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Coupled Parabolic Systems

ur — (a1(xX)ux)x + a1 (t, x)u + by (t,x)v = h11,,
v — (a2(x)vi)x + c2(t, x)v + bo(t, x)u = 0,

+ Boundary Conditions
u(0,x) = up(x), v(0,x) = w(x), xe€(0,1),
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Nondegenerate Case : a;j(x) > m >0
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Gonzalez-Burgos, De Teresa, Ammar-Khodja,
Benabdellah, Dupaix, Zuazua, ...




a,-(x) = x%i

ai(x) = x*(1 — X);%,-
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ai(O) =0 e.g. a,-(x) — X%
aj(0) =ai(1)=0 e.g. ai(x) = x%(1 — x)%
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Degenerate Parabolic Cascade Systems

Cannarsa and De Teresa : a; = ap =: a, by =0

ur — (a(x)ux)x + ci(t, x)u = hily,

ve — (a(xX)vi)x + c2(t, x)v + bo(t,x)u =0,
u(t,1) =v(t,1)=0

u(t,0)=v(t,00=0  (Weak deg.)
(aux)(0) = (avx)(0) =0 (Strong deg.)
u(0,x) = uo(x), v(0,x) =w(x), xe€(0,1),



a(x) = x“

(Weak deg.) <=

0<ax<l.
(Strong deg.)

—

1<a<?2.
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Adjoint Degenerate Cascade Systems

Ut—(al(X)U ) —|—C1( )U—l—bz(t X)VZO,
Vi — (a2(x) Vi)x + c2(t,x)V =0,
u(t,1)=v(t,1)=0

u(t,0) = 0 (Weak deg.) or (aux)(0) =0 (Strong deg.)
v(t,0) =0 (Weak deg.) or (avx)(0) =0 (Strong deg.)

U(0,x) = Up(x), V(0,x) = Wo(x), xe€(0,1),
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Carleman Estimate

3C>0, 3>0 / YU,V)
T 1

, Vs > sp

2

/ / [s@al U2 +s303 > U2} 2521 dlxft
al(x)

/ / [5632V2+s3@3

x* 2502 gt
2(x) ]

<C / / [U? + V2] e*®2dxdt.
0 w

7/22



1

0 =T —op

i) =N (J5 sty = di) = A (30— d)

QO,'(t,X) = e(t)wi(x)’ = 1727
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1
o(t) = M'

Vit = A (fox Y - d") = N (P - d))
pi(t, x) = ©(t)i(x),

= 1727
W,‘(X) = eriCi(X) _ e2p,-
1o

i) = —/—d ' i := riGi(0),

Gi(x) /X =0) ly,  pi = ri¢;i(0)

CI)i(t7x) = @(t)\ll,(x) | = 1,2
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w = (a,b) CC (0,1).

¢ = cut-off function;

w = EU, z:=£tV,

We — (31WX)X +aw = byz — &a1 Uy — (aleU)X = f,
Zt — (aQZX)X + 0z = —&xap VX o (32€X V)x = f2>

+ Boundary conditions

w(0, x) = wo(x), 2(0, x) = zp(x).
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w = (a,b) CC (0,1).

Estimate in (0, a)

& = cut-off function;
w = gU, Z = fV,




Proof

T 1 2
/ / [s@a1w? + s30% = w?]e®**1 dxdt
a1(x)

<C / / [b32% + (£xa1 Uy + (216 U) )2 €25°1 dxdt
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Proof

T 1 X2
/ / [s@a1w} + s*°0° ——w?|e**# dxdt
a1(x)

<C / / [b32% + (£xa1 Uy + (216 U) )2 €25°1 dxdt

T 1 X2
/ / [s@azzf aF 53@3722]85‘?2 dxdt
o Jo ax(x)

T 1
= C/ / (Exan Vi + (2264 V)x )% %92 dxdt.
0o Jo
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1
d; > max{m"‘fo W

_rly
e >4 =)o ZHY

1 !: 1
dr—4 fo a(y) dy

p1 = 2p2,
2p1 1 4
M=_—"r5— N=35
dl_fo al(y)dy

55 (€77 — ).
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For this choice we have

»1 < 2,

¢ < Dy,

«Or <Fr o«
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Hardy-Poincaré Inequality

al()2XX 1ax 2X
/0 £2(x)d <c/ () lgx[2d

-1
| %
0

1
~2g2(x)dx < c/ 7| g Palx
0

ng\/<2ﬁ/7£1

«O>» «Fr «Z» «E>»

13/22
A



Hardy-Poincaré Inequality

1. 1
| 2e2090x < ¢ [ atlalax
o X 0

1
/0x7_2g2(x)dx < C/O X7 |g|?dx

0<y<2,v#1
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Non Cascade degenerate Systems

U — (x** Uy)x + c1(t, x)U + ba(t,x)V =0,
Vi — (x?Vy)x + a(t, x)V + bi(t,x)U = 0,
+ Boundary Conditions

U(0, x) = Up(x), V(0,x) = Vo(x)
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T 1 X2
/ / [s©a; WS aF 53@37W2]e25@1dxdt
o Jo a1(x)

T 1
<C / / [632% + (£xa1Ux + (a16xU)x )] €% dxdt
0 0

T rl X2
/ / [5@3223 + 53@3722]e25“72 dxdt
o Jo ax(x)

T 1
< C/ / (BEwW? + &xan Vi + (a28x V)x)z]ezs“"2 dxdt.
o Jo
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Previous

New

Yt — (XaYX)x =f,

+ boundary conditions

y(OaX) = Y0,X € (0? 1)
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New

Yt — (XaYX)x =f,

+ boundary conditions

y(OaX) = Y0,X € (0? 1)

’QZJ(X) = C1(X2_a — C2).

()

C;[(X2 B _ C2).
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Previous

New

Yt — (XaYX)x =f,

+ boundary conditions

y(OaX) = Y0,X € (0? 1)

Y(x) = a (x>

— C2).

P(x) = c1(x2_ﬁ — ).
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New Carleman estimate of parabolic
equations

let 0 < a< 1.

VB € [a,1), 3C,50>0:

/ / 56) 2a B 2+s363( ) 2+2a—3/3y2)e2sgodxdt

<C / / F2(t, x)e?*?(t%) dxdt
0 0

-
—1—/ sO(t)y2(t, 1)t dt, Vs> s
0
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B € [max(a1, a2),1).
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Weak-Strong : e.g. a1 < 1 and ap > 1.
Strong-Strong : @1 > 1 and ap > 1.
General aj, i =1,2.

High dimension
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Weak-Strong : e.g. @1 < 1 and ap > 1.
Strong-Strong : @3 > 1 and ap > 1.
General aj, i =1,2.

High dimension
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Boundary approx. control. for systems

ur — (X uy)x + c(t, x)u + by(t, x)v =0
ve — (xPvy)x + a2(t, x)v + ba(t, x)u =0,

u(t,1) =v(t,1)=0



Inverse problem for parabolic systems

ur — (xuy)x + c1(t, x)u + bi(t,x)v = f,
ve — (XP?vy)x + c(t, x)v + ba(t,x)u = g,

-+ Boundary Conditions
u(0, x) = up(x), v(0,x) = vo(x).
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