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Elliptic problem (model example)

Given a, 8 > 0, Q c R" open bounded, f € H~1(Q)

F:Q x R xRN - R Carathéodory function, such that
F(x,5,8)| < C(h(x) + |s|* + [§]?),  h€L(),

we consider

inf f F(x,u,Vu)dx
Q

{—div ((a)(w + ,B)(Q\w)Vu) = finQ
u=0 onad(}

w C ), measurable, lw| < u



This problem has not solution in general (F. Murat 1971)

Two reasons

e The solutions of a sequence of problems of the form
{—div((a)(wn + ,B)(Q\wn)Vun) = fin Q
u, =0 onad ()
do not converge to the solution of a similar problem.
e The functional

u+— f F(x,u,Vu)dx
Q

is not continuous in general for the weak topology of H1(Q)

Remark. The second difficulty does not hold if F(x, s, ) is linear in €.



The first difficulty allow us to study the asymptotic behavior of

—div(4,,(x)Vu,) = finQ
(1) { u, =0 onadQ

Theorem (G. Spagnolo 1968 symmetric case; F. Murat , L. Tartar non-
symmetric case 1977)

A, €EL(QVN g <A (x)E- & a<At(x)E-E,

Then, for a subsequence, 34 in the same conditions that A,, such that
VfeH Q)

u, =~ u in H1(Q), A,Vu, — AVu in L*(Q)".

—div(A(x)Vu) = finQ

with u solution of {
u=0 onadAqQ.

We say that A,, H-converges to A.



Definition. For p € [0,1],, we denote by K (p) the set of constant matrices
A such that

* H
Elwn C (, Xa)n — D in L* (-Q): (a)(a)n + ,BXQ\a)n) - A

Phisically, K (p) Is the set of materials obtained mixing the materials
corresponding to the diffusion matrices al, g1 with proportions p, 1 — p.

Theorem (L.Tartar 1985; K. Lurie, A. Cherkaev 1986)

1-p\ " =
1) =(G+—5) @) =ap+pa-p)

K (p) agrees with the set of matrices A with eigenvalues A4, ..., Ay
satisfying A(p) < A4; < - < Ay < A(p)

z i N -1
Ai—«a /l(p)—a A(p) a B—A ,3 /1(29) B — A(p)

i=1



Theorem (F. Murat, L. Tartar 1985) A relaxation of

inf f F(x,u)dx

Q
—div((a)(w + ,[)’)(Q\w)Vu) =fin{), u=0 onad}
w C ), measurable, lw| < u

IS given by

inf j F(x,u)dx
Q
—div(AVu) = finQ, u=0 ondQ

6 € L*(Q;[0,1]), j Odx < u, A € K(6) a.e.in Q
Q



In order to consider general functional

u+— j F(x,u,Vu)dx
Q

we need to pass to the limit in

j F(x,u,,Vu,)dx,
Q

with u,, solution of

—div ((a)(wn + ﬁxﬂ\wn)Vun) =finQ, u, =0 o0nd



Periodic homogenization Y = (0,1)", M € LY (Y)V*V, elliptic.

Then M, (x) = M (E) i M,, defined as

M, & = JY M(E +Vw)dy, VEEeRY

with w solution of —div(M (¢ +Vw)) =0 in RN, w € Hg(Y)
- - . X -
So, if u, solution of —div (M (;) Vug) =finQ, u, =0 onad Q.

Then u, = u in HY(Q) with —div(M,Vu) = finQ, u=0 ond Q.

Moreover (corrector result) if u smooth, w,, = w, (x, y) solution of
—div (M) (Vxu(x) + Vyw, (x,3))) = 0 inRY, w, € 12 (0 HE(Y)).
Then

X
U, — U — EWy (x,g) - 0in H'(Q).



In particular

f F(x,u,,Vu,)dx — f J F(x,u(x), Vu(x) + Vyw(x,y))dydx
0 Q JY
Theorem: (G. Dal Maso, R. Kohn) The matrices obtained by periodic
homogenization are dense in the matrices obtained by general
homogenization



Definition:

H(x’ S’ f’ 77! p) — 161{‘% H5 (x’ S’ 6)

with Hs(x,s,&,n,p) = inff F(x,s, &+ Vy,w)dx
Y

—div ((a)(z + ﬁxy\z)(i + Vyw)) = 0 in Y with periodic conditions

1Z| = p, j(a)(z + ,BXY\Z)(E + VyW)dy -n <o
Y



Theorem (JCD, J. Couce-Calvo, J.D. Martin-Gomez)

A relaxation of
inf j F(x,u,Vu)dx
Q

—div((a)(w + ﬁxﬂ\w)Vu) =fin{), u=0ond(

w C , measurable, lw| < u

IS given by

infj H(x,u,Vu, AVu, 8)dx
Q
—div(AVu) = finQ, u=0 ond

6 € L*(Q;[0,1]), j Odx < u, A€eXK(0)ae. in
Q



Related results (G.Allaire, J.C. Bellido, P-Pedregal, L. Tartar,...)

Remark. The problem only provides AVu and not A. Thus, it is not necessary to
know K (0) but only

K ={A¢&:AeX(p)}, VEeRY pel01]

In our case

A A A(p) — A
7((9)§=B( (p);r_(p)a (p) 2_(19)'5')

The function H is not known in general by it is known in the boundary of its
domain. Indeed

s —n
p(f—a)

n—ag )

)+ @=pF (o5 o

H(x,s,é,n,p) = pF (x,s

If n € (K ([P)E).



Parabolic problem
T
inf j j F(t,x,u,Vu)dx
0 Y0

{atu — div((a)(w + ﬁXQ\w)Vu) = fin(0,T) X Q
u=00nd0x(0,T), u(0,x)=u’x) inQ

w C ), measurable, lw| < u.

It is known that the homogenized matrix for a parabolic problem with
coefficients independent of t agrees with the elliptic one. Moreover the
elliptic corrector provides a parabolic corrector.



Therefore, if u, solution of (M € L (Y)V*N)

{ 0,1, — div(M (g) Vi) = finQx (0,T)

u., =0 ondQx(0,T), u.(0,x) = u’(x) inQ
Then

f F(t,x,u.,Vu,)dx
Q

T
_>f ffF(t,x,u(t,x),Vu(t,x)+VyWu(t,X;Y))dydx
o Jo Jy

—div, (M(y) (Veult,x) + ¥y w, (6%, y))) — 0 inRY,

w e 12 ((0,T) x O H(Y))



Definition: H: Q x L*(0,T) x L>(0,T) x {(M,p):M € KX(p)} - R

H(x)S) g;M;p) — %i{%Hg(x,S, f’M’p)

T
Hs(x,s,6,M,p) = inffO fy F(x,t,s(t),8(t) + Vyw(t,y))dtdy

with periodic conditions

1Z] = p, < 818(t)]

fy (axz + Bxnz) (@) + Vyw(t,y)) — ME(L)



Relaxed parabolic problem

ian H(x,u(x,.),Vu(x,.),A(x),0(x))dx
Q

d,u — div(A(x)Vu) = fin (0,T) X Q
{u =0ondQx(07T), u(0,x) = u’(x) inQ

6 € L*(Q;]0,1)]), J Odx < u, A€ K(@)ae. in
Q

Difficulties:

e The functional is non-local
e |t is necessary to know the whole set K (p)
e To obtain the value of H in some points

e To construct admissible directions to solve numerically the relaxed
problem



