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We are interested in studying the problem

owse
ONe

where R, is a thin domain

-Awc+wt="f R,
=0 OR.

R ={(x,y):0<x<1,0<y<eG(x)}
0 < Go < Ge(x) < Gy
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Gc(x) = G(x, x/e%)

for certain function G(x, y) where x € (0,1), y € R and G(x, -)
is periodic of period L.

For instance:
Ge(x) = a(x) + g(x/e*)

T
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No oscillations: o« = 0

/\/

Ge(x) = a(x) + g(x) = 9(x)

J. Arrieta PDE’s-BENASQUE Sept 2011



The limit problem is

{ @O 0) + W) = x € (0.1)

a(x)
wx(0) = wx(1) = 0.

J. K. Hale and G. Raugel Reaction-diffusion equation on thin
domains, J. Math. Pures et Appl. (9) 71, (1992).

G. Raugel Dynamics of partial differential equations on thin
domains. L.N.M 1609, Springer Verlag (1996)
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Weak oscillations: 0 < o < 1

Ge(x) = a(x) + 9(x/€%)
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The limit problem is

1 1
_ﬁ <s(x) WX(X)>X +w(x)=f xe(0,1)
wx(0) = wx(1) = 0.
where
i) a(x)+ g(x/e*) — r(x), w— L2(0,1)
ii) W — s(x), w — L2(0,1).

J. A. Spectral properties of Schrédinger operators
under perturbations of the domain, Ph.D. Th.
1991.
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Critical oscillations: oo = 1.

—-Aw +w'=F£f R
owe

WZO 8/-'1'6

iy \}WWV\N\A

Ge(x) = a(x) + g(x/e)

J.A., M.Pereira, “Homogenization in a thin domain with an oscillatory
boundary”, J. de Math. Pures et Apl. 96, pp: 29-57 (2011)
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e Our thin domain:
R.={(x1,x2) € R? |0 < x4 < 1,0 < xp < e(a(xq)+g(x1/€))}.

e a:(0,1) =R, C! with 0 < ag < a(x) < ay
e g:R— R, L-periodic C', go < g(x) < g1 with

0<apg+ g0 <oy + gy
—_——— N
Gy Gy

iy &W\Mj\mﬂ
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CASE I: Purely periodic oscillatory boundary. J

e a(x) = ap a constant, so that ap + g(x/¢) is periodic.

o We identify the limit equation by the Multiple Scale method.

e We prove the convergence with the oscillatory test function
method.
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Multiple Scale Method J

X1 Xo X1 Xo X1 Xo
WE(X1 ) XZ) = WO(X1 ) ?a ?)+6W1 (X1 ) ?7 ?)+€2W2(X17 ?a ? +

Where (xy, x2) are the macroscopic variables and (%, %2) are
the microscopic variables.
Hence, if we denote x = xq, ¥ = X1 /€, Z = Xo/e.

d 1 0 1
_— = — _— = —8
8X1 Ot € ay 8X2 € ‘
02 2 1 92 1
8712 = 8XX + zaxy + ?ayy 6722 = ?azz.
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Functions w;(x, y, z) are defined in x € (0,1) and (y, z) € Y*,
the basic cell:

Y*={(y,2)eR? : 0<y<L O0O<z<an+9(y)}

We denote by By,B; and B, the lateral, inferior and superior
boundary, respectively.

J. Arrieta PDE’s-BENASQUE Sept 2011



With some computations wy satisfies
d2
—q 2 () + wo(x) = f(x), x € (0,1)
wp(0) = wg(1) =0

where

1 oX
9=y [, {1502} opee

and X(y, z) is the unique solution (up to an additive constant) of

( _Ay7zX(y, Z) = 0 in \/>'<
0X gW)
— (Y, =———-__ onB
NV =~ = 1
oX
aW(y7 O) =0 on BZ
L X(y,z) L— periodiciny.
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Convergence result )

We transform the original domain and problem with the change
of variables (x,y) — (x,ey) so

2 € 2 €
ou 18U+UE=f in Q°

- 0X4 2 8X
€ 1 €
g; L g“ Ns=0 onoQ*

Q={(x1,x) €R?|0<x3 <1,0< x2 < ay+ g(x1/e)}
Q°cQ=(0,1) x (0, Gy)
f e L2(Q) with f(x1, X2) = f(xq).

= | |
l ‘1 l| 4" l| 1'{ 1“ )' ll\ / |'l ‘4 l| |'|

'u" l‘, ) Al.,' \ul \1'
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The weak formulation of the problem: Vo € H'(Q°)

/ {aueai+ 1.0u dp
0Xy 0X4 e O0Xo OXo

tu cp}dx1 dxp = / fodxy dxo

which, taking ¢ = u., implies

Haue o e R P S
dX1 21l oxa ll2(.) 2(Qe) = M2l
and this shows,
ouc 1 ous
<M .
Uiz, xq 120 €l Oxo 1200y = LCE20
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Observe that there is a natural H'-norm associated to this
problem (that we will denote by ||uc|| 1 (v)):

ou¢

1y = | 8X1 .

211 0xo Il 12(U)

2
ey T L)
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We have an extension operator

P.: H'(Q.) — H'(Q)

satisfying
1Peellizo) < K llelliza.

[ (52 - *HaXZ e
[ I
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Thatis, P. : H!(Q.) — H!(Q) is a bounded operator with

[Pell) < Kllell .-
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With this extension operator,

OP.u¢

[ s .

2@ €

OP.u¢
8X2

=

<
L2(Q)

where M > 0 independent of e > 0.

We can take a subsequence P.uc so that
e Pu —uy w—H'(Q)ands - L?(Q)
o Pu—uyg s—L3Q)
e PV o s 12

8X2
Hence, up(x1, X2) = Up(x1), that is
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Going back to the weak formulation of the problem:

/ {Gueai+ 1.0u dp
0Xy 0Xq e O0Xo OXo

tu cp}dx1 dxp = / . odx; dx

denoting by x. the characteristic function of Q2. and considering
test functions ¢(x1, X2) = ¢(xq) we can write

OP.u 0p
/Q{X R PU<p}dx1dx2_/X€f€godx1dx2
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In order to pass to the limit approprietly, we choose an
“oscillatory test function”, and show that the limit is given by the
one obtained formally with the multiple scale method.

1 8 8 1
/ (A G2 52 +¥ luoe fob = / |Y*|fodxs, Vi € H'(0,1)
0 0

or equivalenly,

T dup [ !
— [ f H'(0,1
/(qax ax, + Upyp)dxq /0 pdxy, Yo € H'(0,1)
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where

1 X
9= v /Y {1 —@(y,Z)}dydz

and X(y, z) is the unique solution (up to an additive constant) of

( _Ay,zx(y, Z) S 0 in \/>k
X gw)
NV 9Y) = - === onb;
ON V1+(9()?
oX
6W(y’ 0)=0 onbBy
L X(y,z) L— periodiciny.
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Hence, the limit problem is:

Homogenized problem

{ —qui(x) + Up(x) = f(x), xe(0,1)
Up(0) = up(1) =0
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CASE II: Piecewise periodic oscillatory boundary. J

Qc={(x, %) ER?|0< x1 < 1,0 < xp < a(X1) + g(x1/€)}.

where a(x) = aj for x € l;and (0,1) =/ U---U I and
a0§36§a1.

"2 2 & A

.....
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With similar arguments we may find

8u 0 N
Z/ alY71 920 1 1¥; gl Do)

= Z /, YE IO ) ()t Vi € H'(0, 1)
i=1 i
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CASE llI: Locally periodic oscillatory boundary. J

Q. ={(x1,%) €R* [0 < x1 <1,0 < x2 < a(x1) + g(x1/¢)}.
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Q? Q.

Q0 ={(x,x%) ER?|0<x; <1,0< x < as(xy) +9g(x1/e)}.
Qo ={(x1,x) €R2|0<x; <1,0< x < a(xg)+9g(xi/e)}.

where as(xq) is a piecewise constant function satisfying

las — all~(o,1) < 0.
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L (e—0)
!
(Equation);

1 1
(Eq); : /0 (5] Y2 Iub + 1Y 1Uo) oy = /0 1Y |y
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""""""""

.....

1 (e—0)
!
(Equation);

6—0
—

(Equation),

1 1
(Eq); : /0 (5] YElube + 1 Y o) oy = /o 1Y | Fiodix

1 1
(Eq)y - /0 (q1Y*|Uhe' +|Y*|uop) déy = /0 Y*|f oo
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""""""""

.....

| (e —0) 1?
! 1?7

(Equation); =9 (Equation),

1 1
(Eq); : /0 (5] YElube + 1 Y o) oy = /o 1Y | Fiodix

1 1
(Eq)y - /0 (q1Y*|Uhe' +|Y*|uop) déy = /0 Y*|f oo
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We are going to show that the solutions depend continuously
on the function a(x) uniformly in e:

Q. Q.
Q= {(x1,%) €R? |0 <X <1,0<x < a(x)+g(x/e}.
Qe ={(x1,%) ER? |0 <Xy <1,0< X2 < a(x1) + g(x1/€)}.

with ag < a(x), a(x) < fo.
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Denote by u. and &, the solutions of

(P 10w
8X12 626X22
oue, . 1ou .
\ 87)(1N1+67287X2N2_0 on 0

+ut="1f inQ°

_r 1%
0x12 € 9xp?
oue « 1 00° + A
T NE 2 NE = o

\ (9X1 L €2 8X2 2 U e

with £, € L2(R?).

+0¢=f inQ°
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Theorem
There exists a function p(6) — 0 as § — 0 such that

e - + fluell?

~ 12
el @) I @ + 18ellby @, = PO)

uniformly for all
@ cc (0, 60)
@ pieciwise C' functions a, & with ||a — &l[(01) < 4,
ap < a(x), a(x) < aq
o £ € L2(R2), ||f|2(ze) < 1

Recall: The space, H! (U) = H'(U) with the norm

1
2 2 2 2
1ullss oy = Nullzzeuy + U 2y + ?HUX2HL2(U)

J. Arrieta PDE’s-BENASQUE Sept 2011



To prove the Theorem we observe:

Characterization of u. and U,

U, and . are minima of

1 1
V() = E/Q <|¢X1|2 - 6—2\%\2 - Iw\z) —/Q f.o

o 1 . 1. N N
V@)= [, (190 + glonkt+108) - [ £
That is
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Q. Q(1+n)
where

Qc(1+mn) ={(x,(T+n)y): (x,¥) € Qc}
We define the operator Py, : H'(2.) — H'(Q(1 + 7))
1 J};n)
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(Prine)(X,y) = w(x,



where
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With this analysis, we obtain that the limit is:

[ a0 30 22 4y uatengton) o

1
:/0 [Y* 0 FOxr )t )iy, Vep € H'(0,1)

Where

Y1) ={(y,2) eR?2 : 0<y<LO<z<a(x)+9()}

and

1 0X
Xi) = 1——(x1,y,2) | dydz
) = (7 fyy (1~ 0020
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Where,

( —-AyX(x1,y,2) =0 in Y*(xq)
oX gw)
—_— X 5 9 _ — on B X
a1 Y- 9()) T (GO)E 1(x1)
oX
N1 Y,0) =0 onBx(xi)
L X(x1,y,z) L — periodicin y.
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e M.L. Mascarenhas, D. Polisevski, M2AN 28 37-57 (1994)

e D. Chenais, M.L. Mascharenhas, L. Trabucho, M2AN 31
559-597 (1997)

e G. Chechkin, A. Piatnitski, Applicable Analysis 71, pp.
215-235 (1999)
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Very highly oscillatory behavior: o > 1.

owe

e =0 R

{AW6+W€ £ R,

Gc(x) = a(x)+9g(x/eY), a>1

J.A., M. Pereira, “Thin domains with extremely high oscillatory
boundaries”, Submitted
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We also transform the original domain and problem with the
change of variables (x, y) — (x,ey) so

625 1826
4 u+u€:f in Q¢

- 8X1 2 8X
ou , . 1 c“)‘u6 .
8X1 1 N2 = O on aQ

Q ={(x,%) cR?|0<x <1,0<x < alxg)+g(x/e)}
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We also transform the original domain and problem with the
change of variables (x, y) — (x,ey) so

625 1826
4 u+u€:f in Q¢

- 8X1 2 8X
ou , . 1 c?‘u6 .
8X1 1 N2 = O on aQ

Q ={(x,%) cR?|0<x <1,0<x < alxg)+g(x/e)}

¢ R. Brizzi, J.P. Chalot, Ricerche di Matematica XLVI (1997)
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9o = Xren[g)g] 9(x)
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Weak formulation of the problem: Vo € H'(Q°)

ou dp 1 0u dp
/ {3X1 a 2 X0 8X2 +u SD}dX1 dxo = o fodxydxs.
Taking = U
ouc 110U
€ - o < M ‘
14 ez 2. elloxp iz — Ve 0
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Considering the restriction of u, to Qy, we have the existence of
a function uy € H'(Qg) such that (via subsequences)

o U~ Uy w— H'(Q)and s — L3(Q)
ou*
[ ]
8X2

—0 s—L3(Q).

Hence, Uo(X1 ] Xg) = Uo(X1 )
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It also can be proved (without using any kind of extension
operator):

* |lue — Uoll2(n) — 0ase—0.
e 1) 0u,
o |5l t <l g 2o — 0 @s e — 0.

Choosing f. = f(x) and with appropriate test functions now we
can show that the function uy = up(x) satisfies the following
weak formulation:

1 1
/0 {(a(x) + go)uxebx + (a(x) + G)ud}ax = /0 (a(x) + §)fé

where g = %fOL g(x)dx, which is the weak formulation of:

a(X;Jrg((a(x) +goux), +u="*f, xe(0,1)

with Neumann BC'’s.
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For instance, if a(x) = ap then the limit problem is:
—duyx + u = f where the diffusion coefficient

g %+t9% _ La+g)
+9  Lag+ [y g(x)

_area of the nonoscillating part of unit cell
B area of unit cell
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This same technique can be extended to other more
complicated geometries:

hikIkk

and the limiting equation is

1 1
/ {(Anonose(X) xdx + A(x)ug}dx = / AX)fé
0 0
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Both behaviors: @ = 1 in the upper boundary and «v > 1 in the lower boundary.

—-Aw +w'=F£f R
owe
ONe

=0 O0R.

R. = {(x1,x2) € R?, —eh(x/e®) < Xp < €g(x/€)}

g() is Ly periodic and his L, periodic (purely periodic case).
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J.A. and M. Villanueva, work in progress.
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The limit problem is:

where

{ (}’1 ¥o2)}aysdys
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