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Presentation

∂u

∂t
−∆u +∇p = f in F ,

div u = 0 in F ,
u = 0 on ∂O,
u = g on ∂S,

u(x , 0) = u0(x) in F .

We define on ∂S

λ(u, p) = σ(u, p)n

= 2νD(u)n − pn

= ν
(
∇u +∇uT

)
n − pn.
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The classical variational formulation

The weak formulation of this Stokes problem is

2ν

∫
F

D(u) : D(v)−
∫
F

pdiv v −
∫
∂S

v · λdΓ =

∫
F

f · v∫
F

qdiv u = 0∫
∂S
µ · udΓ =

∫
∂S
µ · gdΓ

for any (v , q, µ) ∈ V × L2
0(F)×H−1/2(∂S), where

V = H1
0(F). The solution can be viewed as the stationary

point of the Lagrangian

L(u, p, λ) = ν

∫
F
|D(u)|2 −

∫
F

pdiv u −
∫
F

f · u

−
∫
∂S
λ · (u − g)dΓ.
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The extended Lagrangian

L(u, p, λ) = ν

∫
F
|D(u)|2 −

∫
F

pdiv u −
∫
F

f · u

−
∫
∂S
λ · (u − g)dΓ

−γ
2

∫
∂S
|λ− σ(u, p)n|2
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Comput. Meth. Appl. Mech. Engrg., 1991.

H. J. C. Barbosa, T. J. R. Hughes, Boundary
Lagrange multipliers in finite element methods : error
analysis in natural norms, Numer. Math., 1992.

P. Hild, Y. Renard, Stabilized lagrange multiplier
method for the finite element approximation of contact
problems in elastostatics, Numer. Math., 2010.



Benasque 2011, Spain

A stabilized Finite
Element Method for a

solid immersed in a
viscous incompressible

fluid

Presentation

The Stabilization
Technique

Perspectives

The stabilized formulation

2ν

∫
F

D(u) : D(v)−
∫
F

pdiv v −
∫
F

f · v −
∫
∂S
λ · vdΓ

+2νγ

∫
∂S

(λ− σ(u, p)n) · (D(v)n)dΓ =

∫
F

f · v

−
∫
F

qdiv u − γ
∫
∂S

q (λ− σ(u, p)n) · ndΓ = 0

−
∫
∂S
µ · (u − g)− γ

∫
∂S

(λ− σ(u, p)n) · µdΓ

= −
∫
∂S
µ · gdΓ
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The discretized matrices

Auu Aup Auλ

AT
up App Apλ

AT
uλ AT

pλ Aλλ

u
p
λ

 =

F
0
G
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Open problems

The choice of coefficient γ

Proving the ”inf-sup” condition for this penalized
formulation : For γ0 small enough, there exists
C > 0 independent of h such that

C
∣∣∣∥∥∥(uh, ph, λh)

∥∥∥∣∣∣
≤ sup

06=(vh,qh,µh)∈Eh

B(uh, ph, λh; uh, qh, µh)∣∣∣∥∥∥(vh, qh, µh)
∥∥∥∣∣∣ .
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Making the solid deformable

The Dirichlet condition on ∂S for the rigid solid

u(x , t) = h′(t) + θ′(x − h(t))⊥

becomes, in the deformable case

u(x , t) = h′(t) + θ′(x − h(t))⊥ + w(x , t)

where

w(x , t) = w∗
(
Rθ(t)(x − h(t)), t

)
,

∂X ∗

∂t
= w∗(X ∗, t).
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