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Introduction

Classical Schwarz method

H. Schwarz

In 1860, H. Schwarz proved the existence of a solution for the
Poisson equation in a domain being a combination of a circle
and a rectangle.

—Au=f In€Q,
u=g on 0.




Introduction

Schwarz’s technique

—Aui =f inQq,
vli=g on 091 N 09,

vi=wO onl; =00, Ny,




Introduction

Schwarz’s technique

_Awl=f inQy,
wl=g on 99, N 02,

wl=v?! only =00,NQ.




Introduction

Schwarz’s technique

Start with a value w®, we introduce the two sequence {vk}2 .,
(w3,
—Auk=f inQy,
vk =g on 094 N 99,
vk =wk=1 onTl; =90Q; NQy,
—AwK =f inQy,
=g on 09, N 012,

wk = vk only =00 N Q.




Introduction

The parallel algorithm of P. L. Lions, 1987

Start with the initial guess w°, v° we introduce the two
sequence {vk}2 o, {wk}

AUK=f inQy,

vk =g on 9Q1 N 09,

vk =wk=1 onrl; =90, NQy,
AWK =f inQy.

k

w =g on 09, N 012,

wk=vk-1 onl,=900,NnQ;.



Introduction

Schwarz methods with Robin

Optimized Schwarz methods

—Auk =f in Q,
uk =g on 091 N 99,
[ (O +p2)uk = (O +pr)us™ onTy =09 NQy,

(—Auk =f in Q,

us =g on 09, N 01,

\ (8X + p2)u|2( = (ax + pZ)UII_l only, =00, NQ;.



Introduction

Optimized Schwarz methods converge faster than classical
Schwarz methods

ou—Au=0 IinRx(0,T),
u(x,0)=0 on R.




Introduction
The classical algorithm

(& — A)uf =0 in (—oo,L) x (0,T),
{ uk(L,.) = us71(L,.) in(0,T),

(0 — A)u§ =0 in (0,00) x (0,T),
{ uk(0,.) =uf7*(0,.) in(0,T),

uk(c) = UL w) exp(y/ Lx — L)
Sukcw) = FUE0.0)expl—/ x).

iw

exp(— 7L) .




Introduction
The optimized algorithm

(3 — D)uk =0

{

(Ox + Q_F;,)ull((lw ) = (0x +

P
2v

)

in (—oo,L) x (0, T),

Kt in (0,T),

u;

(L)

(0 — A)uk =0 in (0,00) x (0,T),
{ (ax - 2£u)ul2<(ov ) = (6X o Z_F:/)ull(_l(o’ ) in (O,T),
Fuk(x,w) = (W#W)Suz—l(w)exmﬁ(x—L)),
Su;(wi) = (_\/rjiz_’_p)gull(_l(o’w)exp(_\/gx)’
p = [P g [l




Classical Schwarz

Maximum Principle, 1860

H. Schwarz

In 1860, H. Schwarz proved the existence of a solution for the
Poisson equation in a domain being a combination of a circle
and a rectangle by a maximum principle.

—Au = finQ,
u = gono.




Classical Schwarz

Maximum Principle

M. Gander and H. Zhao, 2000

In 2000, Martin Gander and Hongkai Zhao considered the
linear heat equation

)
S — Au=f.




Classical Schwarz

Orthogonal Projection Technique

P. L. Lions, 1987

In 1987, P. L. Lions introduced the Orthogonal Projection
Technique for linear Poisson equation.




Classical Schwarz

Orthogonal Projection Technique

In the same paper, P. L. Lions considered the Stoke problem

—Au+Vp=f inQQ,
divu=20 on o).




Classical Schwarz

Monotone Iterations

Lui Shiu-Hong, 2003, 2007

W Au+c(x, t)u = f(x,t,u),




Schwarz with Robin

Energy Estimates Method

J.-D Benamou, B. Deprés

In 1997, Jean-David Benamou, and Bruno Després introduce
the Energy Estimate Method.

—Au —w?u=0.




Schwarz with Robin

Kimn’s Technique

J.-H. Kimn considers Poisson equation

—Au="finQ.




Schwarz with Robin

Kimn’s Technique

J.-H. Kimn, 2010

J.-H. Kimn considers Poisson equation

—Au ="finQ.
S. Loisel and D. B. Szyld, 2010
—V(aVu)+cu =fin Q,
u = 0on 01,

where a is a C!-function and c is positive and belongs to
L>°(Q).




Convergence for classical Schwarz

Parabolic equations

The Settings

We consider the following parabolic equation

B0t — Sima @i (% D78 (0 1) + Sy bitx, L (x,1)
+c(x,t)u(x,t) = F(x,t,u(x,t)), in Q x (0, c0),

u(x,t) =g(x,t), on 9Q x (0, c0),

u(x,0) =g(x,0), on Q,

,

\

where Q is a bounded and smooth enough domain in R".



Convergence for classical Schwarz

Parabolic equations

The Settings

(A1) Foralli,jin{1,... 1}, aj(x,t) = a;(x,t). There exist
strictly positive numbers A, A such that A = (a; j(x,t)) > Al in
the sense of symmetric positive definite matrices. Moreover,
ajj(x,t) <Aa.e.inQx(0,o00).

(A2) The functions a; j, b;, ¢ are functions in L°°(R”+1).

(A3) There exists C > 0, such that

VteR,Vx eR", |F(x,t,z) - F(x,t,2')|<Clz-2'|,Vz,Z €
R.




Convergence for classical Schwarz

Parabolic equations

The Settings

We divide the domain 2 into | smooth overlapping subdomains
{Q heqay. such that

(02\09) N (0\OQ) = @, VI, e, | £1,

vl € |,V|,,|” el, QrNQn =2,

and

U|n:19| — Q




Convergence for classical Schwarz

Parabolic equations




//////////////// ,




Convergence for classical Schwarz

Elliptic equations

General Setting: The same with parabolic equation —
CONVERGENCE! J




Convergence for classical Schwarz

Main Idea of the Proof for Parabolic Equations

Define ef = uf —u and

o (x, ) = (e) g (X)f (1),




Convergence for classical Schwarz

0P 020 0P . 2
E_”Z_: ”8x8x,+iz_; Xt@. (er)m
where
n g f/
. _ <9x|<9xJ
m = _-,Z_:la" g+ TACHIelle)
n gg 99
+Zb 8X' o Zzau fLo fg.
= g g




Convergence for classical Schwarz

Main Idea of the Proof for Elliptic Equations

Define

O (x 1) := (e )*g(x),




Convergence for classical Schwarz

n

n
fo\) o K2
ijE:la,,J 0% + E Ci (X’t)_c‘)xi < (ef)"m,

where

n
(g1

i,j=1

£2(C + )@ - S by a(g_,l)> 0.



Convergence for optimized Schwarz

Counter Example

We consider the following elliptic problem on the domain
Q= (0,L)
{ u”—3u’—4u=f, in(0,L),

u(0) =u(L) =0,
where f belongs to C*°([0, L]).




Convergence for optimized Schwarz

Counter Example

{ (uf)” = 3(uf) —4uf =f, in (0,Ly),
uk(0) = 0 and (u¥)(Lp) + pu¥(Lz) = (us ) (L2) + pus *(Lo)

{ (uk)” — 3(uk) — 4uk =£, in (Ly,L),
u§(L) =0 and (u§)(Ly) — qui(Ly) = (u¥ 1) (Ly) — qui (L)

where p, g are positive constants.




Convergence for optimized Schwarz

Counter Example

Denote the errors by ek and ek, we obtain
{ (ek+l)// _ S(ek—i-l)/ _ 4e|;+1 =0, in (O, Lg),
ef™1(0) = 0, (e ") (L2) + pef T (Lz) = (eb) (Lz) + pes(La),

{ (ek+l)// _ S(ek—i-l)/ _ 4e|§+1 =0, in (I—ly L),
esTH(L) =0, (e5 Y (L1) — ae§ (L) = (eX)' (L) — gek(Ly). )




Convergence for optimized Schwarz

Counter Example

From the above equations, we get

ek — A 1(expdx) — exp(—x)).

eg“ Bit1(exp(4(x — L)) — exp(—(x — L))).




Convergence for optimized Schwarz

Counter Example

Setting
Ak+1Bk 11
Bk Ak

we obtain

‘4exp(5L2) —exp(5L) + p(exp(5L,) — exp(5L)) ‘
4exp(5L,) — 1 + p(exp(5L;) — 1)

. ‘ 4exp(5Ly) — 1 — q(exp(5Ly) — 1) ‘
4exp(5L;1) — exp(5L) — q(exp(5L1) — exp(5L)) |




Convergence for optimized Schwarz

How to Fix the Situation?

Put a new parameter p into the Robin tranmissions conditions

n
ov
Bfv = Z A o M1 + pPiIV.
ij=1 Xi




Convergence for optimized Schwarz

How to Fix the Situation?

Put a new parameter p into the Robin tranmissions conditions

n
ov
BV =D aijo Ny + ppiv.
a i
I?J::I'

When p is large enough, the algorithm converges. J




Convergence for optimized Schwarz

Main Idea of the Proof of Schwarz Methods with Robin
Transmission Conditions for Parabolic Equations

Define ef = uf — u and

ok () i= ([ el exp(-anat ) i)

where g, is a bounded function in C*°(R", R), g, is greater than
1 and to be chosen later, and « is a postive constant large
enough.




Convergence for optimized Schwarz

Main Idea of the Proof of Schwarz Methods with Robin
Transmission Conditions for Parabolic Equations

Define ef = uf — u and

ok () i= ([ el exp(-anat ) i)

where g, is a bounded function in C*°(R", R), g, is greater than
1 and to be chosen later, and « is a postive constant large
enough.

We get a new equation for ®f. )




Convergence for optimized Schwarz

n n
D2 dF DK
0 = Y a; 20 3% | gk
T~ i I

TG o) et - P+ Fw] ep-anit o,

i

3198y 1 (SF) = By (o))



Convergence for optimized Schwarz

Main Idea of the Proof of Schwarz Methods with Robin
Transmission Conditions for Elliptic Equations

Define

O (x, 1) := e (x)gi(x),

and derive a new equation for ®K(x, t).




Convergence for optimized Schwarz

Pol -, 00
0 = _ijz—: |’18Xi8Xj+Z I8—)(i
Xi OXi Xi OX
+ Z 1) kJ Z 1) (k)zJ
ij=1 g| i,j=1 g|
n 99
Ix; _
=Y b+ (e —F)(g) | of.
i=1 g'
318y (F) = By (o)




Convergence for optimized Schwarz

THANK YOU FOR YOUR ATTENTION! }
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