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Trapped ions or Qubits

e The goal is to create quantum logic gates like the phase gate or the
C-Not gate.
See S.Haroche lectures at College de France on Quantum
Information Theory (available on the web) and experiments by the
group S.Haroche, J.M.Raimond and collaborators at ENS Paris.

o Experiments are based on trapped ions (qubits) with the case of one
single trapped ion (one qubit problem) or two coupled trapped ions
(two qubits problem).
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Trapped ions or Qubits

e Each ion is a two level system, trapped in an electromagnetic cavity,
all ions are stabilized by the same spatial oscillations, here a
harmonic oscillator with vibration quantum w (phonon).

e The system is submitted to a superposition of electromagnetic waves
of complex amplitude u; and wp. The phases depend on the spatial
coordinate in order to be able to conserve the impulsion : when an
ion absorbs a photon, its energy changes and its impulsion captures
the photon impulsion and excites the (quantized) vibration modes
(phonon) inside the trap.
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Mathematical model

e Two ions.
e Each ion is a two level system.
e Coupled to the same quantized harmonic oscillator

A= (Bt X)

with vibration quantum w.

We have 1 1
A:aTa—i-E:aaT—E
where
a= i(X + 2)
V2 Ox
is the annihilation operator and
1 9]
T T (x—
a ﬁ(X o)

is the creation operator.
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Mathematical model

e Controls : two electromagnetic waves of complex amplitude u; and
u and phases depending on spatial coordinate :

ui(£)e kY, j=1,2,
e State of the system : 4-d vector-wave function
W >= 1/) = (¢gg7 wgev ¢eg> '(/Jee)

e Dynamics of the system described by the Hamiltonian H

-0

H Q . )
- = wA + 5(0'1,2 +02,7) + (Ule'(ﬂit_klx) + ufe_'(Q%t_klx))Ul,x

4 <u2ei(§2§t7k2x) n u;eff(széfszx)>02

X
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Mathematical model

Pauli matrices :

-1 0 0 0

0 -1 0 O
o1-=(le><e|l—|g><g|h= 0 0 1 0

0 0 0 1

-1 0 0 O

0 1 0 O
02722(‘6 >< e|_|g >< g|)2: 0 0 -1 0

0O 0 0 1

0 01 0

0 0 0 1
o1x=(lg><e|l+|e><g|h= 100 0

01 00

01 00

1 0 0 O
oox=(lg><e|l+]e><g|)2= 00 0 1

0 01 0
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Schrédinger system

%= LAY+ Qal 2+ QU2zw
+(uy e’(Qlf—’“X) 4 uike_i(ﬂft_klx))"l,ﬂ/’
(upe =R 4y e=it kX))
¥(0) = °

Question : Given an initial configuration 1% and a final configuration ?,
can we find control amplitudes u; and uy in order to drive the system at
time T “close” to ¥'?
Parameters :

w large and Q very large,

Q- Q<< Q, |2 -9Ql<<Q, w<<Q,

dU1 dU2
— Q, |— Q.
dr | S | dt A

|| << Q, |uo] << Q,
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Laser frame

Set
.af .ok
W= ei’%tgl’z.eil%tgz'z(p
or
in—%toz —iﬁta
p =22z g7 2 Nz,
And . .
A Q-9 -9
2 2

kix =m(a+a'), kox =m(a+al),

where n;, j = 1,2 are the Lamb-Dicke parameters with

n << 1.
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Interaction frame

1
A=afa+ =
aa+2,

S(t) — e*IWtA'e*IAltffl,z.e*lAztO'z,z

(A, 01,7 and 03, commute.)

;9¢
"ot
+S(—t) (ule—fm(aﬂ'f) + ufe—2lﬁit+im(a+a*)

=S(— t)(u ez:ﬂ t—im(a+a’ ) 4 ufe’.’h(a‘*‘aT)

Jean-Pierre Puel



Lamb-Dicke approximation

Iml, [m2] << 1.
efmitatal) (Id + inj(a+ aT)), e—fmilatal) (Id —inj(a+ aT)).
We then have (for example)
eith(eim(aJraf))efith ~Id + inl(aefiwt + aTeiwt)'
We obtain

i% = (u e2ith f(ld in(ae” ™t + aTe"“t))

+uf (Id + i (ae™t + aTe"“’t)))e2"A1t(|e >< g])1€

+<U1 (/d — im(ae*"“’t + aTei“’t))

+ufe‘2i9%t(ld + in(ae™ ™t + aTei“t)))e_2iA1t(|g >< e|)1¢
_|_ 000
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Averaging approximation

First of all we take each control u; to be a superposition of 3
monochromatic waves, two of them having a pulsation shifted by + a
vibration quantum w. In fact we take

up(t)e 21 = vo(t) + 7 (t)e "t + Up(t)e’™"

up(t)e B2t = wy(t) 4 W, (t)e "t + Vi (t)e™".

Then, using the averaging approximation, we can show that we can
neglect the rapidly oscillating terms as w, Qf, QL and Q are very large.
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Approximate model

Similar to Law-Eberly equations in the case of one qubit.

i (vo — imv,al — imvpa)(lg >< e|)ry

(V¢ + imvra+ imvga)(le >< g|)y
(wo — impW,al — inpwpa)(|lg >< e|)ay
(wg

+ iy a+ impwial)(le >< gl)ay.

Writing
Ve = —inVr, vp = —ini¥p,
W, = —ImW,, Wp = —Im1Wp,
and
_t
Y =" (Yeg) Yeer Yeg» Yee),
we obtain
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Approximate model

.0

j gig = (v + vial + Vba)Yeg + (Wo + w,al + Wha)yge
-a)/ge _ T * * *

i o (vo + vra' + vpa)Yee + (Wg + wia+ wya')yg,
'ayﬁ'g _ * * * T t

5 = (vo +via+ vpa')yg + (wo + wra' + wpa)yee
-ayee _ * * * o1 * * *

i o (vo +via+vpa')yee + (wg +wSa+ wya')ye,
y(0) = y°
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e Find a control (exact if possible) for the approximate system which
drives an initial configuration to a desired one in time T. We would
like to have only one of the controls (v, v;, v or wo, w,, wp) being
active at each time these controls being piecewise constant (not
mandatory...).

e Take this control in the original system. This will provide an
approximate control for the real system in time T. This can be
proved due to approximation properties for the Lamb-Dicke and the
averaging approximations mentionned above.

e Approximate control is relevant here because when we switch off
control we keep close to the target (property of Schrodinger system).

e Both the original and the approximate systems are reversible and
preserve the (L?)*-norm.
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Control of the approximate system

It remains to study the control properties for the approximate system.
Here we have only partial results at the moment and a (strong)
conjecture for obtaining the global result.

We use the spectral decomposition of operator A. lIts eigenfunctions ¢,

are the Hermite functions associated with eigenvalues n + 5 that, for

convenience, we may write ¢, = |n > . We then have

1
Aln >= (n+ 5)\n >,

and

a0 >=0>, aln+1>=+vVn+1n>aln>=vVn+1n+1>.
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Control of the approximate system

For instance, if we write |gg, n) = (n|yge) and similar notations, and if
only v, is active, |gg,n > and |eg, n — 1) form an independent system
which solves

"8t|gg7 I7> = Vr\/ﬁ|eg7n_ 1>7 iat‘ega n— 1> = Vr*ﬁ|eg7 n>'

Of course, similar computations can also be done when the other controls

are active.
We can represent these decompositions and their dynamics as follows:

Jean-Pierre Puel



Control of the approximate system

Ivol ol
" lgg, n) < |eg,n), wo lgg, n) < |ge, n),
|ge, n) M> lee, n), leg, n) M lee, n),
\/n+1\v,\ Vn |W,|
. legin+1) eg,n), ) legn+1) ge, n),
r % r o
lge,n+ 1) VE |ee, n), leg, n+ 1) V& |ee, n),
\/n+1\v\ \/n+1|w|
s ) legsn) " leg,n+1), w, | l8gn) " lge,n+1),
lge, n) VEL" ee,n+ 1), leg. n) VR Jee, n + 1),
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Easy examples |

One can go from any pure state \ee, n > to any pure state \gg, m >. Let
us take the case m < n.

n\v,
|ee,n>\[—‘f‘ |ge,nfl>m>|ee,n71>~~|ee,m+1>

lee, m+1 > nﬂ}l%l lge, m >M lgg,m> .
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Easy examples II

To go from |gg,0 > to (|gg,0 > +|ee,0 >)/v/2, we use 4 steps:
Vb, Wo, Wp, Wo:

1
(lge,0 > +]ee, 1 >)

ﬁ

lgg, 0 >—> —(lgg,0 > +|eg,1>) =%

\f

1
7(|gg70>_|eg,0>) (\gg,0>+|ee70>).
V2 ﬁ
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Easy examples |1l

To go from ag|gg,0 > +bo|ge, 0 > +cpleg,0 > +dp|ee,0 > with
|ao[* + [bo|* + |cof* + [do|* =1 to |gg, 0 >.
e Turn on wy to kill term in |ee,0 >.

e Turn on v, during t; with |v,|t; = 7 to obtain
a1lgg,0 > +bi|ge,0 > +aigg, 1 >.

e Turn on w, during time t, to kill term in |gg,1 >. We obtain
a2/gg,0 > +by[ge,0 >.

e Turn on wy to obtain |gg,0 >.

Jean-Pierre Puel



Invariant spaces

Let us introduce the spaces

X,? = Span{ ‘ggv n>a |ge,n>, |eg7 n>7 ‘eea n>}/(C» n €N,
Xr?—}—l - Span{ |gga n>a |gean+ 1>7|egan+ ]->a |ee,n—|—2>}/¢;, neN,
X1 =Span{ |ee, n), |ge,n+1),|eg,n+ 1), |gg,n+2)} /c, n€N,

and

Xob = Span{ |ge,0), |eg,0), |ee, 1)} /c.
XOr = Span{ |gea0>a|ega0>7|ggal>}/(c-

e X0 is invariant under the action of the controls vy, wo;
e X’ is invariant under the action of the controls vp, wp;

e X/ is invariant under the action of the controls v,, w,.
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Invariant spaces

We also define the spaces

Y, =Span{ |gg, k), |ge. k), |eg, k), |ee, k), k < n} /c,
Y, =Span{ |ee, k), |ge, k + 1), |eg, k+1),|gg, k +2), k+1<n}/c.

We have
ve=JX¢,
k<n
Yo = U Xit1-
k+1<n
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Toward a general result?

It can be shown, as for the “easy examples”, that :
e Xj is controllable with controls v, and w,.
e Y{ is controllable with controls v,, w, and wg.

° YO0 is controllable with controls v,, w, and wy.
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How to obtain a general result?

In order to obtain a general result, it would be enough to show that we
can drive Y to Y, _; in a controlled time.
We have

Yo = Yo UX,

and we know that both Y;_; and X are invariant under the action of v,
and w;,.

Therefore we would like to use only the controls v, and w,. Then we
want to show that with these controls, any element of X/ can be driven
to |ee, n > for example in a controlled time.

This question is still open at the moment. We are trying (without success
until now) to give an explicit construction and this is a problem in X/
only and therefore in finite dimension (4) !l .....
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