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Navier-Stokes system

Navier-Stokes system

∂t% + divx(%u) = 0

∂t(%u) + divx(%u⊗ u) + a∇x%
γ = µ∆u + λ∇xdivxu

u|∂Ω = 0
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Navier-Stokes system

Adiabatic exponent

Available bounds

% ∈ L∞(0,T ; Lγ(Ω)), u ∈ L2(0,T ;W 1,2(Ω; R3))

% ∈ Lγ+θ((0,T )× Ω), θ =
2

3
γ − 1

Renormalized continuity equation:

∂tb(%) + divx(b(%)u) +
(
b′(%)%− b(%)

)
divxu = 0

DiPerna-Lions theory requires % ∈ L2 =⇒ γ ≥ 9/5
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Navier-Stokes system

Oscillation defect measure:

oscq[%n → %] = sup
k≥0

lim sup
n→∞

∫ T

0

∫
Ω

∣∣∣Tk(%n)− Tk(%)
∣∣∣qdt

It is enough oscq[%n → %] < ∞ for q > 2. Can be shown for
q = γ + 1.

Convective term:

%︸︷︷︸
Lγ

u︸︷︷︸
L6

⊗ u︸︷︷︸
L6

=⇒ γ > 3/2
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Navier-Stokes system

Anisotropic viscosity

Needed
∂xi ∆

−1[∆ui ] = divxu

Anisotropic viscosity:

∆u = α∆yu + β∆zu
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Navier-Stokes system

Vacuum problem

0 < % ≤ %0(x) ≤ %

Do we have conjecture (C)?

0 < %(t) ≤ %(t, x) for all finite t

divxu ∈ L1(0,T ; L∞(Ω)) =⇒ (C)

Do we have equivalence ?

% ≤ %(t) ⇐⇒ % ≥ %(t) > 0 ⇐⇒ divxu ∈ L1(0,T ; L∞(Ω))
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Navier-Stokes system

Density dependent viscosity

Viscous stress tensor

S = µ(%)
(
∇xu +∇t

xu−
2

3
divxu

)
+ η(%)divxu

Partial results

Vaigant and Kazhikhov [1995], N = 2, periodic BC, µ = const
Bresch and Desjardins (Mellet, Vasseur) [2006], special
relation between µ and η, periodic BC
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Convergence to equilibria

Driving force:

%f = %∇xF

Equilibrium solutions

a∇x %̃
γ = %̃∇xF

There are equilibria %̃ that vanish on some part of Ω!

Known results:

{x ∈ Ω | F (x) > k} connected for any k

=⇒

% → %̃, %u → 0 as t →∞

Eduard Feireisl Compressible Navier-Stokes



Navier-Stokes system

Losing mass “at infinity”?

∫
Ω

%(t, ·) dx = M

%(t, ·) → %̃ in Lγ(Ω)

Do we have ∫
Ω

%̃ dx = M ?

Self-gravitation, plasma

f = ∇xΦ, ∆Φ = α% + g
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