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L motivations

L climate models

Budyko-Sellers model
{u, —((1 = x®)uy), = f(x) g(u) — h(u) x € (-1,1)

(1- X2)UX|x:i1 =0

» u(t, x)= sea-level zonally averaged temperature
» f(x)= solar input

» g(u)= co-albedo

» h(u)= outgoing infrared radiation
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L motivations

L laminar flow

laminar flow

boundary layer model

!
Prandtl’'s equations — nonlinear degenerate
| Crocco’s transormation
-
linearization

Crocco’s equation

U+ b(t, y)ux — (a(y)uy), = f
+ boundary and initial conditions
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L motivations

L laminar flow

laminar flow

boundary layer model

!
Prandtl’'s equations — nonlinear degenerate
| Crocco’s transormation
-
linearization

Crocco’s equation
ug+ b(t, y)ux — (aly)uy), = f
+ boundary and initial conditions

double degeneracy Alx,y) = ( 8 a(OO) ) with  a(0) =

MIE
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L stochastic flows

Outline

Examples of degenerate parabolic operators (DPO)

Kolmogorov operators & degenerate diffusions
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L stochastic flows

stochastic flows

» X(-,x) unique solution

aX(t) = b(X(t))dt + o(X(t)) dW(t) t>0
X(0)=x€eR"

» b:R"—=R", 6:R"— L(R"R™) Lipschitz
» W(t) m-dimensional Brownian (2, F, {F:}+, P)
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L stochastic flows

stochastic flows

» X(-,x) unique solution

aX(t) = b(X(t))dt + o(X(t)) dW(t) t>0
X(0)=x€eR"

» b:R"—=R", 6:R"— L(R"R™) Lipschitz
» W(t) m-dimensional Brownian (2, F, {F:}+, P)

> transition semigroup  Pip(X) = E[(p(X(Z‘, x))]
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L stochastic flows

stochastic flows

» X(-,x) unique solution

aX(t) = b(X(t))dt + o(X(t)) dW(t) t>0
X(0)=x€eR"

» b:R"—=R", 6:R"— L(R"R™) Lipschitz
» W(t) m-dimensional Brownian (2, F, {F:}+, P)
> transition semigroup  Pip(X) = E[(p(X(t, x))]

> u(t, x) = Pip(x) solution of Kolmogorov equation

ur = = Tr [AX)V2u] + (b(x), Vu) in (0,00) x R"

N =

Lu
u(0, x) = ¢(x) xeR’

MIE

where  A(x) = o(x)o*(x) > 0 may be degenerate
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L stochastic flows

invariant sets for a stochastic flow
K c R" invariant

xeK = X({t,x)eK P-as.
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L motivations

L stochastic flows

invariant sets for a stochastic flow
K c R" invariant

xeK = X({t,x)eK P-as. Vt>0

QCR" openset 90 =T

Problem B
find (necessary and sufficient) conditions for invariance of 2
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conditions for invariance
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= motivations

L stochastic flows

conditions for invariance

QCR" openset 90 =T

» oriented distance from I

o (x) = dist(x, ) if x e Q
T Sdist(x, ) if x € Q°

ar
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L motivations

L stochastic flows

conditions for invariance

QCR" openset 90 =T

» oriented distance from I

ar
o (x) = dist(x, ) if x e Q r
T Sdist(x, ) if x € Q° o)
Lar(x) > 0

» Q invariant <= vx Tl
(A(X)Var(x),Var(x)) =0
Friedman and Pinsky (1975), ...
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L motivations

L stochastic flows

conditions for invariance

QCR" openset 90 =T

» oriented distance from I

ar
= dist(x,IN) ifxeQ r
T —dist(x,T) if x € Q° o)
Lar(x) >0

» Q invariant < VYx €T
(A(X)Var(x),Var(x)) =0
Friedman and Pinsky (1975), ...

» Q invariant = L degenerate on I in normal direction
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L boundary degeneracy

operators with boundary degeneracy
Q CcR" bounded

u—Lu=f in Qx]0, T|
u(x,0) = up(x) xe€Q

+b. c. on 90x]0, T[
where
div(A(x)Vu) + lower order tms
Lu= or
Tr [A(x)V2u] + lower order tms
with

Ax)>0 in Q but A(x)>0 on 0Q
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L boundary degeneracy

the null controllability problem

want to study null-controllability in time T > 0

, ) u'(,T)=0
Vug € L5(Q) 3f € L7(Qr) : Lo fR < Cr [ o2
Qr = vT Jq |40
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L boundary degeneracy

the null controllability problem
want to study null-controllability in time T > 0
u'(,T)=0

Yup € L2(Q) 3f e [2(Qy) - {f 1R < Cr [ ol
Qr =~ VT Jo IY0

uniformly parabolic equations:

dm>0 : A(x) > ml, = null-controllability VT > 0

» Fattorini and Russell (1971), Russell (1978)
» Lebeau and Robbiano (1995)

» Fursikov and Emanouilov (1996)

» Tataru (1997)
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L boundary degeneracy

the roadmap to null controllability
» show equivalence with observability inequality

adjoint vi+div(A(x)Vv) =0 in Qr
problem v=0 on x]o, T[

.
— /vz(x,O) dx < CT//vz(x, t) dxdt
Q 0 Jw
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L boundary degeneracy

the roadmap to null controllability
» show equivalence with observability inequality

adjoint vi+div(A(x)Vv) =0 in Qr
problem v=0 on x]0, T[

.
— /Vz(X,O)dXSCT//VZ(X, t) dxdt
Q 0 Jw

» prove observability by Carleman estimates
T>> 1

-
/ / 393 et dxdt < C / / v2 dxadt
0 Jw

+7o(t |DV\2

MIE

p(x, 1) = 0(t)[e¥X) — e2rlI¥l=] any Dy(x) £0in Q\ w
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L boundary degeneracy

difficulties in degenerate case

» observability (= null controllability) may fail
(for violent degeneracies)
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difficulties in degenerate case

» observability (= null controllability) may fail
(for violent degeneracies)

» ¢ in Carleman must be adapted to degeneracy
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L boundary degeneracy

difficulties in degenerate case

» observability (= null controllability) may fail
(for violent degeneracies)

» ¢ in Carleman must be adapted to degeneracy

» Hardy’s inequality essential

/d[?“‘2W2dx§ Ca/dF‘Wwyzdx (a £1)
Q Q

MIE
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Outline

Control of DPO with boundary degeneracy
null controllability in dimension 1
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L ncin1D

weak and strong degeneracy
ac C([0,1)nC'(]0,1]) and a>0 on ]0,1]

ur— (a(x)ux), = f in Qr =]0,1[x]0, T[
u(x,0) = uo(x) u(1,t)=0 + b.c.at x=0

up € L3(0,1), f € L3(Qr)
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weak and strong degeneracy
ac C([0,1)nC'(]0,1]) and a>0 on ]0,1]

ur— (a(x)ux), = f in Qr =]0,1[x]0, T[
u(x,0) = uo(x) u(1,t)=0 + b.c.at x=0

up € L3(0,1), f € L3(Qr)

weakly degenerate case: |1/a€ L'(0,1)

H3(0,1) = {ue L2(0,1) | /1 auf dx < oo & u(0) =0 = u(1)}
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weak and strong degeneracy
ac C([0,1)nC'(]0,1]) and a>0 on ]0,1]

ur— (a(x)ux), = f in Qr =]0,1[x]0, T[
u(x,0) = up(x) u(1,t)=0 + b.c.at x=0

up € L3(0,1), f € L3(Qr)

weakly degenerate case: |1/a€ L'(0,1)

H3(0,1) = {ue L2(0,1) | /1 auf dx < oo & u(0) =0 = u(1)}

strongly degenerate case: |1/a¢ L'(0,1)

1
Hi(0.1) = {ue 2(0.1) | / auf dx < oo & u(1) = 0}
0
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L boundary degeneracy
Lncin1D

well-posedness

D(A) = {u € Hi(0,1) | aux € H‘(o,1)}
Au = (aux)
generates analytic semigroup in L2(0, 1)

I

N)
0
i)



controllability for degenerate parabolic equations
L boundary degeneracy
L ncin1D

well-posedness

{D(A) — {u e Hi(0,1) | aux € H‘(o,1)}
Au = (aux)
generates analytic semigroup in L2(0, 1)

» unique solution u € C(0, T; L?(0,1)) N L2(0, T; HA(0,1))

ur— (a(x)ux), = f in Qr =]0,1[x]0, T[
u(x,0) = uo(x)
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L boundary degeneracy
L ncin1D

well-posedness

{D(A) — {u e Hi(0,1) | aux € H‘(o,1)}
Au = (aux)
generates analytic semigroup in L2(0, 1)

» unique solution u € C(0, T; L?(0,1)) N L2(0, T; HA(0,1))

{ur — (a(xX)ux), = f in Qr =]0,1[x]0, T
u(x,0) = up(x)
» maximal regularity
up € H)(0,1) = we H'(0,T;L?(0,1))NL%0, T; D(A))

(needed to justify integration by parts)
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L boundary degeneracy
L ncin1D

well-posedness

{D(A) — {u e Hi(0,1) | aux € H‘(o,1)}
Au = (aux)
generates analytic semigroup in L2(0, 1)
» unique solution u € C(0, T; L?(0,1)) N L2(0, T; HA(0,1))
{ur — (a(xX)ux), = f in Qr =]0,1[x]0, T
u(x,0) = up(x)
» maximal regularity
up € H)(0,1) = we H'(0,T;L?(0,1))NL%0, T; D(A))
(needed to justify integration by parts)
» strongly degenerate case incorporates b.c.

(x—0)
ue D(A) = aux— O

MIE
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the simplest example of degeneracy

w =]a, b[cc]0, 1] (a > 0)

ur — (X%Ux) , = xof u(x,0) = ug(x)
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controllability for degenerate parabolic equations
L boundary degeneracy
L NC in 1D

the simplest example of degeneracy
w =|a, b[CC]0, 1] ax)=x*| (a>0)

ur — (x“ux), = xof u(x,0) = up(x)

C—, Martinez & Vancostenoble (2008):

false a>2 (— regional null controllability)

n. c. any b.c. 0<a<1 weak
true 0<a<?2
Neumannb.c. 1 <a <2 strong
T regional
e
0 - 1

I
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lack of null controllability for a > 2
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L ncin1D

lack of null controllability for a > 2
» classical change of variable (Courant-Hilbert)

' ds
P sa/2

y(x) =

U(y(x),t) = x*"*u(x, t)

transforms equation into | @ :]5, al bounded

U= Uy +ca(y)U = xaF 0<y<oo

cly) = ﬁ bounded for o > 2

I
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lack of null controllability for a > 2

» classical change of variable (Courant-Hilbert)

1 ds

sz U000 =x u(x. 1)

y(x) =

transforms equation into | @ :]5, al bounded

U= Uy +ca(y)U = xaF O<y<oo

cly) = ﬁ bounded for o: > 2

» Micu, Zuazua (2001)
Escauriaza, Seregin, Sverak (2003, 2004)

U-T)=0 <= spt(U(-,0)) C[0,a
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lack of null controllability for a > 2

» classical change of variable (Courant-Hilbert)

yo=[ & Uy, =xux 1

transforms equation into | @ :]5, al bounded

U= Uy +ca(y)U = xaF O<y<oo

cly) = ﬁ bounded for o: > 2

» Micu, Zuazua (2001)
Escauriaza, Seregin, Sverak (2003, 2004)

U-T)=0 <= spt(U(-,0)) C[0,a

MIE

no [0,1]
> U — (XUy) = vof
e = (X7t), = X { yes if spt(w) Cla, 1]
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Carleman estimate 0 < o < 2

wi+ (X“wy) =f in ]0,1[x]0, T[

+

b. c.
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L ncin1D

Carleman estimate 0 < o < 2

wi+ (Xx*wy) =f in 10,1[x]0,T[ + b.c.

let | (t,x) = 0(t)v:(x) | where

1 ¢ = — 2
o = <t(T— t)) Y=oy
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Carleman estimate 0 < o < 2

wi+ (Xx*wy) =f in 10,1[x]0,T[ + b.c.

let | (t,x) = 0(t)v:(x) | where

5E=C — 2

9(”:<t(r1—t)>4 YW= ar

Theorem (C—, Martinez & Vancostenoble 2008)

There exists 19,C >0 suchthat Y7 > 1

cone

// + TOX“ W2 + 7-303x2’°‘W2) e?™% dxat
Qr

=

T [EENN]
< c/ T dxdt+C/ rowee) ot |=
Qr 0 x= —
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application to adjoint problem
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application to adjoint problem

vi+ (x*v), =0 in ]0,1[x]0, T
+ b.c.
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application to adjoint problem

vi+ (x*v), =0 in ]0,1[x]0, T
+ b.c.
by Carleman estimate

;
// (r@x“ V24 393 k2 vz)ezw dxdt < Cr/ / |v|? dxdlt
Qr ~ 0 w

—0
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=
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application to adjoint problem

+ b.c.
by Carleman estimate

;
// (r@x“ V24 393 k2 vz)ezw dxdt < Cr/ / |v|? dxdlt
ar —

0 w
—0

{Vt—l—(XaVX)X:O in ]071[X107T[

» zero order estimate too weak
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application to adjoint problem

vi+ (x*v), =0 in ]0,1[x]0, T
+ b.c.

by Carleman estimate

;
// (r@x“ V24 393 k2 vz)ezw dxdt < Cr/ / |v|? dxdlt
Qr ~ 0 w

—0

» zero order estimate too weak
> need Hardy’s inequality: (a #£ 1) VYw € H.(0,1)

1 1
_ 4
a—2.,2 < / a2
/oX wdx_i(a_”2 0xwxdx

MIE
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CE = observability for v; + (x*vy), =0
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CE = observability for v; + (x“vy) =0

>t f01 x*v2dx increasing
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L ncin1D

CE = observability for v; + (x“vy) =0

> t [ x*vZdx increasing
» integrate & use Carleman’s estimate

1 3T /4
/va(XO dx<—/ /xvxxt)dxdt

.
<cr / / ()X V2(x, £)e2*D dxalt < Cr / / V3(x, 1) dxalt
Qr 0Jw

MIE



controllability for degenerate parabolic equations
L boundary degeneracy
L ncin1D

CE = observability for v; + (x“vy) =0

> t [ x*vZdx increasing
» integrate & use Carleman’s estimate

1 3T /4
/XVX(XO dx<—/ /xvxxt)dxdt

;
< CT// ()x*VE(x, 1)e®*D dxdt < CT// Vv3(x, t) dxdt
Qr 0Jw

» use Hardy’s inequality

1 1
/ x“72v3(x,0) dx g/ x“VZ(0, x) dx < C/ / (x, t)dxdt
0 0

MIIE |
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more general 1-d problems
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more general 1-d problems

» divergence form
> Martinez, Vancostenoble (2006)  u; — (a(x)ux), = xwf
> Alabau, C, Fragnelli (2006)  u; — (a(X)ux), + g(u) = xwf
> Flores, de Teresa (2010) ur — (Xx*ux), + X b(x, t)ux = xuf
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L boundary degeneracy
L NC in 1D

more general 1-d problems
» divergence form
» Martinez, Vancostenoble (2006)  u; — (a(x)ux), = xwf
> Alabau, C, Fragnelli (2006)  u; — (a(x)ux), + g(u) = xuf
> Flores, de Teresa (2010) u; — (x*ux), + X b(x, t)ux = xuf
» non-divergence form C, Fragnelli, Rocchetti (2007, 2008)

ur — a(x)uxx — b(x)ux = xuf

q q 1 fx b(s) ds
» (invariant) measure p(x)dx = LA ax
symmetric structure  a(x)uyx + b(x)uy = ﬁ [p(x)a(x)uy]

weighted space [2(0,1) := {u € L2(0,1) | fy tPpdx < oo}
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L boundary degeneracy
L NC in 1D

more general 1-d problems

» divergence form
» Martinez, Vancostenoble (2006)  u; — (a(x)ux), = xwf
> Alabau, C, Fragnelli (2006)  u; — (a(x)ux), + g(u) = xuf
> Flores, de Teresa (2010) u; — (x*ux), + X b(x, t)ux = xuf
» non-divergence form C, Fragnelli, Rocchetti (2007, 2008)

ur — a(x)uxx — b(x)ux = xuf

> (invariant dx = 1 elie 26 %g
(invariant) measure  p(x) X =59€ X

symmetric structure  a(x)uyx + b(x)uy = ﬁ [p(x)a(x)uy]
weighted space [2(0,1) := {u € L2(0,1) | fy tPpdx < oo}
» degenerate/singular problems
» Vancostenoble, Zuazua (2008), Vancostenoble (2009)

A
ur— (X%ux), — U= Xof
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L boundary control

Outline

Control of DPO with boundary degeneracy

approximate controllability in dimension 1
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L boundary control

a boundary control problem
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L boundary degeneracy

L boundary control

a boundary control problem

O<a<1,T>0

Problem

given wp, ur € L?(0,1) and e > 0 find g such that the solution of
ur— (x*ux), =0 in Qr =]0,1[x]0, T[
u(0,1) = g(t)
u(1,t)=0
u(x;, 0) = to(x)

satisfies  ||lu(:, T) — urllizq,) < €

MIE
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L boundary control

a boundary control problem

O<a<1,T>0

Problem
given wp, ur € L?(0,1) and e > 0 find g such that the solution of

ur— (x*ux), =0 in Qr =]0,1[x]0, T[
u(0,t) = g(1)
u(1,t)=0
u(x,0) = to(x)
satisfies  ||lu(:, T) — urllizq,) < €

» reduction to a locally distributed control system by extending the space
domain would produce interior degeneracy
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L boundary control

a boundary control problem

O<a<1,T>0

Problem
given uy, ur € L2(0,1) and e > 0 find g such that the solution of

ur— (x*ux), =0 in Qr =]0,1[x]0, T[
u(0,t) = g(1)

u(1,t)=0

u(x,0) = uo(x)

satisfies u(-, T) — urllzen <€

» reduction to a locally distributed control system by extending the space
domain would produce interior degeneracy

> need unique continuation obtained via local Carleman estimate
C — Tort — Yamamoto (2011)
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L boundary control

a local Carleman estimate
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L boundary control

a local Carleman estimate

Wi+ (x*wy), = f in Qr =]0,1[x]0, T[
w(0,t) =0, (x*wy)(0,t) =0
w(1,t)=0, (x*wx)(1,8) =0

I
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L boundary degeneracy

L boundary control

a local Carleman estimate

let

Wy + (x*wy), = f in Qr =]0,1[x]0, T[

w(0,t) =0, (x*wy)(0,t) =0
w(1,t)=0, (x*wx)(1,8) =0
1—a<f<1-%|anddefine y(t,x) = 0()i(x)| where
1

o(t) = T=0 P(x) = —x"

MIE
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L boundary control

a local Carleman estimate

Wi+ (x*wy), = f in Qr =]0,1[x]0, T|

w(0,t) =0, (x*wy)(0,t) =0
w(1,t)=0, (x*wx)(1,8) =0

let[1 —a < 3 <1-5|anddefine | ¢(t,x) = 0(t)(x)| where
o) = =g )=

Theorem
There exists 19,C >0 suchthat V7> 1

[ (roxeizuz 4 sty < c [ [ ireere \E
Qr Qr

i
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a unique continuation result

~
Q
S <
Il
oo
H—/
<
[
o

Corollary

Ve + (x*vx), =0 in Qr =]0,1[x]0, T[
v(0,1) =0, (x*vx)(0,t) =0

MIE
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L boundary control

approximate controllability
O<a<1,T>0, u e HY0,1)

ur— (x“ux), =0 in Qr =]0,1[x]0, T[
u(0,t) = g(t)

u(1,t)=0

u(x,0) = up(x)

I
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L boundary degeneracy

L boundary control

approximate controllability
O<a<1,T>0, u e HY0,1)

ur— (x“ux), =0 in Qr =]0,1[x]0, T[
u(0,t) = g(t)

u(1,t)=0

u(x,0) = up(x)

Proposition
For all ur € L2(0,1), e > 0 there exists g € H}(0, T) such that

|u(, T) — urllza) <¢

MIE
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L boundary control

approximate controllability
O<a<1, T>0, ueH(0,1)

ur— (x“ux), =0 in Qr =]0,1[x]0, T[
u(0,t) = g(t)

u(1,t)=0

u(x,0) = up(x)

Proposition
For all ur € L2(0,1), e > 0 there exists g € H}(0, T) such that

|u(, T) — urllza) <¢

approximate controllability for all uy € L2(0, 1) follows

I
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Outline

Control of DPO with boundary degeneracy

null controllability in dimension 2
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L boundary degeneracy
L problems in 2d

the simplest problem in 2d

ur — div(A(X)Vu) = xo(x)f(t,x) in Qr
n=2 u(x,0) = up(x) xeQ
+b.c.on T
a(A(x)) = {\(x),\a(x)} eigenvectors £1(x),e2(x)

)\1(X) ~ dr(X)a o &1 (X) ~ —Ddr(X) = Vr(nr(X)) near [
X2(x)>m>0 Vx € Q

e2(X)

MIE
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null controllability in 2d

Theorem (C, Martinez, Vancostenoble — CRAS 2009)

Let Then

5 0 u'(,T)=0
Yup € L7(Q) 3f € L7(Q7) I |f‘2 < Cr [l ‘2
Qr =~ VT Jq |HY0

I
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null controllability in 2d
Theorem (C, Martinez, Vancostenoble — CRAS 2009)

Let Then

f(. _
YUy € LZ(Q) If LZ(QT) : {u (wT)=0

Jo, IfI? < Cr [q luol?

> null-controllability fails

» radial case reduces to one-dimensional problem

MIE
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L boundary degeneracy
L

problems in 2d

null controllability in 2d

Theorem (C, Martinez, Vancostenoble — CRAS 2009)

Let Then

f(. =
Vi € L3(Q) 3f € L2(Oy) {”(’T)—O

Jo, IfI? < Cr [q luol?

= null-controllability fails

» radial case reduces to one-dimensional problem
» proof uses
» topological lemma to construct adapted weight

» Carleman’s estimate to provide observability inequality
» Hardy’s inequality to control degenerate terms

I
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topological lemma

» Q cR” boundary of class C*
» wCCQ open
» a€l0,2)

Then there exist ¢ >0 and ¢ € C*Q)NC(Q) such that
» VxeQ with dr(x)<d |[¢(x)=zdr(x)?

r

> [ {xeQ|Vy(x)=0} cw

MIE
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Carleman’s estimate for adjoint problem
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L boundary degeneracy
L

problems in 2d

Carleman’s estimate for adjoint problem
» consider adjoint problem

vi + div(A(X)Vv) =0 in Qr
v(t,-)=0 on I (a<1)

> | o(t, x) = 0(t)[e™X) — e271¥ll=]

¥ by lemma
4
0(t) = (w5

T T
/ / (AVY - V)2 v2e?™ + / / d>v2e?™ < C / / V2
Qr 0 J{d-<6} 0Juw
T T =
// (AVV-Vv)eZW+// de(Vv 126%™ < c//v2 =
Qr 0 J{adr<6} 0 Juw
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Outline

Control of DPO with interior degeneracy
parabolic operators with interior degeneracy
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controllability for degenerate parabolic equations
LDPO with interior degeneracy

L interior degeneracy

parabolic operators with interior degeneracy
Q CcR" bounded

u—Lu=f in Qx]0, T|
u(x,0) = up(x) xe€Q

+b. c. on 90x]0, T[
where
div(A(x)Vu) + lower order tms
Lu= or
Tr [A(x)V2u] + lower order tms
with

Ax)>0 in Q

MIE
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L interior degeneracy

references
» Crocco-type equation

Ut + Ux — (a(}’)uy)y = Xw(Xay)f(vaa t)

1)

» Martinez — Raymond — Vancostenoble (2003) (a
» C — Martinez — Vancostenoble (2005, 2008) (a =

@y

MIE
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LDPO with interior degeneracy
L.

interior degeneracy

references

» Crocco-type equation

Ui + Uy —

(a(y)UY)y

= Xw(X,y)f(X,y, t)

» Martinez — Raymond — Vancostenoble (2003) (a
» C — Martinez — Vancostenoble (2005, 2008) (a =

» Kolmogorov-type equation

Ut + yux — Uyy = xu(X, ¥)f(X,y, 1)
Beauchard — Zuazua (2009)

:(

1)

)%

I



controllability for degenerate parabolic equations

LDPO with interior degeneracy
L

interior degeneracy

references

» Crocco-type equation

Ut + Uy — (a(}’)“y)y = Xw(X,y)f(X,y,

» Martinez — Raymond — Vancostenoble (2003)(
» C — Martinez — Vancostenoble (2005, 2008) (

» Kolmogorov-type equation
Ut + Yux — Uy = xw (X, Y)F(X, ¥, 1)
Beauchard — Zuazua (2009)
» Grushin-type equation
Ur — Uxx — [X[2 Uy = xw (X, Y)F(x, ¥,

Beauchard — C — Guglielmi (2011)

t)

a

t)

:(

1)

)%

I
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Outline

Control of DPO with interior degeneracy

cone
=
Jreey)

control of Grushin-type operators in dimension 2
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a Grushin-type operator




controllability for degenerate parabolic equations
I—DPO with interior degeneracy
L Grushin in 2D

a Grushin-type operator

Q:=(-1,1)x(0,1), w=(ab)x(0,1) withd<a<b<1
1Y

I
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LDPO with interior degeneracy
LGrushin in 2D

a Grushin-type operator

Q:=(-1,1)x(0,1), w=(ab)x(0,1) withd<a<b<1
1Y

atU - 8)2(u — ‘X|2785U = Xw(X7y)f(X7.y7 t)
>0 U(ETy, 1) =0, u(x,0,6) =0 = u(x,1,1) (G)
U(vavo) = UO(X’y)

I
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remarks
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|—DPO with interior degeneracy
L Grushin in 2D

remarks
» Existence and uniqueness
T>0, wel?Q), fel?(Qx(0,T))
= 3lu e C([0, T]; L3(Q)) such that Vt € (0, T), ¢ € C*(Q x [0, T])

[ 1w®so - uoroo) - | t [ @6+ o+ 1x050) + xoto

I
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LDPO with interior degeneracy
LGrushin in 2D

remarks

» Existence and uniqueness
T>0, uel?Q), fel2(Qx(0,T))
= 3lu e C([0, T]; L3(Q)) such that Vt € (0, T), ¢ € C*(Q x [0, T])
t
J1uo(t) - u©@)s(@] = [ [ u(@ro+ 320 + x1050) + oo
Q 0 Q

» Unique continuation  Garofalo — Vassilev (2005)
(= approximate controllability Vv > 0)

MIE
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LDPO with interior degeneracy
LGrushin in 2D

remarks
» Existence and uniqueness
T>0, uel?Q), fel2(Qx(0,T))
= Jlu e C([0, T]; L3(Q)) such that Vt € (0, T), ¢ € C*(Q x [0, T])

t
/ [W(D)6(t) — u(0)6(0)] = / / U(Ouh + 026 + |X2020) + xuFd
Q 0 Q

» Unique continuation  Garofalo — Vassilev (2005)
(= approximate controllability Vv > 0)
» Hypoellipticity
A = 95 + |x|* 95 satisfies Hérmander’s condition Vv € N:

1

xae)i= (). xen=( )

0

then

o) = (0 ) B baoeloen = (o See )

Ay = 1)x7 2

JIE
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null controllability
Theorem (Beauchard — C — Guglielmi, 2011)

{ U — 82u — x| 82U = xw(x, y)f(x, ¥, 1)
U(i1,}’at)=0, U(X,O,t)IOIU(X,1,t) (G)
U(X,y,O) = UO(Xay)

1Y

I
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null controllability
Theorem (Beauchard — C — Guglielmi, 2011)
Ot — 8,2(U* |X|2W8}€U = Xw(X, y)f(X, Y, t)
{ u(:t1ayat):07U(Xvo,t):():u(xa1at) (G)
U(X,y,O) = UO(XMV)
1Y

—1 0 1 X
» 0<y<1 = (G) nullcontrollable VT >0

MIE
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null controllability
Theorem (Beauchard — C — Guglielmi, 2011)
Ot — 8,2(U* |X|2W8}€U = Xw(X, y)f(X, Y, t)
{ u(:t1ayat):07U(Xvo,t):():u(xa1at) (G)
U(X,y,O) = UO(XMV)
1Y

—1 0 1 X
» 0<y<1 = (G) nullcontrollable VT >0
» v>1 = (G) notnull controllable

MIE



controllability for degenerate parabolic equations
LDPO with interior degeneracy
LGrushin in 2D

null controllability
Theorem (Beauchard — C — Guglielmi, 2011)
3[U*8,2(U* |X|2W85U=Xw(X,y)f(X,y, t)
{ U(i17}’at)=0»U(Xvo,t)ZOIU(XJat) (G)
U(vavo) = Uo(X,y)
1Y

—1 0 1 X
» 0<y<1 = (G) nullcontrollable VT >0
» v>1 = (G) notnull controllable

»v=1 = 3IT*>0 suchthat (G) Iis

null controllable ¥ T > T*
not null controllable VT < T*

vy
MIE
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LDPO with interior degeneracy
LGrushin in 2D

observability

v(£1,y,t) =0, v(x,0,t) =0 = v(x,1,t) (G
V(X,% O) = VO(va)
observable in w in time T 3C > 0 such that Vv, € L?(Q)

{ v — v — |x|793v =0

!
/ v(x,y, T)2dxdy < C / / vx,y.t)Pdxdy  (O)
Q 0 Jw

MIE
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LDPO with interior degeneracy
LGrushin in 2D

observability

v(£1,y,1) =0, v(x,0,t) =0 = v(x,1,1) (GY)
V(X,y70) = VO(X>y)
observable in w in time T 3C > 0 such that Vv, € L?(Q)

{ oV — 9%v — |x|7195v =0

.
/ v(x,y, T)2dxdy < C / / v(x,y.0)Pdxdy  (O)
Q 0 Jw

Theorem (Beauchard — C — Guglielmi, 2011)
» 0<~v<1 = (G*) observable VT >0
» v>1 = (G") notobservable
»vy=1 = JIT*>0 suchthat (G*) is

observable YT > T*

not observable YT < T*

vy
MIE
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Fourier decomposition
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Fourier decomposition

v(£1,y,1) =0, v(x,0,1) =0 = v(x,1,1) (GY)

{ oV — 9%v — |x|*95v =0
v(x,y,0) = vo(x,y)

cone
=
Jreey)




controllability for degenerate parabolic equations
LDPO with interior degeneracy
LGrushin in 2D

Fourier decomposition

oV — 9%v — |x|*95v =0
v(£1,y,1) =0, v(x,0,t) =0=v(x,1,1) (G")
v(x,y,0) = w(x,y)
> vy, t) = ve(X, Den(y) with  @n(y) := v2sin(nry)
n=1

where Va(x,t) := f01 v(x,y, en(y)dy satisfies

va(£1,8) =0 te(0,7) (Gr)

OtV — 02V + (nm)2|x|P'va =0 (x,1) € (—=1,1) x (0, T)
Va(X,0) = vo,n(X) x e (—1,1)

MIE
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Fourier decomposition

oV — 9%v — |x|*95v =0
v(£1,y,1) =0, v(x,0,t) =0=v(x,1,1) (G")
v(x,y,0) = w(x,y)
> vy, t) = ve(X, Den(y) with  @n(y) := v2sin(nry)
n=1

where Va(x,t) := f01 v(x,y, en(y)dy satisfies

va(£1,8) =0 te(0,7) (Gr)

OtV — 02V + (nm)2|x|P'va =0 (x,1) € (—=1,1) x (0, T)
Va(X,0) = vo,n(X) x e (—1,1)

oo A
> / V(x,y, T)Paxdy = 3 / Iva(x, T)ax
Q = =i

oo b
/ Vi y. OFaxdy =3 [ it )k
w=(a,b)x(0,1) ' Ja

MIE
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uniform observability

oV — v — X295 =0 Qx(0,T)

v(£1,y,t) =0, v(x,0,t) =0=v(x,1,t) te(0,T)

v(x,y,0) = vo(x, ) (x,y) e

11 Y
Q 5]
1 ola b 1%

OVn — 02V + (N )2|x[P'va =0 (x,t) € (—1,1) x (0, T)
Vo(£1,8) =0 te(0,T)
Va(x,0) = vo,n(x) x e (—1,1)

observability for (G*) inw <= uniform observability for (G;) in (a, b)

1 T rb
/ IVal, T)|2dx§C// Va(x, 1) 2axat  ¥n > 1
—1 0Ja

(GY)

(Gn)

IE

(VO
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for the proof of (UO): dissipation speed
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for the proof of (UO): dissipation speed
> define A,: D(An) C L3(—1,1) — L*(—1,1) by

D(An) = H20H01(_171)7 An(p = _<)0//+(n7r)2|xlz’y(p

I

B
pe)
¢
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for the proof of (UO): dissipation speed
> define A,: D(An) C L3(—1,1) — L*(—1,1) by
D(Ay) := HENHY(—1,1),  Anp:=—¢" + (nm)? x|

» )\, = the first eigenvalue of A, so that

OV — B2 + (Mm)|x|P'va =0 (x,t) € (=1,1) x (0, T)
Vo(£1,8) =0 te(0,7)

satisfies

1 1
/ Va(x, T)Pdx < e *(T=0 / Va(x, )2dx Yt [0,T] (D)
1 1

MIE
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for the proof of (UO): dissipation speed
> define A,: D(An) C L3(—1,1) — L*(—1,1) by
D(Ay) := HENHY(—1,1),  Anp:=—¢" + (nm)? x|

» )\, = the first eigenvalue of A, so that

OV — B2 + (Mm)|x|P'va =0 (x,t) € (=1,1) x (0, T)
Vo(£1,8) =0 te(0,7)

satisfies

1 1
/ Va(x, T)Pdx < e *(T=0 / Va(x, )2dx Yt [0,T] (D)
1 1

Lemma (dissipation speed)

(ub) Vy >0 dc* >0 suchthat M\, < c*nﬁ

MIE

(Ib) ¥y € (0,1] 3c. >0 suchthat An> c.nits
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proof of (UO): 0 <y <1 andy =1
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proof of (UO): 0 <y <1 andy =1

» Carleman estimate: 3C >0 suchthat VT >0 dnr >1 with

2L 1 2L rb
/T / \Va(x, t)Paxat < 6 /T / vo(x, )Pkt ¥n>nr (Cn)
5 /-1 3 74

cone
=
Jreey)
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proof of (UO): 0 <y <1 andy =1

» Carleman estimate: 3C >0 suchthat VT >0 dnr >1 with

2L 1 2L rb
/T / \Va(x, t)Paxat < 6 /T / vo(x, )Pkt ¥n>nr (Cn)
5 /-1 3 74

» combine (D), (C»), and Dissipation Lemma to obtain

. F
ek /T / \Va(x, t)|2dxalt
I J
3

7 2L b
gon—ox3n +W/ / [Va(x, t)|? dxalt
T
3 a

IN

1
I/ Iva(x, T)Pax
3/ 4

IN
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proof of (UO): 0 <y <1 andy =1

» Carleman estimate: 3C >0 suchthat VT >0 dnr >1 with

/T / \Va(x, t)Paxat < 6 /T / vo(x, )Pkt ¥n>nr (Cn)
5 /-1 3 74

» combine (D), (C»), and Dissipation Lemma to obtain

. F
ek /T / \Va(x, t)|2dxalt
I J
3

7 2L b
gon—ox3n +”/ / [Va(x, t)|? dxalt
T
3 a

IN

1
I/ Iva(x, T)Pax
3/ 4

IN

» conclude
»0<y<1=Cn—cIn® - —co= (UO)VT >0

MIE
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proof of (UO): 0 <y <1 andy =1

» Carleman estimate: 3C >0 suchthat VT >0 dnr >1 with

/T / \Va(x, t)Paxat < 6 /T / vo(x, )Pkt ¥n>nr (Cn)
5 /-1 3 74

» combine (D), (C»), and Dissipation Lemma to obtain

. F
ek /T / \Va(x, t)|2dxalt
I J
3

7 2L b
gon—ox3n +”/ / [Va(x, t)|? dxalt
T
3 a

IN

1
I/ Iva(x, T)Pax
3/ 4

IN

» conclude
»0<y<1=Cn—cIn® - —co= (UO)VT >0
» y=1=Cn—c.In® — —ccfor T >3C/c, = (UO)

MIE
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cone
=

D



controllability for degenerate parabolic equations
I—DPO with interior degeneracy
L Grushin in 2D

failure of (UO): v>1 and v =1
» take eigenfunctions w;, of A, associated with A\,

—wy () + [(nm)?]|x|?" = An] Wa(x) =0 xe(=1,1)
Wo(£1) =0, wh >0, [Wallz_11)=1

cone
=
Jreey)
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L Grushin in 2D

failure of (UO): v >1 and v =1
» take eigenfunctions w;, of A, associated with A\,
—wy () + [(nm)?]|x|?" = An] Wa(x) =0 x€(=1,1)
{ Wo(£1) =0, wh >0, [Wallz_11)=1

> Vo(x, 1) := e 'wy(x) solution to

OV — 02 + (N2 |x|P'va =0 (x,t) € (=1,1) x (0, T)
Vo(£1,8) =0 te(0,T)

MIE
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failure of (UO): v >1 and vy =1
» take eigenfunctions w, of A, associated with A\,

—wy (x) + [(nm)?|X[2Y — An] Wa(x) =0 x € (—1,1)
Wn(£1) =0, wp >0, [Wall2_q1q)=1

> vo(x, 1) := e 'wy(x) solution to
OV — 02 + (N2 |x|P'va =0 (x,t) € (=1,1) x (0, T)
Va(£1,8) =0 te(0,7)

» use a comparison argument and Dissipation Lemma to show

fof |va(x, t)[>dxalt e”
f_1 [Va(x, T)|2dx

"= /|mu|m<e(”PQMmye
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failure of (UO): v >1 and vy =1
» take eigenfunctions w, of A, associated with A\,

—wy (x) + [(nm)?|X[2Y — An] Wa(x) =0 x € (—1,1)
Wn(£1) =0, wp >0, [Wall2_q1q)=1

> vo(x, 1) := e 'wy(x) solution to
OV — 02 + (N2 |x|P'va =0 (x,t) € (=1,1) x (0, T)
Va(£1,8) =0 te(0,7)

» use a comparison argument and Dissipation Lemma to show

fof |va(x, t)[>dxalt e”
f_1 [Va(x, T)|2dx

"= /|mu|m<e(”PQMmye

[

technical because (n7)?|x|?” — A, changes sign in [-1,1]
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open problems

» boundary degeneracy
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open problems

» boundary degeneracy

» null controllability with boundary control for weakly
degenerate operators
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open problems

» boundary degeneracy
» null controllability with boundary control for weakly
degenerate operators
» degenerate problems in 3 or more space dimensions
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open problems

» boundary degeneracy
» null controllability with boundary control for weakly
degenerate operators
» degenerate problems in 3 or more space dimensions
» systems of DPO (Maniar et al.)
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open problems

» boundary degeneracy
» null controllability with boundary control for weakly
degenerate operators
» degenerate problems in 3 or more space dimensions
» systems of DPO (Maniar et al.)
» interior degeneracy
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LDPO with interior degeneracy
LGrushin in 2D

open problems

» boundary degeneracy
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