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Introduction of the model

The cell population in a follicle is represented by cell density
functions p; 1 (t,x,y) defined on each cellular phase @; ;. with age
x and maturity y, which satisfy the following conservation laws

Opjr(t,z,y) +8pj,k(t7x,y) +3(h(y, u)pjr(t, z,y))
ot Ox oy

= 0, in ij
(1.1)

Here k =1,---, N, and N is the number of consecutive cell
cycles. 7 =1,2,3 denotes Phase 1, Phase 2 and Phase 3.
h(y7 U) = _y2 + (cly + 02) u, (12)

with ¢1 and ¢y given positive constants.
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Introduction of the model
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Introduction of the model

related control problems

o We define
3N +oo  ptoo
=Y [ [ vt dedy @3
j=1k=1"0 0
as the follicular maturity.
@ The control u(M(t)).

@ Ovulation is triggered when the maturity reaches a given
threshold value M. Hence, the optimal control problem is,
for fixed observed time t; to maximize the maturity M (¢1).

@ Proliferative cells leave the cycle in an irreversible way, we get
the restraint of control u € [w, 1] with w € (0,1).
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Numerical results

switching direction

black: u=w —u=1red: u=1—-u=w
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Numerical results

Numerical result of optimal bang-bang control

red: u=w — u=1, black: u=w
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Theoretical result based on PMP

simplified model

Consider the following balance law

pt+ pa+ (h(y,u)p)y = csx(y), t=>0,2>0,y>0, (3.1)

with ¢4 a given positive constant, we denote

a(y) =-y°, bly) =cay+c. (3.2)

h(y,u) = a(y) + b(y)u. (3-3)

X(y) is a characteristic function

)1, ifyel0,ys),
x(y) = { 0, ify € (ye.00). (3.4)
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Theoretical result based on PMP

(BC)

(1C)

The initial condition py(x,y) is given as a positive Borel measure
with compact support C [0, 1]2.

For any admissible control u € L*>([to, t1]; [w, 1]), the cost

function is
sw=- ] yip(ti,,y). (36)
[0,400) x[0,+00)
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Theoretical result based on PMP

one Dirac mass

We consider the following optimal control problem (P):

T = f(ac,u), u € Loo([to,tl]; [’U), 1]), t e [to,tl],
(to) = a?, (3.7)
J(u) ft (z,u) + q(z) x(z2)) dt

where

p(z,u) == —(a(x2) + b(z2) u) z3, ¢q(x) = —csxax3. (3.8)

1
f=1 alz2) +b(z2)u
cs X(72) T3

x = (1,22, 23)"" € R3, 1 denotes the age, o denotes the
maturity and x3 denotes the mass.
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Theoretical result based on PMP

The main difficulty of problem (P) is that both f and the
integrand x of the functional J are discontinuous.

First, we proved the existence of optimal control to problem (P)
by approximating method.

The infimum of the functional J in L ([to,t1]; [w, 1]) is achieved,
i.e., there exists u € L*([to, t1]; [w, 1]) such that

) u€ L ([to,t1];[w,1]) (u)
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Theoretical result based on PMP

Theorem

For any measurable optimal control u, to problem (P), the
following property holds:
There exists t' € [to,t1) such that

ue = w in (to,t") and u, = 1 in (¥, t1). (3.9)
Furthermore, under the assumption that

a(ys) + b(ys)
Ys

2ys —c1 >0 and c¢s > , (3.10)

this optimal switch time t' is the exit time t.
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Theoretical result based on PMP

Necessary optimal conditions for optimal control (PMP)

Necessary optimal conditions (A. |. Smirnov, 2008). Let us define
the Hamilton-Pontryagin function and the Hamiltonian as

H(a,u,v,0°) = < fla,u) ¥ >+ (pla,u) + q(@)x(w2) ).

H(z,,4°) = maxH(z, u, ¢, 4°). (3.12)

Let us denote £ as 24o(f) = ¥s.
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Theoretical result based on PMP

Let u. € L([to, t1]; [w, 1]) and 2, = (41, T4, T43)"" be the
optimal control and the corresponding optimal trajectory in
problem (P). Then there exist a function ¥ = (11,2, 13)"",
P € Wl’oo(to,tl), g € Wl’oo(to,l?) @] ('E,tl), and

13 € W (tg,t1) such that the following conditions hold:

(a) The function % is a solution to the adjoint system:
Uri(t) =0, (3.13)

dalt) = (20020 BUE2) (1)
n Op(x(t), us(t)) i 9q(z4(1)) Y(zs2(t)), t £ 1, (3.14)

83}2 (91’2
P3(t) = —cs x(Taa(t)) Y3(t) + (alsa(t)) + b(zsa(t))us(t))
+ s Taa(t) X(@a2(t)). (3.15)
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Theoretical result based on PMP

(b) The jump when the z.o = ys:

ys + ¥s(t) ys + 3 (f) )

Wa(t +0) — ¥2(f - 0) € cozs(f) <a(ys) +0(ys)" alys) + blys)w/”

Y1(t1) = a(t1) = ¥3(t1) = 0.

(c) The maximum condition holds:

H(x*(t),w) o H(w*(t),u*(t),w>.
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Theoretical result based on PMP

proof of the Theorem

Now, the Hamilitonian becomes

H(t) = (a(x2)+esxxe) z3+1+a(r2)atcsx 23 ¥3+b(ze)(z3+12) u.

Noting that b(x2) > 0, one has
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Theoretical result based on PMP

Under the assumption that 2y; — ¢; > 0, we have

n Ys
(z3 + 1b2)(t — 0) <x3(t1)(1—csm). (3.18)

a(ys) + b(ys)

Under the assumption that ¢, > ” , we have
(z3 4+ ¥2)(t — 0) < 0. (3.19)
Hence,
(z3 + ) (t) <0, t € [to,1). (3.20)
Moreover,
(w3 +1h9)(t) > 0, t € (£,11]. (3.21)

Above all, we have proved the Theorem.
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Theoretical result based on PMP

proof of the necessary optimal conditions

Step 1: Mollifier the characteristic .

Step 2: Let u,, . be an optimal pair in problem (P). Take a
sequence {z;}, i = 1,2,---, of functions z; € Cl[tg, 1] that satisfy
the following conditions

2 — Uy in L2[to,t1] as i — oo, (3.22)
sup [zl < Ul +1, i =1,2,--, (3.23)
toSt<ty
sup ||Zi(t)]| < 04 < 0. (3.24)
to<t<hr

We may assume without loss of generality that o; — oo as i — oo.
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Theoretical result based on PMP

Step 3: Now consider the following sequence of auxiliary optimal
control problems (7;)

= fi(x,u), wue L>®(ty,t1];[w,1]), tE€ [to,11],

x(tg) = a°,
t1 t1
3w = [ (oo + ettt + o [ fult) = w0 P

(3.25)
Here

1
a(xa) + b(ze) u
cs Xi(T2) 3

fi
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Theoretical result based on PMP

For any i = 1,2,---, problem (P;) is a smooth optimal control
problem. Hence, there exists an optimal control u; in problem (7P;)
(L. Cesari, 1983). Let z; be the corresponding optimal trajectory.
We have the following result

The following relations hold as i — oo

Ui — Ux in LQ[to,tl], (326)
Ty — Tx in Co[to, tl]. (327)
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Theoretical result based on PMP

Suppose that x; and u; is an optimal pair in problem (P;). Define
the Hamilton-Pontryagin function and the Hamiltonian for problem
(P;) as follows

Hilt, z,u, 9, 9°) = < fiz,u), 9 > +0°(p(w, u) + g(2)xi(22))
+ 90 (= lut) = = (1)),

1+ 0y

and
Hi(t,2,,9°) = max H; (1 , u, ¥, %0).
ue
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Theoretical result based on PMP

By Pontryagin's maximum principle, there exists a number Y < 0
and an absolutely continuous function v; on [to, t1] such that

wl(t) ae. [afz(ﬂ?zg:)x, z( )) Wy — OW
o (P2 s a0 + gty 2,
¥i(t1) =0, (3.28)
and

Hi(t, zi(t), i), ) = Hi(t, zi(t), wi(t), i), 4f).  (3.29)
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Theoretical result based on PMP

Passing to the limit ¢ — oo in necessary optimal conditions for
problem (7;), finally we prove the necessary optimal conditions for
problem (P).
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Theoretical result based on PMP

n Dirac masses

Using the same method as one Dirac mass, we get similar result
that

Theorem

Under the assumption that

S b S
We— 1 >0 and cy> QW) T (3.30)

Ys

For any optimal control u., the following property holds
There exists t' € (to,t1) such that

s = w in (to,t') and us = 1 in (', t1). (3.31)

v
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Numerical study based on PMP

counter example with small ¢,

The assumption (3.30) is important to guaranteen that the optimal
switch time is once.
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Numerical study based on PMP

nonuniqueness of the optimal control for two Dirac

Masses

For more than one Dirac masses, the optimal control is not unique.
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Numerical study based on PMP

optimal control for one Dirac mass with different ¢,

For one Dirac mass, when ¢, is small, the optimal control is always
u = 1; when c¢; is large, the optimal control isu =w — u = 1.

cost function "
2 m

switch time "t
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PDE case

Recall the PDE case

pr+ pz+ (M(y,u)p)y =csx(y), t>0,2>0,y>0. (51)

The cost function is

sw=- yip(ti, o). (52)
[0,400) x[0,4-00)
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PDE case

We have the following result

Theorem

Under the assumption that

S b S
2ys —c1 >0 and c¢s > M, (5.3)

Ys
we have that among all admissible controls u € L*>([to, t1]; [w,1]),
there exists an optimal control u, to (5.2) such that the following
property holds
There exists t' € (to,t1) such that

s = w in (to,t') and u, = 1 in (¥, t1). (5.4)
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PDE case

Step 1: There exists a sequence
n .
PE =D Nobui i (5.5)
i=1

such that for any given ¢ € CY(K) we have
(pg —po)p — 0 as n— 0. (5.6)

The cost function is

n

T(pg,u) = =Y wiltr, u)Xi(ty, ), (5.7)

=1

For any u € L*°([to, t1]; [w, 1]), it is easy to prove that

Jim J(pg,u) = J(po, u). (5.8)
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PDE case

Step 2: We assume that for each pj, there exists an optimal
control u? such that

ul == win (to,t,), ul :=1in (¢, t1). (5.9)
Without loss of generality, we may assume there exists t' € [tg, t1]
such that

t—t asn— oo (5.10)

Let u, be defined as

uy i=w in (to,t'), us:=1in (¢, t1). (5.11)
Then we prove that

n—oo

Combining (5.8) and (5.12), we have proved that u, defined an
optimal control.
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Discussion

open problems

@ For PDE case, can we get the result that each measurable
optimal control is bang-bang control?

@ For the moment, we consider the open loop problem, what
about the close loop problem, e.x. u(t) = u(t, M(t))?
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