Fermion Determinant in non-Abelian
radial backgrounds

Hyunsoo Min

Department of Physics
University of Seoul

QFEXT11, 19th Sept. 2011



ntroduction

m Recently, we developed a computational method (Hybrid of
numerical and analytical) to evaluate functional
determinant (mainly for boson). Dunne;Hur;Lee;M

m fermion effective action (formally)
[ ~ —Indet(—iy- D+ m) = —1/2Indet((y - D) + m?)

using anti-hermitian gamma matrices {v,, v, } = —20,.
m Non-Abelian gauge field: A, = n:5, 72, f(r)

m Case fry=2% 2r+27,2

m Case ll f(r) = 2+r21/2(1 +tanh(,—”))

m Interesting Results
m Exact results for the fermion determinants
(when m =0, in the case | )
m Interaction energy between instanton and antiinstanton.
(case Il)
m Numerical function e, (m, @),len (M, 8, R)



B80son Determinant(Review

m Partial wave method is applicable to generic form of boson
determinant
det[—9% + V(r) + m?]
in a radial background V/(r).
m 4D renormalized effective action
det(—d2 + V(r) + m?)

Mren = |
o =N T et(—02 + @)

+Te

m sum of partial wave contributions

det(—02 + V(r) + m?)
Z gin det(—02 + Vi (r) + m?) e
V(F) = Vieolr) + V(r) = HUEDF3/4

r2

g =21 +1)?



Angular momentum cutoft L

m Introduce a cutoff@

rren — rL + r/-/
L oo
=Y (- Tu= > (-)+Te
=0 I=L+1/2
Gelfand-Yaglom theorem H-K (Schwinger) method
det(—d® + V1) _ ﬂ Indet(—d? + v)
det(—d? + Vo) o
end - gs o
(—dP + Vi)t 2 =0 = / ?Tr[efs(*d V)
0
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High /Low sectors

Different strategies for two sectors
m [;: Solve the ODE. analytically/numerically for each /

m [4: Develop an asymptotic expansion of large / and
perform the sum

Th=Ql?+ Q1L+ Qog + Y QnL ™"

n=1
m Analytically exact calculation of ', Wwhen it is possible

. 2
m Numerical calculation of ;e
N
(Fi+ QL2+ QiL+ Qog) + > QoL ™"
n=1

with a finite L. The error is 1/LN+1.
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QCD Instanton determinant when m =20

m Instanton determinant of scalar: same with the above
except for using covariant derivative D,,

D, =0, —iAs Au=nuwar®x,1f(r)
with (1) = 1/(2 + %) | A=
m Exact solution of GY equation when m =0

L

rL=> (2/+1)2/+2)In
1=0

2/ +1

2l +2
L
y=2L2—-4L—1/6InL+172/72 -1/3In2 + @L
6

m 'tHooft result:

Men(M = 0) = 0.145873 ...+ 1/61n jup


hsmin
Pencil

hsmin
Pencil

hsmin
Pencil

hsmin
Pencil

hsmin
Pencil

hsmin
Pencil


—:

mp)

M

Yy

0.1

o+

-0.1F
-0.2°
03~

—04-

-0.5

FIG. 5: Plots of the modified effective action as a function of mp. The (blue) dots, (black) stars,
(brown) squares, (red) crosses and (purple) diamonds denote the values we get numerically for

o =1,2,34,5 and the solid lines are for the associated large mass approximations.



actorization

m representation of gamma matrix
0 o : S _ L
Yu = < 5, 0“ ) , (with o, = (¢,/) and 5, = (¢, —i) = (JZ
m squared Dirac operator

—D? — 10 Lo o, 0
(v-D)* = 2 e )
0 -D= - Qn;waaaF/w

m effective action
1, det[(y- D)% + m?]
Men = —=| r
ron 2" det[(y-02 + R T'°

= g +Tled

m It was shown that

o011 m? .
) r) - 2 P In 2 / a*x tr(Fp*Fpu).



actorization
m Simplified expression

1. m?
lren = QF%? F > In FW

®m winding number

1 .
W= e / &*x t(F oo Fou)

1, a>1
(Casel) : w= 1 a<—1

(Casell) : w

:{1 , B>0



Radial operator

m radial operator

1
*DZ o én/(wg:zo-aF,uV

02 30 4 S o
2 r8r+rL +8f(r)T - L' + 3r<f(r)
+49ge(r )S-T7

with
(+) _ 100\ _ 0 p2F( )2 - _
iAo aFu = =2 [41(r) + 11/(r) = 2r%1(r?] oama = 20 (N)oara

m 4D radial Laplacian:

22 30 4l(I+1)
2 e — —_—— —
=3 " rar r2

m addition of angular momentum
JSA=12+T34+88=0Q+5% Q@=L2+T?



m good quantum numbers:
S=jj+1),@=q(g+1),8=1/2(1/2+1)=3/4

qg=1+£1/2, j=q+1/2; j=14+1,111-1

m Diagonalize L - T

LT = 1(0242752)

N =N

*(Q(q+1)7/(/+1)72)%/ (or —(1+1))

mbutnotS- T

4ge(NS-T—  grlr), (j=1+1)
N gF(f)< -2/-3 4 /(/+1)>7 G=1)

410+ 1)  —21+1




Potentials for various sectors

m Classify the potential depending on /. J
Vi1 (r) = 3r2f(r)2 + 4If(r) + ge(r),

Viia(r) = 3r21(r)% — 4(1 + 1)) + ge(r),

vt =arirf <40 (%)

gF(r)< —2/-3  4/I(T+1)

2131 4/1T+1)  —2/+1 >’ (1 #0)

m when/=0
Voo = 3r2f(r)? — 3gg(r).

m Task: solve the GY equations with these potential for each
sector.

=N 7
det(—82, + m?) Y

Pl,j' =In



Rearrangement of the sum

m Low partial wave part F(L_):

L
=) — —%(Z {(2/+ 1)? (P/,/ tPgs P/+%J—%>

2

_ (P/,/+1 + P,Jr%,,_%) } + {P(),o - Po71})7

m High angular momentum part F,(L,*):

FSJ) _ %{ /0'°° c;s (e,mzs>reg /000 ar f: G(r,r;s) +c.t.}
I=L+1

2

g/(l’, r; S) = (2/+1)2 {trG/J(I’, r; S)Jr GF%,H% + G/Jr%’/i%

free free free
2G*® — G — G} }

free free
~{ Gt + Gyy - -l



xact solutions to GY equation when m =0

Factorization of squared Dirac Eq.(going back to first order
Dirac)

o 3 4. o 4. .
(aﬁ + L. S+ 4rf(n)S- T> <0rrL .S — arf(r )S-T)

m whenj=/+1:
(2+2+24m0) (2 -2 - ) v =0

r

m Easy to solve the first-order equation

(57 % - n) vin o

GY wave function: it has the correct small-r behaviour:

Yrjmisa(r) = r2lefi nflran,
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m Direct application of the above method gives us (Not a GY

sol)

1/)1 (r) — r72(l+1)ef0r r f(l’1 )C/I'1 ,

e

m independent solution

Yrjr—1(r) = 2(21 + 1)r=20+D gl rif(ri)dr /r P g2 Jo? nf(n)an gy
0

m For the case |, it is possible to do the integrals:

_1/Jl,j:/+1 (Re) |
i w;ree('qe) ]

'w/,,-:/_1 (Re) |

Pij=i+1 ~In

Pjj=1-1 ~In

i w;ree(Re) ]

~ In Re,

21 +1


hsmin
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= ( sector and zero mode

m We turn to the sectorj = /= 0.
m GY solution

w1 (r)‘j:/:O — 673«[0" ry f(r1)df1 )

It goes to zero when r — oo, because of zero mode.
m Introducing m, resolve GY eq:

¢/ 1= O( )
wfree( )

m From/=0,j=1

=Inm+In

(1) F(i)] |

2r ()

PI:O,j:O ~In [

U—g.i—1(R,
Py 41=—1n 7@—?’]—1( e) =Inm—In4.
V15 (Re)
Hence,
(1+2)r)
P, Po1=2Inm+1n a @ Case |




[, for small mass

m We can solve the 2 x 2 matrix GY eq. for the sector
(I,j=1)tofind

P/j:/ ~ |n dele(lqe) — |n
» ,l/}/ree ( Re)Q

(21 +1)%r (21)* ]
8I(1+1)2r (2)? r(L)z '

«

m Sum of all results:

, 1
I‘ESZ(A; m)=—Inm-— 5 In

1+ 3) r<5)]
8 (2)
(21 + 12 (21)° ] (20

41(1+ 1)1 (271 (242) 2/+2

—Z{ (21 +1)2In




EXxpressions for low partial waves

m For large enough L,

r) - -"-‘L+3L+[|n(2L)+”y]<+61+;>
1 (1+a) (%) 1
e T ey C(QHO(L)’

15 (21 +1 ( )
Cla) = —3 21+ 1)2]
v 2’=§»---{( s 41(1+1)r ( )ZF( e )2]
|n<2/+1> 41 2+042+3a+1}‘

2/ +2 a | a 6la




m Effective action of one chiral sector

)~ [in(“ LTI O
Ml = [n(3) +7] <6+6a+2> nm
1 (ra+Hr)| s5a 47
2" T erE) | Tas 7ea T

m Total effective action

_ m
rren — 2r§en) —|— In<>

I
(12 ~
= —In(mp) + —z"—In(up) + C(a),
with
> « 1 2
Cla) = (v—In2) <3+3+1> — | r(t ;rl'(zz”)r(a)]
5a¢ 47 ’



m Values of C(«)

« 1 2 3 4
C(a) | —0.291747 | —0.269189 | —0.378112 | —0.590437
! 5 10 20
C(a) | —0.883495 | —3.16105 | —10.0277




massive case:. numerical WOrks

m ratio functions

m the GY equation for the ratio
d?Ry, N <1 I§,+1(mr)> dRy,

~ 42m VR =0,
ar2 Ft by 1(mr)) dr o

m the initial value boundary conditions

Rijlr=0 =1, 1jlr=0 = 0.

m 2 x 2 matrix function and matrix GY eq.

Rl = w‘;ég(rz)'

d°R,

P )

1 b1 (mr)\ dR
(1 om0 IR,

]

-V R =0,



initial boundary conditions

Rio= (8 9). l-o=(8 8)

the functional determinant of matrix differential operator can be
determined in terms of the ordinary determinant of the 2 x 2
matrix R,(r = c0).

L

ro) = — |(nRog ~InRoy) + Z {2/+1 (IndetR,
|— 1

21

+InR, 10t} +InR,+%7,_%> —INRy 144 —InR,+%7,_%} ]

r=

the high partial wave part (upto O(7))

_ o0 2L 1
ro) = / dr [QgLZ + QL+ Qg <(“r+)> + Qo
0 2
O_ “
+

+T+7



Fren(M)
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—0—- @=5




case Il: potentia

Rip

r/p

Rip

r/p
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nteraction energy

it m) = TEh(R; m)|

B=—Bo

m=1/10
m=1/50
m=1/100
m=1/200
m=1/400




Zero mode dominance when m << 1

“would-be” zero mode

dominance
2 (1=0)
=0 m 1 r

rz(ippro)x(Rv m) =—In (A + R4> ' 15 .« m=0
= . m=1/400
10 4 - +  m=1/200
©  m=1/100
(A~ 5.55). ¢ me150
5 o m=1/10

0

Fiot( R m) = TR, m) T (R, ) 0 2 @ 6w
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&l ——  m=1/10
: —=—  m=1/50

[ e~ m=1/100

——  m=1/200

. ——  m=1/400

_ub
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nteraction energy again

(approx) . _ A
i (Rym)=— In<1 + m2R4> .

O““A;¢¢J.44"J.““L““L““JR
I 60




Remarks

m We have evaluated the 4-D spinor effective action in radial
non-Abelian, gauge backgrounds, using a hybrid
(numerical/analytical) scheme based on partial-wave cutoff
method. (For the Abelian case, see DHHM)

m In the small mass limit, we get the log factor — In(mp)
(suppression of instanton effects by light fermions)

m We also get a negative contribution —O"Sﬁ in a background
with o > 1.

m We studied the interaction energy between one intanton
and one antiinstanton.

m |t is approximated by a simple formula

té 0X A
rar) (R m) = — '”(‘ " mZR4>

when mis small and R is large.



