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Inequalities for the eigenvalues: |

A1 (Faber—Krahn)
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Inequalities for the eigenvalues: |

A1 (Faber—Krahn)

The Faber—Krahn inequality says that

M(E) = Mi(B).
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Inequalities for the eigenvalues: |

A1 (Faber—Krahn)

The Faber—Krahn inequality says that
M(E) > M\i(B).

To show the inequality, it suffices to define the spherical rearrangement
u* of u, and apply the Polya—Szegé inequality to get that (for |E| = 1)
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Inequalities for the eigenvalues: |

A1 (Faber—Krahn)

The Faber—Krahn inequality says that
M(E) > M\i(B).

To show the inequality, it suffices to define the spherical rearrangement
u* of u, and apply the Polya—Szegé inequality to get that (for |E| = 1)

| Dul? | Du*?
M(E) = fEf - > ftj o > \i(B).
E B
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Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)
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Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)

The Krahn-Szego inequality says that
A2(E) = 22(0),

where © = By U By is a disjoint union of two balls of volume 1/2.
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Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)

The Krahn-Szego inequality says that
A2(E) = 22(0),

where © = By U By is a disjoint union of two balls of volume 1/2.
Moreover, equality holds iff E is such a disjoint union.

September 1, 2011 (Benasque) Open Session on G./F. inequalities PDEs, optimal design and numerics 3 / 11



Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)

The Krahn-Szego inequality says that
A2(E) = 22(0),

where © = By U By is a disjoint union of two balls of volume 1/2.
Moreover, equality holds iff E is such a disjoint union.
To show this inequality, define

Et :={w >0}, E™:={u <0}.
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Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)

The Krahn-Szego inequality says that
A2(E) = 22(0),

where © = By U By is a disjoint union of two balls of volume 1/2.
Moreover, equality holds iff E is such a disjoint union.
To show this inequality, define

Et :={w >0}, E™:={u <0}.
One has easily \o(E) = A (ET) = M(E7).
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Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)

The Krahn—Szego inequality says that
A2 (E) = X2(©),

where © = By U By is a disjoint union of two balls of volume 1/2.
Moreover, equality holds iff E is such a disjoint union.
To show this inequality, define

Et :={w >0}, E™:={u <0}.

One has easily \o(E) = A (ET) = M(E7).
Then by Faber—Krahn (and |E| = 1)
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Inequalities for the eigenvalues: |l
A2 (Krahn-Szego)

The Krahn—Szego inequality says that
A2 (E) = X2(©),

where © = By U By is a disjoint union of two balls of volume 1/2.
Moreover, equality holds iff E is such a disjoint union.
To show this inequality, define

Et :={w >0}, E™:={u <0}.

One has easily \o(E) = A (ET) = M(E7).
Then by Faber—Krahn (and |E| = 1)

M(E) > M(BT)VAL(BT) > Xa(O).
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Inequalities for the eigenvalues: I1lI

w1 (trivial)
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Inequalities for the eigenvalues: 11l

w1 (trivial)

It is enough to take v; = 1... Hence, p1(E) = 0 for any set E.
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Inequalities for the eigenvalues: Ill and IV

w1 (trivial)
It is enough to take v; = 1... Hence, p1(E) = 0 for any set E.

2 (Szegé—Weinberger)
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Inequalities for the eigenvalues: Ill and IV

w1 (trivial)

It is enough to take v; = 1... Hence, p1(E) = 0 for any set E.

2 (Szegé—Weinberger)

The Szegé—Weinberger inequality says that

p2(E) < uz(B).
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Inequalities for the eigenvalues: Ill and IV

w1 (trivial)

It is enough to take v; = 1... Hence, p1(E) = 0 for any set E.

2 (Szegé—Weinberger)

The Szegé—Weinberger inequality says that

p2(E) < u2(B).
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Inequalities for the eigenvalues: Ill and IV

w1 (trivial)

It is enough to take v; = 1... Hence, p1(E) = 0 for any set E.

2 (Szegé—Weinberger)

The Szegé—Weinberger inequality says that

p2(E) < pa(B).

The proof is quite technical, and relies on Bessel functions.
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Quantitative Faber—Krahn
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Quantitative Faber—Krahn

Some results are known about a quantitative version of Faber—Krahn.
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Quantitative Faber—Krahn

Some results are known about a quantitative version of Faber—Krahn.
For any dimension n,

A(E) < C(m) (M(E) - )\1(8))1/4

(Fusco-Maggi—P.). The exponent 1/4 is surely not sharp, should be 1/2.
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Quantitative Faber—Krahn

Some results are known about a quantitative version of Faber—Krahn.
For any dimension n,

1/4
A(E) < C(n) (M(E) — n(B))

(Fusco-Maggi—P.). The exponent 1/4 is surely not sharp, should be 1/2.
For the dimension n = 2, Bhattacharya showed that

1/3
A(E) < C(n) (Al(E) . )\1(B)> .
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Quantitative Krahn—-Szego
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,

A>(E) = e:n;iEBz |EAO],
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,

A>(E) = e:n;ir&Bz |EAO],

and the Krahn—-Szego deficit
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,
As(E) = i EAO|,
2(E) = o main,,, [EAS)

and the Krahn—-Szego deficit

KS(E) = \a(E) — Ma(©).
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,

A>(E) = e:rgigsz |EAO],

and the Krahn-5zego deficit
KS(E) = X2(E) — \2(©).

Then the Krahn-Szego inequality says that

A2(E) > X2(©)
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,

A>(E) = e:rgigsz |EAO],

and the Krahn-5zego deficit
KS(E) = X2(E) — \2(©).
Then the quantitative version of Krahn—Szego inequality says that

X2(E) > \a(©) +c(n) Az (E)X 1Y)
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Quantitative Krahn—-Szego (claim)

Let us define the 2—Fraenkel asymmetry,

A>(E) = e:rgigsz |EAO],

and the Krahn-5zego deficit

KS(E) = X2(E) — \2(©).
Then the quantitative version of Krahn—-Szego inequality says that
A2(E) > Xa(©) +c(n)An(E)?mHD)

In other words, Ay(E) < c(n)KS(E)m_
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Quantitative Krahn—-Szego
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Quantitative Krahn—Szego (sharpness)

2

) S (AE") + A(ET) +¢) "

N

KS(E)Z(HH .
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Quantitative Krahn—-Szego (sharpness)

1

A>(E) < (A(E+) +A(ET) —1—5) i

<KS( ) nll .

e The exponent 1/2(n + 1) is surely not sharp, because the proof relies
on the non-sharp exponent for \;.
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Quantitative Krahn—-Szego (sharpness)

2

Ao(E) < (A(E*) + A(E") +e)ﬁ
< KS(E)?

e The exponent 1/2(n + 1) is surely not sharp, because the proof relies
on the non-sharp exponent for \;.
e The exponent 2/(n + 1) is sharp, as two overlapping balls show.

September 1, 2011 (Benasque) Open Session on G./F. inequalities PDEs, optimal design and numerics 7 / 11



Quantitative Krahn—-Szego (sharpness)

A>(E) < (A(E+) +A(ET) +5)"i1
< KS(E) .

e The exponent 1/2(n + 1) is surely not sharp, because the proof relies
on the non-sharp exponent for \;.

e The exponent 2/(n + 1) is sharp, as two overlapping balls show.

In fact, our proof ensures the exponent n+1' where k € [1/4,1/2] is the
sharp exponent for .
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Quantitative Krahn—-Szego (sharpness)

A>(E) < (A(E+) +A(ET) +5)"i1
< KS(E) .

e The exponent 1/2(n + 1) is surely not sharp, because the proof relies
on the non-sharp exponent for \;.
e The exponent 2/(n + 1) is sharp, as two overlapping balls show.

In fact, our proof ensures the exponent
sharp exponent for .

n+1' where k € [1/4,1/2] is the

e Is ~* sharp?

September 1, 2011 (Benasque) Open Session on G./F. inequalities PDEs, optimal design and numerics 7 / 11



Quantitative Krahn—-Szego (sharpness)

A>(E) < (A(E+) +A(E) +5)”i1
< KS(E) .

e The exponent 1/2(n + 1) is surely not sharp, because the proof relies
on the non-sharp exponent for \;.
e The exponent 2/(n + 1) is sharp, as two overlapping balls show.

In fact, our proof ensures the exponent
sharp exponent for Aj.

n+1' where k € [1/4,1/2] is the

2K ?
e Is ~ sharp?

It has been obtained putting together two sharp estimates, but this is not
enough.
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Quantitative Szeg6—Weinberger
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are
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Let us start with the classical proof by Weinberger.
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).

September 1, 2011 (Benasque) Open Session on G./F. inequalities PDEs, optimal design and numerics 8 / 11



Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then

fE\Dv,-]z
Ey< ZE— '
HalE) < fEVi2
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

fE\Dv,-]z
Ey< ZE— '
HalE) < fEVi2
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

Je D2 _ S Je IDw?
fEVi2 B ZifEViz

p2(E) <
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

JelDvil? _ X JelDvil® _ Jes(x))

nelB) S T S TR T T RN
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

Jg |Dvi? Z]EIDV:I2 ng!X\
Jevi = Xifev? fE (Ix1)?

Thanks to the Bessel equation, g is decreasing.

p2(E) <
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

Jg |Dvi? Z]EIDV:I2 ng!X\
Jevi = Xifev? fE (Ix1)?

Thanks to the Bessel equation, g is decreasing. Hence,

p2(E) <

»(E) < Jes(lx)

fE (Ix1)?
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

Jg |Dvi? Z]EIDV:I2 ng!X\
Jevi = Xifev? fE (Ix1)?

Thanks to the Bessel equation, g is decreasing. Hence,

p2(E) <

Jealx) _ Jae(xl)
H2(E) < TR < T ()2
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Quantitative Szeg6—Weinberger (step 1)

Let us start with the classical proof by Weinberger.
It is known that pp(B) has multiplicity n, and the eigenfunctions are

f solves some ODE of Bessel type (and it is increasing).
Extend f to be constant out of B. Then (up to a translation!)

Jg |Dvi? Z]EIDV:I2 ng!X\
Jevi = Xifev? fE (Ix1)?

Thanks to the Bessel equation, g is decreasing. Hence,

p2(E) <

Jeg(x) _ Jze(x])
) < 455007 S T = 2®)
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Quantitative Szeg6—Weinberger
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

©%
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

©%

Define the set D := B; U (B \ B).
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

©%

Define the set D := B; U (Be \ B). The proof before ensures that
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

©%

Define the set D := B; U (Be \ B). The proof before ensures that

p2(E) < ff;g”j'
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

©%

Define the set D := B; U (Be \ B). The proof before ensures that

Jee(xl) _ Jpellx])
#2E) < THDE S T, FO2
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

.
.
.
|
;
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i
!
v
)
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.

Define the set D := B; U (Be \ B). The proof before ensures that

Jealx) _ fpe(x)
#2(E) < 7700 = T e = 2P)
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Quantitative Szeg6—Weinberger (step 2)

We can be more precise in the above proof.

.
.
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|
;
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i
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Define the set D := B; U (Be \ B). The proof before ensures that

Je&(x)) _ Jpe(x) Ay
M2 (E) fE |X| < fD |X| 2 _M2(B) ( )A(E) :
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Quantitative Szeg6o—Weinberger
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Quantitative Szeg6—Weinberger (sharpness)
What about the sharpness of the exponent 2 in quantitative SW ineq.?
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2. ..
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2... But:
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2... But:
e The eigenvalue uy is not simple!
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2... But:

e The eigenvalue uy is not simple!

e The inequality is on the wrong side!!
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2... But:

e The eigenvalue uy is not simple!

e The inequality is on the wrong side!!

e Ellipses has exponent 1!!!
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2... But:

e The eigenvalue po is not simple!

e The inequality is on the wrong side!!

e Ellipses has exponent 1!1!

Luckily, exponent 2 is sharp, but the example is quite involved.
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One is always happy with exponent 2... But:

e The eigenvalue po is not simple!

e The inequality is on the wrong side!!
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Luckily, exponent 2 is sharp, but the example is quite involved.
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Quantitative Szeg6—Weinberger (sharpness)

What about the sharpness of the exponent 2 in quantitative SW ineq.?
One is always happy with exponent 2... But:

e The eigenvalue po is not simple!

e The inequality is on the wrong side!!

e Ellipses has exponent 1!1!

Luckily, exponent 2 is sharp, but the example is quite involved.

One needs to use an iterative procedure together with a spectral

decomposition plus classical Calderon—Zygmund estimates, on an unknown
eigenfunction!
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Open problems

e Show the sharp exponent » (= 27) for the Faber—Krahn inequality for A;.
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Open problems

e Show the sharp exponent » (= 27) for the Faber—Krahn inequality for A;.

2’ 7) for the Krahn—Szego inequality for A;.

e Find the sharp exponent (=
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Open problems

e Show the sharp exponent » (= 27) for the Faber—Krahn inequality for A;.

2K
n+1

e Find the sharp exponent (= 7) for the Krahn—-Szego inequality for As.

e There are a lot of other open spectral inequalities!
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