) representation)
Luscher corrections to the energy:

EW = g0 L 5E
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EO) — Z fy,—1 cosh 0

j=1

n—l oo : : s
OF =i Z ,ua,/ % sinh (6 + =) g!Halsmh (9+7) o (6 + T
a=1 —©

by, ... ,er)
quantization conditions: (k=1,...,7)
QCMY =QC\” {1 +i6Ry}
= elHn—1bsinh Oy sn=1g 109, . 0.) {1 +i0Ry} = —1,

Bajnok-Janik formula:

n—1
ORk(01,...,0 Z/ d9 waLsmh 9+ >(9k0 (9#_%T

91,...,@)
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Example: O(2) model

*—O—O0—0—0—0O

O(2) model TBA diagram

BETHE-YANG LIMIT SOLUTION (BETHE ANSAT?Z):

m=1,2,... (T-1(#) =0 boundary cond.)

To(0) = | [ (6 — 6x) T,.(0) : BA sol'n
k
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Bethe Ansatz
O(2) S-matrix:  S22(0) = U(0) {0 6%6.q + (im — 0)85 62

U(0): unitarity, crossing

Transfer matrix (3-particles)

719253 (919, 0y, 05) = S“101(0 — 6,) 84252 (9 — 0,) SU353 (9 — 05)

a1a9a3 uU3a u1a9 uU2a3

Bethe roots: {U’j};’\il

Baxter's Q operator:  Q(0) = H;\ilw — uy)

Benasque, 5 July 2010
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Bethe equations:

Quytim) __ Tolujt5) j=1,....M

Qluj—im) To(uj—5)

Ty (6) polynomials:

0) — To(0)

() Q(6+5) Q(O—5)
k
Tw(0) = Q0+ i %2 m) Q ™) > &
7=0

Benasque, 5 July 2010
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Y — system <= T — system (gauge)

Um(0) = Tr—1(0) Try1(0)

Ty (0 ) To(9—i e )

T (0+5) Trm(0—"5")

Yn(6) = 1+ ym(6) = U 2
(©) ym(0) To(0-+i5E ) Ty (0—i )

Y-system equations:

ym(e T %) ym(9 — %) — Ym—1(6’) Ym_|_1((9) m=1,2...

Ym roots: 1,11 roots 4+ 1,,_1 roots

only Ty has roots: = only y; has roots: {0}

Benasque, 5 July 2010
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m
2
T%: transfer matrix in defining representation

T,,: transfer matrix in spin

Ty (0+9) T1(0—5)
To(0+im) To(0—im)

Y1(0)

physical transfer matrix (unitary + crossing symmetric):

A0) = o(0 +7F)

AO +F) A0~ F) = Y1(0)

Bethe-Yang equations:

eiﬁsinthO_(gk) — 1= ez’fsinthA( L — 7,777)

Benasque, 5 July 2010

representation (up to scale factor)
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EXACT TBA EQUATIONS:

~ ~ ~ N
.o DA O

Um(0);  Y(0) =1+95,(0); Ly, (0) =InYZI(0); m=0,1,...
exact Y-system equations:
Ym0+ F) Y (0 —F) =Y _1(0) Y511 (0) m=0,1...
(Y¢,(0) =1 by convention)
Asymptotic condition: y&(0) = e~ ¢coshoAe(9)

A“(0 + ) A%(0 = ) = Y{(0)

Quantization conditions (QC): y$(6x) =0 = Yg(0p£Z) =0
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TBA Lemma

fO+3)f(0—3)=F(©)

{tr.} roots in physical strip: f(tx) =0

£(0) = {HT(Q - tk)} exp {(K xIn F)(9)}
k

_ 0 GO
7-((9) — tanh§ =

K) =t (AxB)@) = [ " dy Az - y)B(y)

Benasque, 5 July 2010
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Exact TBA equations:

A%(0) = exp {(K x L7)(0)}

y1(0) = {HT(G - Hk)} exp { (K x Lo)(0) + (K x L3)(0) ;

k

y"en(e) — &Xp {(K x L,,€n_|_1)(0) + (K* Lfn—l)(e)} m = 27 37 et
Exact Bethe-Yang equations (QC):

0 sinh 0 :
ezEsm kAe( k_%r) —

Benasque, 5 July 2010
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A°(0 — Z) = /B (O)

Bé(z) = —L dy Sinﬁ;y_)@ P : superfluous

— O

QC (exact Bethe-Yang equation):

B¢(0x) + ¢ sinh 0, = 27l (half integer)

Energy:

€ = Zcosh@k — %/ df cosh 6 L5(6)
k — OO

Benasque, 5 July 2010
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Back to B-Y limit:

AO) =exp{(K xLq1)(0)}

y1(6) = {HT(Q _ ek)} exp { (K * L) (0))
k

Ym(0) = exp { (K * Ly41)(0) + (K% L,,—1)(0)} m=2,3,...

B-Y equations:

B(@k) + ¢ sinh Hk = 27'('Ik

Benasque, 5 July 2010
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LINEARIZED TBA EQUATIONS:
fe=f+of

M — K x L+ K x 6L
(ng_mZK*(SLm+1—|—K*5Lm_1 m:2,3,...

m

L§(0) = In [1 4 e £ 0 A¢(9)] ~ e~ Ce00 A(9) = A(0)

L uscher’s F-term:

_%/ df cosh 6 L5(6) ~ —%/ do CoshHe_ECOSheA(H)

— OO

= —%/ df cosh fe “cshbq (9 4 i)

Benasque, 5 July 2010 22



Structure of linear system: M ¢ = J

/51?1\
| oL, o
<= 5Ls B
\ i)
j(0) = K%\

Benasque, 5 July 2010
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Bethe-Yang equation:
B(@k) + 58(6%) + ¢sinh 0, = 271,

Bajnok-Janik:

o0

— 0

Be=— [y [ ar S

Inverse operator:

M t=R Em(x) = Z/_OO dy Rys(z,y) Js(y)

M =M?  symmetricc R =R’

Rms (aj7 y) — Rsm(ya ‘/’U)

Benasque, 5 July 2010
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DERIVATIVE OF B-Y LIMIT:

OLy1
Y1

a1, A
A

_ 0
8k—aek

— K*(‘?kLl

_ 1
~  sinh(6—6;) + K % Ok Lo

%ZK*akLm—kl"‘K*akLm—l m:2737°"

Ym

(L1 )

§ = | Oklo

.

Benasque, 5 July 2010

same linear system!

(jk(e)\
0

L

Jk(0) =

1

~ sinh(6—6y)
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Relation from the derivative case:

Ok Lim(z) = _/ dy B (,y) Sinh(i—%)

— OO

Huge piece of luck: just what we need!

= [ drou@)
- " e OpLy () (K % ) ()
:_/ dz A(z) (K % OpL1)(z)

_ _/ dx)\ 8%(&(3)1:) _ 2778 / do e—Ecoshm A( )

Benasque, 5 July 2010
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Example: Konishi operator

00000
o = N © » o
OO0000
OO0000
N N N N N

000

00000
OO0

QOO
O 0O
OO0000

AdSs x Sy string model TBA diagram

Gromov, Kazakov, Kozak, Vieira '09

Arutyunov, Frolov '09

Benasque, 5 July 2010
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AdSs x S5 STRING MODEL

String energies:

E:JJng(pq;) Z/ du log 1—|-YQ)

1=1

Dispersion relation:

. 2
:\/1+4g281n c

Leading order “wrapping’ corrections:

m(2ng+ 1) = Tpp +1i Y log iy (ugur) + 6Ry™ + 0(g”)

g=1

Bajnok-Janik formula:
(BJ) _
ORy =57 Z/ du 3, kYQ )|{uj}:{u;e}
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The exact Bethe equations

N
mi(2ng + 1) =log Y7, (ug) = 1L pi, — Z log Ssl[’é’)"(uj, Uk )

j=1
N N 9 T; — L
+22 logRes(S)*Kigu*m(u;,uk) —QZlog (w; —up — —) — i
j=1 j=1 I T
nq
— 2 Z (log S%Kyl*(rj(-l)_, ug) — log S(r§1) — uk))
j=1
+log (14 Yg) x (K +25x KE)
A ~ 1 -Y_ . 11
+ 2log (1 + Yllvw) x (S*Kyl* + 5) — 2log 1_V * sk K
— Iy
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LINEARIZED STRING TBA EQUATIONS

Arutyunov, Frolov, Suzuki '10

Y =Y°(1+)D).

e m|w-strings: m > 1, Vojw =0

Vi = (Am1wYmju + Am 1w 1ju) %5 + 1 (257 — 1257 )

YO

m|w

1—|—Yn‘;

coefficients: A,y

|w

o m|vw-strings: m > 1, Yoy = 0

ym|vw — (Am—1|vam—1|vw T Am—i—1|vam—|—1|vw) * 8§ — Yﬂoz—l—l xS

+ 01 (—y_1 — ij1 );3
1—W 1—Y—_ﬁ

0
m|vw

14+Y°

m|vw

coefficients: A0 =
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e y-particles:

Vi —V-_=YyxKqy

Perturbative orders:
Y§(u) = O(g°)
Vi —Y-=0(g")
Y? and Y? coincide at leading order:

Y{(w)

oy = 1+ O0(g%).

Decoupling:

ym\w — O(gg)

Benasque, 5 July 2010

ym\vw — 0(98)
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Leading order (rescaled):

OYm _ K % (5Lm_1 =+ 5Lm+1) — —K*an(;_ﬂa m=12,..

Ym

Y o = Ym © XXX model Q(u) = u solution N =2
More general states in the sl sector: N > 2 (roots for all y,,)
wrapping corrected (leading order) Bethe equations
N
T(2ny+1) = Jpp+1 Z log Sj&é;‘(%, L)+ Rk + O(g”)

g=1

0Ry = 0R\ + R + R
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573,({1) & 5R,(€3): small g expansion of the Yy convolution terms

57222): convolution terms containing Y7y,

1 > o u—u
RV =1y / du Y (u) o e
m=1 Y —X

572,({2) :/ duy —L1w)

2sinh 5 (u—ug)

R(S) 1 Z / du YO {fm(u — uk) o m2f(;rlikuk)2}

Fn(u) =7 {0 () = (5%) — ¢ ("555) + 0 (7))

(z) =T"(2)/T(z)
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Nontrivial part: 572,22)

Same problem solved for O(2) model !

transcendental parts cancel

Benasque, 5 July 2010
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result: rational functions

=1 [ duy) s

— 0

@)
— OO

_|_% Z / du Yﬂ01_|_1(u) {ak lOg tm(u) T m2—|rfb(:l,zikuk)2 T (m+2)%;?ﬁ_uk)2}
m=1

can be written compactly
Re=L 3 / du YO (1) O 10g jom (1)
m=1Y —

() = 649" b1 (u)
Jm — (u24m2)? tg(u—im—i) to(u—im—+i) to(ut+im—1i) to(u+im-+i)

Important observation:
Yo (u) = jm(u)
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Bajnok-Janik formula reproduced:

SRy — R _ L 3 / du ), Y2 (u)
m=1"Y —X

Benasque, 5 July 2010
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