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. Presentation of the model

A rigid body immersed in an incompressible perfect

fluid:

» We consider the motion of a rigid body immersed in an
incompressible perfect fluid in a regular domain Q C R”, n=2 or 3.
(Let us say n = 3 to fix the ideas.)

w L)

Typically, 2 = R" or is a bounded domain.

» The solid occupies at each instant t > 0 a closed connected regular
subset S(t) C Q, and the fluid occupies F(t) := Q\ S(t).



Fluid equation

» In F(t), the fluid satisfies the Euler equation:

%+(u-v)u+vp=0 in [0, T] x F(t),

divu=0 in0, T] x F(t),

where

> u=u(t,x): F(t) = R" is the fluid velocity,

» p=p(t,x): F(t) = R denotes the pressure.



Boundary conditions

» At the boundaries, the fluid satisfies the slip condition :
u(t,x) - n(x) = 0 for x € 99,
u(t, x) - n(t,x) = Vs(t,x) - n(t,x) for x € S(t),
where n is the normal to the boundaries 9Q and 0S(t), and
Vis(t,x) = H'(t) + r(t) x (x — h(t))
is the body velocity, where:

> h(t) is the position of its center of mass,
> K (t) is the linear velocity,

> r(t) denotes the angular speed.



Dynamics of the solid

» The dynamics of the solid is driven by the action of the pressure on
its surface:

mh’(t) = /as(t) p(t, x)n(t,x) dl(x),
(Y0 = [ (x h) x Lol (e, )] dT (),

85(t)
where
» m is the mass of the body, 7 denotes the moment of inertia.

> Let Q(t) € SO(3) the rotation matrix defined by:
Q'(t) = r(t) x Q(t) and Q(0) = Id.

Then
S(t) = h(t) + Q(t)[S(0) — h(0)],
and

J(t) = Q(t)T(0)Q™(t).



Initial data

We prescribe as initial data:

> S(0) = So, with S C Q a smooth closed subset of Q,
» J(0) = Jo,

> uU|i—o = up, for x € Fo :=Q\ Sy,

» (K (0),r(0)) = (hy, ro), with (hg, ro, up) satisfying

div(up) =0 in Fo, up-n=0on 9Q,
up-n=(hy+rox(x—x)) nondSp.



References for the Cauchy problem

» This fluid-structure system has been studied by different authors in
the context of classical (say C!) solutions with finite energy:

» Ortega-Rosier-Takahashi (2005, 2007), in the full plane.
> Rosier-Rosier (2009), in the full space.

» Houot-San Martin-Tucsnak (2010) in a bounded domain in Sobolev
spaces.

» See also G.-Sueur-Takahashi

Remark. D’'Alembert's paradox does not apply here, because it concerns
fluids which are potential in Q, stationary and constant at infinity. In
that case (only), D'Alembert’s paradox states that the fluid does not
influence the dynamics of the solid.



Il. Representation of the system as a geodesic flow

Let us recall Arnold's interpretation of perfect incompressible fluid flows.

» Given u € CY([0, T] x Q;R") with
divu=0in[0,T] xQ and u-n=0o0n [0, T] x 02,
the flow is associated by

Or®(t, x) = u(t, d(t, x)) and ®(0,x) = x, for (t,x) € [0, T] x Q.

> For any t, ®(t,-) is a diffeomorphism preserving the volume and the
orientation. We will write

®(t,-) € SDiff* (Q).



Arnold’s interpretation, 2

» Now one can see SDiff*(Q) as an infinite-dimensional Lie group.

» One can describe its tangent space as follows
T, Sdiff"(Q) := {u on with u € CH(Q;R?)
such that div(u) =0 in Q and u-n=0 on 8(2}.

» One can endow this Lie group with the right-invariant metric
inherited from L2(Q)

u()(r() o = | al)v(x) o

Q

wonverty= |

Q



Arnold’s interpretation, 3

Now Arnold’s interpretation of perfect incompressible fluid flows states
the following.

» Consider a curve t — ®(t,-) from [0, T] to SDiff" ().

» Then ® is a geodesic on SDiff" (Q) with respect to the L2 metric,
that is, a critical point of the action functional

-
| 10006
if and only if
u(t,x) = 0, ®(t, " (x)) satisfies the Euler equation.

(See also Ebin-Marsden.)



Equivalent for the fluid /solid problem

The associated flows:
> the fluid flow is given by
007 (t,x) = u(t, ®” (t,x)) and &7 (0,x) = x, for (t,x) € I x Fo,

®F (¢t,-) : Fo — F(t) is a volume and orientation preserving
diffeomorphism.

» the solid flow is given by
D: 05 (t, x) = vs(t, d5(t, x)) and (0, x) = x for (t,x) € I x Sp.
®5(t,-) belongs to SE(3), the group of the rigid motions:

SE(3) ~ R3 x SO3(R).



The set of the possible configurations

» We first describe the set of the possible configurations of the system
at a fixed time by setting

C = { (r.n) € SE(3) x C1*(Fo; R3) such that 7(Sp) C Q,
7 is a diffeomorphism Fo — Q\ [7(So)]

preserving volume and orientation}.

> One can describe its tangent space at (7,7) as the set of
(0 oT,uomn) with o € se(3) i.e.

o(x)=L+Rx(x— T(X‘OB)),
and uon € CH(Fo; R3) with

divu=0in Fy, u-n=00n9Q and u-n=oc-non J[1(SH)]



Curves on C

» Given T > 0 and two points (71,71) and (72,72) in C, we define a
set of curves of C

L= { (1,m) € CY([0, T];C), such that:
i. 7(0) =70, n(0)=mno,
i o(T)=m, n(T)=m }.

» Then we can define the action
1
Ay =5 [ (mILOF + TR - R
2 Jpo,1

+/ |u(t,x)|2dx) dt,
ne(Fo)

where u, L and R are associated to the tangent vector 9:(7,7) as
previously; J[7] := QJo@* with Q the linear part of 7.



Interpretation of the fluid /body system

One can show that A is differentiable on £, and prove the following.

Theorem (G.-Sueur)

If (u,xg, r) is a classical solution of the PDE system on [0, T] then
(05,07 is a geodesic on L, i.e. it satisfies

DA(¢°,07) =0.

Conversely, let (1,m) € L be a geodesic. Then (v, L, R) associated as

before to the tangent vector (07, 0¢n), gives a solution of the PDEs
formulation on [0, T].



IIl. The problem of a small body (2D)

» Here, Q = R2.
> Let us be given Sp a smooth, simply connected, bounded domain as
above.

> Given up € C°(Fo; R?), (hy, o) € R3, with corresponding vorticity
wo € LP(Fo) as above, one can associate a global solution (#', r, u).

» Question. What can be said if the size ¢ of the solid goes to zero, so
that Sy shrinks to a point?

» We will be interested in the following particular regime of a massive
point in the limit:

m. =m and J. =27,

where m and J are fixed constants.



Weak solutions for the Cauchy problem (2D)

Theorem (G.-Sueur)

Let So be a smooth, bouided, simply connected domain in Q C R?. Let
p > 2. For any ug € CO(Fo; R?), (h, ro) € R3 such that

div ug = 0, curl up = wy € LP(Fp), ug-n= (hy+ r(x—ho)t)-n on dSy,

there exists a solution
(h,r,u) € C?3(RY) x CYRY) x L°(R*; WLP(F(t))) (resp.
L®(R*; LL(F(t))) for p = +00). This solution is unique for p = +oc.

Here LL(U):= {f e CO(U) / 3C >0, ¥x,y € U,
F(x) = F)] < Clx = yl(L+In” [x = y])}.
Remark

In general u(t,-) ¢ L?(F(t);R?). Finite energy solutions would be too
particular in the sequel. . .



References for the Euler equation alone:

» Yudovich (1963) for p = +oc
» DiPerna-Majda (1987) for p < +00

Vorticity formulation.

In 2D, the fluid part of the system can also be written

{ Ow+ (u-V)w =0 in F(t),

W|t=0 = W0,
and

curl u=w in F(t),

divu=0 in F(t),

u-n=(h+r(x—h(t)t)-n on 9S(t),

lim || 400 t(t, x) =0,

$os(ry u(t, x)  Tdo = §y5 uo(x) - 7do (Kelvin's law).



The problem of a small body, continued

> Let us be given wy € LP(R?), v € R, (hy, ro) € R3. For e € (0,1),
we define
Sg = ho -‘1-6(80 — ho), F5 = Rz\é‘g

and u§ as to satisfy

curl u§ = wp in F§,

divuj =0 in F§,

us-n=(hy+ro(x —ho)t)-n on OSg,
lim|y 5400 Ug =0,

fasg u§ - Tdo(x) =1.

» What can be said about the sequence of solutions (h®, r¢, u®)
associated to the data S§, hj, ro, u§?

» Call 7 := fot re.



Main result

Theorem (G.—Lacave—Sueur). Up to a subsequence, one has:

» bt X5 b e 250 weakly-* in W2°(0, T; R?),
» w® > win CO([0, T]; LP(R?)w) (in CO([0, T]; L°(R?)wx) if
p = +00),

 — i
’f—%ﬂ+2ﬂxﬁ%2mc%aﬂihmﬂ»q<z

» one has

68—":+div ([u—&-;r(ﬁ(:l;)((i_)));] W) =0 in [0, 7] xR,

(0= [ "D wenay

T or r2 |X —y[?

1
mh"(£) = 7 (H (8) = T(t. (1))
W|t:0 = W, h(O) = ho, h/(O) = h(/)



Comparison of the limit system, 1

Our limit system:

%Vtudivqu(x_ ((?))| } )—o in [0, 7] x B2,

(60 = o [ S ey,

2r B2 |x—yf?

1
mh''(t) = 'y<h’(t) —u(t, h(t))) .
The Euler equation in R?:

%—Vtv +div (iw) =0 in [0, T] x R?,

1 (x —y)*t :
u(t,x) = oy /Rz PR w(t,y)dy (Biot-Savart law).




Comparison of the limit system, 2

Our limit system:

%—":Miv ({ +27T(i:h((?))| } >—o in [0, T] x R?,

(60 = o [ S ey,

27T R2 |X - )/‘2
mh'(t) = 7(h’(t) - i(t, h(t)))

The limit of a shrinking obstacle, see Iftimie, Lopes-Filho,
Nussenzveig-Lopes (2003):

ow . 7(X*h0)L —0 2
at+d|v<[ —i—27T X — ho[? w )] =0 in [0, T] xR,

u(t,x) = ! / Mw(t,y)dy.

o Rz |x =y



Comparison of the limit system, 3

Our limit system:

%Vtudivqu(x_ ((?))| } )—o in [0, 7] x B2,

— )L
i(ex) = o [ B ey oy,

r2 |x =y
1
mh''(t) = 'y<h’(t) —u(t, h(t))) .
The wave/vortex system, see Marchioro-Pulvirenti:

%V:-i-div({ —I—;T();:h((t)))P} W):O in [0, T] x R?,
i(t,x) = 217T/R(|f(:yy): w(t,y)dy,

W (t) = a(t, h(t))-

(See also more recently Lacave-Miot.)



Conjecture

One may conjecture the following. In the natural regime
_ 2 _ g4
m = mge* and J = Joe",
the system converges toward the wave/vortex system.
Formally if one takes m =0 in

o )=~ .0)

one recovers

W (t) = u(t, h(t))...



Kutta-Joukowski force

The force appearing in the equation of the point in the limit

mh(6) = ((2) — 8 K1)

is similar to the lift force similar to the Kutta-Joukowski force of the
irrotational theory:

the force applied to the body at speed v, with fluid velocity vy, at
infinity and circulation  around the body is

F=~(v-— uoo)l.



|deas of proof for the existence theorem

1. Change of variables. We consider equations in the body frame.
Consider:

“(6.3) = pF (1, (1) + H(1).
(0= @°( (WY(0)

The equations of the fluid/body system become

{ ve(t, x) = Q(t)" u*(t, Q°(t)x + h*(t)),

Oeve + [(ve — 17 — rext)- V] v+ rf(v¥) + Vg =0 for x € Fg,
div v¢ =0 for x € Fg,
veon= (£ +r°x") - nfor x € 0§,

m(€%) (t) = /885 g°n ds — mre(¢5)*

TV (@) =[xt s
858
ve(0, x) = v§(x) for x € F§5, £°(0) = Lo, r°(0) = rp.



2. Kirchoff's potentials.
One introduces Kirchoff's potentials @1, ®,, ®3:

A‘D,ZO in .7:0,

[ (i=12),
8,,(1),_{ n 123y, on 0%

The solid equations become

mld, 0] [e] / 5.0 d [ mre+
[ 0 j} [r] B [BSoqn ’ Xi:1,2,3 0

iR
_ [ Vq- Vo, dx] _ {’”ré ]
Fo i=1,2,3 0



3. Decomposition of the pressure.

Let P the Leray projector in LP(Fo; R2), 1 < p < 400, that is, the
projection on tangent divergence-free vector fields, parallel to gradient
fields. It is continuous in LP.

The pressure decomposes as follows:

Vg= (I —P)O:wv)+ (I — P)(~(v—L—rxt) - Vv—nro)

=V =Vu

Using that 0;v is already divergence-free, one easily deduces that

g /
Ve =-— <r> ’ (v¢i)i:1,2,3'



We end up with this new equation for the solid:

/ il
M H . {’”“ }+ { w-w,dx} ,
Fo

r 0 i=1,2,3}
where

m |d2 0

M:_{ 0o J

} + { Vo, Vo, dx}
F(t) ij=1,2,3

=M

The matrix M is a matrix of added inertia, expressing how the fluid
opposes the movement of the solid. It is positive as a Gram matrix.



4. Fixed point scheme.
Then one can (as is usual), use a fixed point scheme, for instance relying
on the vorticity:

w = curl v,

which satisfies
Orw + [(V—E—rxL)~V]w:0forX€]-"o.

Hence, knowing (¢, r,v), one can
» Transport the initial vorticity and obtain w,
» Compute Vi and deduce a new (¢, r)
> Define a new v.

A fixed point gives a solution. The solution is defined as long as (¢, r) is
bounded.

The difficulty here is that we work with infinite energy solutions.



5. Pseudo-energy estimates.
To describe the singular part of the velocity, one introduces
H = Fy — R? as follows:

curl H=div H=0 in o,
H-n=0 on 880,

/ H-7do=1.
0S80

Vi=v—(a+)H e L3(F),

o= /F w(t, x) dx = /F (0, x) dx.

Then

where



Proposition
Let

’H::% {m|€2—|—jr2+/ \72+2('y+a)\7~H].
Fo

Then H is conserved.

The “standard” energy would be

1
£:=3 [m€|2+jr2+/ |0+(’y+a)H2} ,
Fo

2
but this is infinite in general. The difference @ Ix, |H|?, is “infinite
but constant”.

Problem. H is no longer positive. ..

But mixing with the conservations of ||w]||.r, one gets global solutions.



|deas of proof for the main statement

1. A priori estimates.

Using the pseudo-energy, and tracking the dependence on &, one obtains:

Proposition
Let T > 0. The quantities |(¢|, |r?|, ||v¢ — YH®| 0o, diam(Supp(w®)) are
bounded on [0, T] independently of €.

Remark
He is of order O(1/¢) on 98§ .. ..

2. Added inertia.

It is elementary to check that in the regime under view (m = cst and
J = Joe?), the added inertia is negligible with respect to the original
one.



3. Study of the pressure V.

» The part of the pressure that is not included in the inertia is
Vu=——=P)(v—t—-rxt)-Vv+nrt]

The main part consists in studying the behaviour of Vi near the
boundary 05§.

» Here the non-singular part of the velocity is
Vi=v-—~vH.

» Using the a priori estimates, one can show that the terms which do
not contain yH are negligible as ¢ — 0.



» The most singular term:
2
(1~ PY(H-VH) = LI,
is too singular. However by using a simple computation relying on

Cauchy’s residue theorem, one can show that it gives no
contribution.

» The important term is

~(1 - P) (Vfﬁfrxl)~VH+(H-V)(\“/f€frxL)}

=qV[(V — £ — rx") - H] + negligible terms.



4. Description of the shrinking body's behaviour.

After computation and approximation of the pressure, one arrives to

/
{mldg 0 2} n [ Vo5 . Vd)f dx] {E]
0 Joe F(t) ij=123) LT

(5 — VE(£,0)L + erfa !
=7 |: €ﬁ-(£5 _ \/s(tyo)E:)L :| +0(1) i )

where « and (3 are constant vectors depending on the geometry of Sy
(and independent of ¢), and V¢ is the velocity obtained by Biot-Savart
law:

VE = 1 (X B y)L

- g B2 |X*y|2 we(tuy)dya

where the vorticity is extended by 0 inside S§.

One can deduce W1 weak-% compactness for 5 and er®.



In the result stated above, there is no term containing «, and one should
have ere 25 0. ..

But we have to go back to the original frame, and hence to multiply by
Q¢ (t), so that we deduce

m(h®)" = ~((h*)' — U=(t, b)) = 7(er’) @°(t)a + o(1),
Jo(er?) =B Q(t)"((h")' — U%) + o(e),
with
Ue = 1 (X B y)L

_g B2 |X*y|2 Ws(tmy)dyv

(we is the vorticity in the original frame.)

The main point is that by an argument close to the unstationary phase,
one has:

(er)Q°(t)a 250 and Q°(t)*((h°) — U°) 22 0.

The result follows.



