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More details:

M. K., G. Mussardo, A. Trombettoni,
Phys.Rev.Lett. 103, 210404 (2009), arXiv:0909.1336,

M. K., G. Mussardo, A. Trombettoni,
Phys. Rev. A81, 043606 (2010) arXiv:0912.3502,

M. K., G. Mussardo, B. Pozsgay,
J. Stat. Mech. P05014 (2010), arXiv:1002.3387
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The sinh–Gordon model
The limit

Cold atom experiments

Figure: Newton’s cradle of cold atoms

/David Weiss, Penn State University/
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The model /E. H. Lieb, W. Liniger, Phys. Rev. 130 1605 (1963)/:

HLL = − ~2

2m

N∑
i=1

∂2

∂x2
i

+ 2λ
∑
i<j

δ(xi − xj)

Tonks–Girardeau gas
experiments with ultracold atoms
theorist’s dream: the interaction can be tuned
correlation functions: hard!
bosonisation, quantum MC, BA solution, weak coupling. . .
Idea: start from a relativistic theory!
⇒ form factor approach
problem: finite density⇒ thermodynamic approach
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1D Bose gas

HNLS =

∫
dx
{

~2

2m
∂ψ†(x)

∂x
∂ψ(x)

∂x
+ λψ†(x)ψ†(x)ψ(x)ψ(x)

}
Quantum non-linear Schrödinger equation:

i~
∂

∂t
ψ(x , t) = − ~2

2m
∂2ψ(x , t)
∂x2 + λ |ψ(x , t)|2ψ(x , t)

the density ρ(x , t) = ψ(x , t)†ψ(x , t) is conserved
⇒ fix particle number:

|ψN(α1, . . . , αN)〉 =

1
N!

∫
dx1 . . .

∫
dxN χN(x1, . . . , xN |α1, . . . , αN)ψ†(x1) . . . ψ†(xN)|0〉 ,
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1D Bose gas

Bethe wavefunction:

χN(x1, x2, . . . , xN) = N
∑

P

a(P) ei
PN

j=1 P(kj )xj

a(Q) =
k − l − i 2m

~2 λ

k − l + i 2m
~2 λ

a(P)

Lieb–Liniger S-matrix /E. H. Lieb, W. Liniger, Phys. Rev. 130, 1605 (1963)/

SLL(p1,p2;λ) =
p1 − p2 − i 2m

~ λ

p1 − p2 + i 2m
~ λ
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The sinh–Gordon model

L =
1
2

(
∂φ

c ∂t

)2

− 1
2

(∇φ)2 − µ2

g2 (cosh(g φ)− 1)
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Factorised scattering
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The sinh–Gordon model

L =
1
2

(
∂φ

c ∂t

)2

− 1
2

(∇φ)2 − µ2

g2 (cosh(g φ)− 1)

The exact S-matrix (Ei = mc2 cosh θi , pi = mc sinh θi ):

S(θ1, θ2;α) =
sinh(θ1 − θ2)− i sin(απ)

sinh(θ1 − θ2) + i sin(απ)

Renormalised coupling and mass:

α =
~c g2

8π + ~c g2

µ2 =
m2c2

~2
πα

sin(πα)

M. Kormos LL gas as the limit of sinh–Gordon model
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The limit: S-matrix

g → 0, c →∞, g c → 4
√
λ

~
= fixed

S(θ;α) =
sinh(θ)− i sin(απ)

sinh(θ) + i sin(απ)
−→

p − i 2m
~ λ

p + i 2m
~ λ

= SLL(p;λ)

M. Kormos LL gas as the limit of sinh–Gordon model
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The limit: the Lagrangian

What about the fields?

φ(x , t) =

√
~2

2m

(
ψ(x , t) e−i mc2

~ t + ψ†(x , t)e+i mc2
~ t
)

LshG −→ LNLS = − ~2

2m
∂ψ†

∂x
∂ψ

∂x
+i

~
2

(
ψ†
∂ψ

∂t
− ∂ψ†

∂t
ψ

)
−λ : (ψ†ψ)2 :

H =

∫
dx
{

~2

2m
∂ψ†

∂x
∂ψ

∂x
+ λ : (ψ†ψ)2 :

}

M. Kormos LL gas as the limit of sinh–Gordon model
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What do we want to compute?
Local correlators in the LL model

〈ψ† kψk 〉n,T = nk gk (γ, τ)

γ =
2m
~2

λ

n
,

τ =
T
TD

, TD =
~2n2

2mkB

M. Kormos LL gas as the limit of sinh–Gordon model
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Form factors
TBA
Finite T vev

Form factors I: bootstrap

FOn (θ1, θ2, . . . , θn) = 〈0|O(0,0)|θ1, . . . , θn〉in
Crossing: FOn (θ1 + iπ, θ2, . . . , θn) = 〈θ1|O(0,0)|θ2, . . . , θn〉in

O

θ
θ

θ
θ

...
1

2 n−1

n

M. Kormos LL gas as the limit of sinh–Gordon model
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Form factors
TBA
Finite T vev

Form factors I: bootstrap

Watson’s equations:

Fn(. . . , θi , θi+1, . . . ) = S(θi − θi+1) Fn(. . . , θi+1, θi , . . . )

Fn(θ1 + 2πi , θ2, . . . , θn) = Fn(θ2, . . . , θn, θ1)

S

O O

OO

=

=

M. Kormos LL gas as the limit of sinh–Gordon model
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Form factors
TBA
Finite T vev

Form factors I: bootstrap

−i Res
θ̃→θ+iπ

Fn(θ̃, θ, θ1, . . . , θn−2) =

[
1−

n−2∏
i=1

S(θ − θi)

]
Fn−2(θ1, . . . , θn−2)

F
S

n F
n−2

M. Kormos LL gas as the limit of sinh–Gordon model
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Form factors
TBA
Finite T vev

Form factors II: sinh–Gordon

Fn(θ1, . . . , θn) = Hn Qn(eθ1 , . . . ,eθn )
n∏

i<j

Fmin(θi − θj)

eθi + eθj

Fmin(iπ + θ)Fmin(θ) =
sinh θ

sinh θ + sinh(iπα)

Q2n−1 −→ φ , :φ3 : , . . . , :φ2n−1 :
Q2n −→ :φ2 : , :φ4 : , . . . , :φ2n :

F :φk :
n = 0 , n < k

M. Kormos LL gas as the limit of sinh–Gordon model
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Q2n −→ :φ2 : , :φ4 : , . . . , :φ2n :

F :φk :
n = 0 , n < k
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Form factors III: the exponential operator

/A. Koubek, G. Mussardo, Phys. Lett. B 311 193 (1993)/

Fn(k) = 〈0|ekgφ|θ1, θ2, . . . , θn〉 =

sin(kπα)

sin(πα)

(
4 sin(πα)

Fmin(iπ)

) n
2

det Mn(k)
n∏

i<j

Fmin(θi − θj)

eθi + eθj
,

where

[Mn(k)]i, j = σ
(n)
2i−j

sin ((i − j + k)πα)

sin(πα)

σ
(n)
k =

n∑
i1<···<ik

eθi1 . . . eθin

M. Kormos LL gas as the limit of sinh–Gordon model



Introduction
ShG ingredients

Expectation values and form factors in LL

Form factors
TBA
Finite T vev

Form factors IV: φm

Trick: the O(km) term in the series expansion of ekgφ . . . ?
Not enough:

F :φm:
n = 〈0| :φm : |θ1, . . . , θn〉

!
= 0 for n < m

“Operator mixing”:

φ̃2 = :φ2 : ,

φ̃4 = :φ4 : − 4
π2α2

g2 :φ2 : ,

φ̃6 = :φ6 : − 20
π2α2

g2 :φ4 : + 16
π4α4

g4 :φ2 :

F :φk :
k (θ1, . . . , θk ) = 2kk !

(
π2α2

N g2 sin(πα)

) k
2 ∏k

i<j Fmin(θ1, . . . , θk )
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Thermodynamical Bethe Ansatz

Bethe–Yang equations:

mic sinh(θi)L + ~
∑
j 6=i

δ(θi − θj) = 2πni~ , ni ∈ Z ,

where δ(θ) = −i log S(θ)

ρ(θ)=
mc
2π~

cosh(θ) +

∫ ∞
−∞

dθ′

2π
ϕ(θ − θ′) ρ(θ′)

1 + e ε(θ′)
,

n=
N
L

=

∫ ∞
−∞

dθ
ρ(θ)

1 + e ε(θ)
,

ε(θ)=
mc2

kBT
cosh(θ)− µ

kBT
−
∫ ∞
−∞

dθ′

2π
ϕ(θ − θ′) log

(
1 + e−ε(θ

′)
)

where ϕ(θ) = −i ∂∂θ log S(θ)
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Thermodynamical Bethe Ansatz II

F
L

= −kBT
2π~

∫ ∞
−∞

dθmc cosh(θ) log
(

1 + e−ε(θ)
)

+ µn ,

N
L

=

∫ ∞
−∞

dθ
ρ(θ)

1 + e ε(θ)
,

E
L

=

∫ ∞
−∞

dθmc2 cosh(θ)
ρ(θ)

1 + e ε(θ)

ε(θ) is the dressed energy of the excitations
over the physical vacuum:
changing one quantum number⇒ θ → θ′:

∆E
kBT

= ε(θ′)− ε(θ)

M. Kormos LL gas as the limit of sinh–Gordon model
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The limit of the TBA

ρ̃(p) =
1

mc
ρ
( p

mc

)
, ε̃(p) = ε

( p
mc

)
,

µ̃ = µ−mc2

2πρ̃(p) =
1
~

+

∫ ∞
−∞

dp′ ϕ̃(p − p′)
ρ̃(p′)

1 + e ε̃(p′) ,

ε̃(p) = − µ̃

kBT
+

p2

2mkBT
−
∫ ∞
−∞

dp′

2π
ϕ̃(p − p′) log

(
1 + e−ε̃(p

′)
)

/ C. N. Yang, C. P. Yang, J. Math. Phys. 10 1115 (1969)/

Ẽ
L

=
E − N mc2

L
=

∫ ∞
−∞

dp
p2

2m
ρ̃(p)

1 + e ε̃(p)
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Ẽ
L

=
E − N mc2

L
=

∫ ∞
−∞

dp
p2

2m
ρ̃(p)

1 + e ε̃(p)

M. Kormos LL gas as the limit of sinh–Gordon model



Introduction
ShG ingredients

Expectation values and form factors in LL

Form factors
TBA
Finite T vev

Finite T expectation values

At equilibrium: 〈O〉T ,n =
Tr

 
e
−H−µN

kBT O
!

Tr

 
e
−H−µN

kBT

!
LeClair–Mussardo
/A. LeClair, G. Mussardo, Nucl. Phys. B 552 624 (1999)/:

〈O(x , t)〉T ,n =
∞∑

k=0

1
k !

∫ ∞
−∞

dθ1

2π
. . .

dθk

2π

(
k∏

i=1

1
1 + e ε(θi )

)
〈θk , . . . , θ1|O(0,0)|θ1, . . . , θk 〉conn

Connected form factor:

〈θk , . . . , θ1|O|θ1, . . . , θk 〉conn =

FP
(

lim
ηi→0
〈0|O|θ1, . . . , θk , θk − iπ + iηk , . . . , θ1 − iπ + iη1〉

)
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Local correlators in the LL model

〈ψ† kψk 〉n,T = nk gk (γ, τ)

γ =
2m
~2

λ

n
,

τ =
T
TD

, TD =
~2n2

2mkB

g1 = 1
g2: Hellmann–Feynman thm
g3: known at T = 0
/V. V. Cheianov, H. Smith, M. B. Zvonarev, Phys. Rev. A 73, 051604(R) (2006)/
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The method

Fields

〈 :φ2k : 〉 −→
(

~2

2m

)k (2k
k

)
〈ψ† kψk 〉

〈ψ† kψk 〉n,T =

(
2k
k

)−1( ~2

2m

)−k

×

∞∑
j=k

1
j!

∫ ∞
−∞

dp1

2π
f (p1) . . .

∫ ∞
−∞

dpj

2π
f (pj) F̃ :φ2k :

2j (p1, . . . ,pj)conn

f (p) = 1/(1 + e ε̃(p)) ,

F̃ :φ2k :
2j ({pi})conn = lim

( 1
mc

)j
F :φ2k :

2j ({θi = pi
mc})conn
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The method

To do:

1 find the form factors of :φ2k :

2 calculate the connected form factors
3 take the double limit of them
4 solve the TBA equations with a given {λ,T ,n}
5 perform the integrals
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g1 = 〈ψ†ψ〉/n = 1

〈ψ†ψ〉n,T =

∫ ∞
−∞

dp
2π

f (p)
1
~

+

∫ ∞
−∞

dp1

2π

∫ ∞
−∞

dp2

2π
f (p1)f (p2)

1
~
ϕ̃(p12) +∫ ∞

−∞

dp1

2π

∫ ∞
−∞

dp2

2π

∫ ∞
−∞

dp3

2π
f (p1)f (p2)f (p3)

1
~
ϕ̃(p12)ϕ̃(p23)+. . . ,

ρ̃(p) =
1

2π~
+

∫ ∞
−∞

dp′

2π
ϕ̃(p − p′) f (p)ρ̃(p′)

〈ψ†ψ〉n,T =

∫ ∞
−∞

dp f (p)ρ̃(p) = n
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Asymptotic results (T = 0)

For γ � 1, leading order for any k

gk (γ) =
k !

2k

(
π

γ

)k(k−1)

Ik + . . .

where Ik =
∫ 1
−1 dx1 . . .

∫ 1
−1 dxk

∏k
i<j x2

ij
/D. M. Gangardt, G. V. Shlyapnikov, Phys. Rev. Lett. 90, 010401 (2003)/

g2 =
4
3
π2

γ2

(
1− 6

γ
− (24− 8

5
π2)

1
γ2

)
+O(γ−5)

g3 =
16
15

π6

γ6

(
1− 16

γ

)
+O(γ−8)
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g1 and g2 at T = 0

0 5 10 15 γ0

0.2

0.4

0.6

0.8

1
g1

g2

Figure: g1 and g2 at T = 0 using form factors up to n = 4, 6 and 8
particles, respectively with green dot-dashed, blue dashed and red
dotted lines.
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g3 at T = 0

1 10 20γ

0.0001

0.001

0.01

0.1
g3

Figure: g3 at T = 0 with form factors up to n = 6 and 8 particles. The
exact value is given by the solid line whereas the purple dot-dashed
line above corresponds to the leading order expression.
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Asymptotic results (T > 0)

For γ2 � τ � 1:

gk (γ, τ) =

(
τ

γ2

) k(k−1)
2

Jk ,

where

Jk =
k !

πk/2

∫
dx1 . . . dxk e−

Pk
i=1 x2

i

k∏
i<j

(xi − xj)
2 =

Bk

2k(k−1)/2

with Bk+1 = (k + 1)Γ(k + 2)Bk , B1 = 1

/D. M. Gangardt, G. V. Shlyapnikov, New J. Phys. 5, 79 (2003)/
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g2 at T > 0

10 20γ

0.1

0.5

g2 τ=10

τ=1

Figure: g2 at τ = 1 and τ = 10 using form factors up to n = 4, 6 and 8
particles. The solid lines show the exact result, while the purple
dot-dot-dashed line is the leading order expression.
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New result: g3 at T > 0

10 20γ

0.0001

0.001

0.01

0.1

1
g3

τ=10

τ=1

(a) g3 vs γ at τ = 1 and τ = 10

10 τ

0,0001

0,001

0,01

0,1
g3

γ=7

γ=15

(b) g3 vs τ at γ = 7 and γ = 15

Figure: The blue dashed and the red dotted lines refer to n = 6 and 8
particles, respectively. The purple lines show the asymptotic results.
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Algebraic BA form factors from sh-G

We have seen that the
S-matrices,
Bethe–Yang and TBA equations,
fields

can be put in correspondence.
Moreover,

the Algebraic Bethe Ansatz parameters λi are the
momenta
the pseudo-vacuum is the Fock vacuum

=⇒ what about the form factors?
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BA form factors from sh-G

B. Pozsgay and G. Takács, Nucl.Phys.B788, 167 (2008), Nucl.Phys.B788, 209 (2008):

Finite volume form factors

〈θ′1, . . . , θ′l |O(0,0)|θ1, . . . , θn〉L =

FO(θ′1 + iπ, . . . , θ′l + iπ, θ1, . . . , θn)√
ρl(θ

′
1, . . . , θ

′
l )
√
ρn(θ1, . . . , θn)

+O(e−µL)

where

Qj = mcL sinh θj +
n∑

k 6=j

1
i

log S(θj − θk ) = 2πIj , j = 1, . . . ,n

ρn(θ1, . . . , θn) = det
∂Qj

∂θk
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BA form factors from sh-G

Fmin(θjl)→
λj − λl

λj − λl + ic
= f (λj , λl) , Fmin(θjl + iπ)→ 1

|θ1, . . . , θn〉 ∼
(mc)n/2e−in mc2t

λn/2
N∏

j<k
f (λj , λk )

|λ1, . . . , λn〉

〈λ′1, . . . , λ′N+p−q|ψ† pψq|λ1, . . . , λN〉 =

ip−q
(

p + q
p

)−1(2m
~2

) p+q
2

λ
2N+p−q

2

N∏
j<k

f (λj , λk )

N+p−q∏
j<k

f (λ′j , λ
′
k ) ×

× l̃im
{

(mc)−
2N+p−q

2 〈0| :φp+q : |θ′1 + iπ, . . . , θ′N+p−q + iπ, θ1, . . . , θN〉
}
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Summary

showed that the sh-G and LL models are related by a
non-relativistic limit
gave a general, compact method to compute
FF’s for the Bose gas
gave a general, compact method to calculate expectation
values at any γ and T

gave analytic asymptotic expansions
calculated experimentally relevant g3 at finite T

possible extensions:
finite size effects, non-periodic b.c.’s
two-point functions (!)
other models (e.g. super Tonks–Girardeau gas)

Thank you!
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Figure: Deviations 1− g1 from the exact result (g1 = 1) as a function
of the scaled temperature τ for a fixed value of γ = 7.
Inset: 1− g1 vs γ at τ = 1. In both figures form factors are used up to
n = 4 (green dot-dashed), 6 (blue dashed) and 8 (red dotted)
particles.
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