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Schrodinger equation on trees (or network trees)

O12

€122

Figure: A tree with the third generation formed by infinite edges
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Schrédinger on trees

iwy(t,z) + Aru(t,x) =0, x|t #0,

u(0) = uy, zel.
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Schrédinger on trees

iwy(t,z) + Aru(t,x) =0, x|t #0,
(1)
u(0) = uy, zel.
(uf(t, ) +ul,(t,x) =0, ze€(0,1),1<[al<n,
i (t,r) + ul,(t,z) =0, z € (0,00),|a] =n+1,
u@(t,1) =u®P(t,0), Be{l,2},1<]al<n,
ut(0,t) = u*(0,1), (2)
2 RN—
ug(t, 1) =Yy u?(t,0), 1<al <n,
p=1
ualc(07 t) + U%(O, t) =0,
| u®(0,2) = uf(z). .
@)
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Schrédinger on trees

Main goal:

lat, @)l < ¢72(|ugl| 1
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Schrédinger on trees

More general coupling conditions

A(A, B)

: : N 2
e it acts on functions on the graph I' as the second derivative dd?

e its domain consists in all f that belong to H?(e) and satisfy boundary
condition at the vertices:

A(v)f(v) + B(v)f'(v) =0 for each vertex v. (3)

@
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Schrédinger on trees

For each vertex v of the tree we assume that matrices A(v) and B(v) are
of size d(v) and satisfy the following two conditions

@ the joint matrix (A(v), B(v)) has maximal rank, i.e. d(v),

Q@ A()B(v)T = B(v)A(v)T.
Under those assumptions it has been proved that the considered operator,

denoted by A(A, B), is self-adjoint.

[§ V. Kostrykin and R. Schrader.
Kirchhoff's rule for quantum wires.
J. Phys. A, 32(4):595-630, 1999.

[A V. Kostrykin and R. Schrader.
Laplacians on metric graphs: eigenvalues, resolvents and semigroups.
In Quantum graphs and their applications, volume 415 of Contemp.
Math., pages 201-225. Amer. Math. Soc., Providence, RI, 2006.
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Schrédinger on trees

The Kirchhoff coupling corresponds to the matrices

1 -1 0 ... 0 0 000 . 00
1 -1 0 0 00 0 00
0 1 0 0 000 .. 00

Av) = , Blv) =1 .
00 0 1 -1 00 0 00
00 o - 111 11
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Schrédinger on trees

Open problem
e Under which assumptions on A and B we can guarantee a dispersion
property?
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Graphs with some periodic structure
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© Graphs with some periodic structure
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Graphs with some periodic structure

We recall the following result of H. Takaoka and N. Tzvetkov (JFA 2001)

Theorem

Let U(t) = exp(—it(0? + 85)) xeR,yeT. Then

U @) el L2 ter zeryer) < CU)Nel 2 @x)-

It implies some results for nonlinear models on cylinders.
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Exotic structures

Question: it is possible to obtain similar results on infinite X periodic
structures?
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© Discrete models
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Discrete models

iw(t,z) + Agru(t,z) =0, zeI',t#0,
(4)

u(0) = uy, zel.

The basic idea of making averages reduces the problem to some discrete
equations on Z with "non-constant coefficients”.
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DLSE with discontinuous coefficients

(iug(F) + by 2 (Aqu)(j) = 0 Jj< -1,
iv(7) + by 2 (Agv)(j) = 0 j>1,
u(t,0) = v(t,0), t>0,
b2 (u(t, —1) —u(t,0)) = by %(v(t,0) —v(t, 1)), t>0
U(O,j) = 90(.7)7 J < _17

\ U(O,]):(,D(]), ]Zl

D. Stan, L.I., JFAA 2011:

1, 0) (D)oo < (1 + 6D Il )
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Matrix formulation

U = (u(j));jo0 satisfies iUy + AU = 0 where A is given by

0 0 0 0 0
0 by% —2b2 b2 0 0 0 0
0 0 b —bl_Q—@ @ 0 0 0
0 0 0 @ —@—bi b2 0 0
0 0 0 0 by ? —2b;% b;% 0
0 0 0 0 0

No chance to use Fourier transform
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An easier problem: by = by =1

WUy + AU =0, t>0,

(5)
U(0) = ¢,
where the operator A is given by

i e e OO0 0 0 O
0o 1 -2 1 0O 0 0 O

3 1
A 0o 0 1 -5 5 0 00
o0 0 3 -2 1 00
0 0 0 O 1 -2 1 0

0 0 0 0 0
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Open Problem

How we can obtain the [ — [* property directly from the properties of the
operator A?

Remarks: A is not a diagonal operator, so we cannot use the Fourier
analysis to obtain a symbol for A and to use oscillatory integrals
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A can be decomposed as A = Ay + B where

0 0 0 0
01 -2 1 0 0 0 0
A= |00 L =21 0 00
00 0 1 -2 1 0 0
00 0 0 1 -2 1 0
00 0 0 0
and
i e e 00 0 0 0
000 0 0 0 0 O
g_| 0 00 %1 —1% 0 0 0
00 0 -3 42 0 0 0
000 0 0 0 0 O
00 0 0 0

How we can use the dispersive properties of ¢®*2¢ and some properties of
B in order to prove the I' — [* estimate for U(t) = e(2atB)?
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Some Open Problems

I. Give sufficient conditions for a symmetric matrix A with few diagonals
such that for the equation iU; + AU = 0 we can prove similar decay
properties, even with other type of decay: t=1/4 etc..

[l. Coupling more than two equations.
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@ Other topics
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Wave propagation in multi-layer structures

Consider the wave equation uy — (o(z)uy), = 0 and prove

/R\U(tafv)ldt < Cllollsv)ll (w0, ), )l Lt ryx L1 (®)

or

/RIU(t,w)Idw < CllollBv)ll (w0, ), )l 1 ryx L1 (m)
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L. Demanet and G. Peyre, Compressive Wave Computation, Foundations
of Computational Mathematics, 2011 proved that the second one holds

assuming that
e logo € BV ([0,1])
e Var(logo) < 1
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the first estimate

Tj+1=0;

@ Reflexion coefficients ¢; = 2 _
oj+110;

o Define sequence R;(w) as follows Ry = 0,
Rjp1(w) = G+ Bi(w)

1+ cjir1R;(w)

@ For each j write

Rj(w) = ajre™

k>1

IR;l = lal.

k>1

and define

o Estimate ||R;| in a useful way in terms of {c;}
@ Our result: for ) [c| small, || R;| < C( f;:l leg|) forall j >1 @
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