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Introduction

Until recent development of theoretical methods that allowed for the
exact evaluation of the Casimir energy for several geometries, the
interaction between different bodies has been mostly computed using
the so called proximity force approximation (PFA)

PFA is suposed to be reliable as long as the interacting surfaces are
smooth, almost parallel, and very close



PFA makes use of Casimir’s expression for the
energy per unit area for two parallel plates at a
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distance “a” apart
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For a massless-scalar field Epp (CL) o 1440 CL3




PFA makes use of Casimir’s expression for the
energy per unit area for two parallel plates at a

distance “a” apart
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For a massless-scalar field Epp (CI,) — 1440 CL3
The PFA then approximates the

interaction between two Dirichlet e e
surfaces separated by a gap of éa(z)
spatially varying width z =

v

Its accuracy has been assessed only in
some of the particular geometries where it

EPFA — / do Epp (Z) was possible to compute the Casimir
by energy numerically or analytically



S

On general grounds, one expects that

.
ko = Eppa 1-|-W£—|-C9 (—)

L typical length associated to the curvature of one of the surfaces
(assumed much smaller than the curvature of the second one)

W fixes the accuracy of the PFA in each particular geometry
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The Casimir energy can be thought as a functional of the shape of the
surfaces of the interacting bodies. As the PFA should be adequate for almost
plane surfaces, a derivative expansion of this functional should reproduce,
to lowest order, the PFA

Terms involving derivatives of the functions that describe the shape of the
surfaces should contain the corrections to the PFA

Our goal: to find a general formula to compute the first corrections to PFA for
rather arbitrary surfaces
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plane

T3 = P(T1, T2)



On general grounds, one expects

Eoe = [ &) [V(¥) + 2(4) (0’
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Dimensional analysis

2 1
Fpr = 124() /d2X|| e 81+ B2(0ath)?]

w Describes one of the two surfaces 15 e

ﬂ 1o0r2

The mirrors occupy two surfaces, denoted
by L and R, defined by the equations ??

xr3 = 0 ¢($1,$2> — I3
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Derivative Expansion

Functional approach to the Casimir effect

-~ / Dy 51,(¢) Sr(p) e 50()

Sl — %/d‘% (O¢)?

Auxiliary fields Z — /DSODAL DAp e S (PALAR)
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After integrating out the scalar field SO

Z =2, /D)\LD)\RB—% [ &z [dy) g 5 ra (@) Taprs(y))

ey 2 0 3 Iy o)

Lr(@), y)) = (2, 01(=0%) "y, vy)))
ro (), y)) = (&), w(EI(=0%) "y, 0)
rr(z), yy) = (), L(xI(=0%) "y, ¥ (yy))
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Trolzy,yy) = (&, 01(=0%) "y, 0)

4 eik-(w—y)
h (|(=0%) "M y) = / (%4 12
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The vacuum energy of the system (after subtracting the zero-point energy of the
free field)
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expansion

To evaluate 51 and ﬁz w(XH) = _I_ 77()(”)

it is enough to consider

Up to second order

[(a,n) = T'Y(a) + T'W(a,n) + I'¥(a,n)

Then F(l)(w) - F(l>(a, 77)|

a—>,n—>Y
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Expanding first the matrix T in powers of 77
. @
One obtains the expansion of the effective action

I =170 1@ 7@ 4 .

1

R §Tr log ARt
Each term: RS %Tr log _(T(O))—lT(l)_
1 % —_
2 = > Trlog _(T<0>)—1T<2>_

1
— < Trlog [(Tm))—lqr(l)(Tm))—lT(l)}
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Zeroth-order: 1) — a in T(0)

1 00 O 0
[¥(a) = 2 Trlog [1 - (T17) ' T{p(Ta) ' Thi)

- 2 d>k
Evaluatin 0) 2 | —2ka
theatraaceg . 9 /d o / (27T)3 log[l = ” ]

We then replace a — w to extract the zeroth-order Casimir energy

E\(,gz. / / o = lopil .

1440 / H lﬂ(X”)
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Second order: two contributions

72 — 21 4 @2

Q1 — %Trlog [(T@))—l’ﬂ‘(?)}

1
o2 —Trlog [(Tm))-—le(Tm))—lT(l)}

With two derivatives of 77
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The second order effective action is

T 7
() - /
S
Finally
o T2 (1)) 17
2 I 2 1080
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The formula
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Examples
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A sphere in front of a plane

w(,o):a—FR(l—\/l—]p%—Z)

The derivative expansion will
be well defined if we restrict

O S p S R the integrations to the region

a

We describe an hemisphere 0 S P S PM < K
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Inserting the expression for w into the derivative

expansion of the Casimir energy, it is possible to perform
the integrations

EDE (,01\/[7 a, R)
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Expanding in powers of a,/R

- 1- 2]

- 1440 a? R
3
e -
= 1080 a
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Fpr ~ L |
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The result does not depend on /OM

oIt is in agreement with the asymptotic expansion obtained from the exact
formula (Gies et al ‘06; Emig ‘08; P. Maia Neto et al ‘08; Bulgac et al ‘06; Bordag

et al ‘08, ‘“10)
*The zeroth-order term includes part of the next to leading order correction

*It is correct to keep the sencond order term in the zeroth-order term only when
the contribution coming from the order 2 is also taken into account



A cylinder in front of a plane

w(azl)—a—l—R(l—\/ —2—%)

= e o o

We cover the
part of the
cylinder which
Is closer to the
plane
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A cylinder in front of a plane

After a similar calculation using the derivative expansion

eI B¢ ¢

E St 1 |
PE = 10201/2 a/2 36 R

The result does not depends on the value of .’,EM

It is in agreement with the asymptotic expansion obtained from the
exact formula for the cylinder-plane geometry and numerical
findings (Dalvit et al ‘04; Emig et al ‘06; Bordag ‘06; Gies et al '06;
Rahi et al '08; F.L, Mazzitelli & Villar ‘08)
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More examples

A corrugated surface in front of a plane




Using the formula

Epg
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Result for the corrugated surface in front of a plane

7T2L2

c\2 Ag-
s 1. (—) '
- 1440a3 .

a

This expression coincides with the small a/A
expansion of the result obtained by Emig,
Hanke, Golestanian, and Kardar (2003)
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Emig et al:
Evac o 7T2 62 G (a)
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For small argument GTM(:E) = 480 I 1080
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Parabolic cylinder in front of a plane:

513‘2
The surface is defined by w (ZC 1 ) — @ -
R
Expanding the result in powers of a/R we
obtain
7-‘-3L R1/2 X a The dependence
EDE i 1 | of the energy on a
e 3840 CL5/2 | 9 R and R is similar to

that of the cylinder
in front of a plane
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Paraboloid in front of a plane:

The surface

The approximation for the
vacuum energy reads

EDE

™ R

2880 a?

8 a

3R

The dependence on
a and R is similar to
that of the sphere in
front of a plane
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Conclusions

We have shown that the PFA can be thought as a derivative expansion
of the Casimir energy with respect to the shape of the surfaces

Main result

2 1
Br—EQ . g2 - | p
DE vacC —|_ vacC 1440 X” wg ( w)

shows that the lowest order reproduces the PFA. Moreover, when the
first non trivial correction containing two derivatives of { is also
included, the general formula gives the NTLO correction to PFA for a
general surface



/
/ T T AL e
For the surfaces considered, the PFA becomes a well defined and
controlled approximation scheme: it is valid when |dop| < 1 or, more
generally, when the scale of variation of the shape of the surface is

much larger than the local distance between surfaces

Corrections to PFA only contains local information about the
geometry of the surface, and does not include correlations between
different points of the surface

For a scalar field satisfying Neumann or Robin boundary conditions,
and also to the electromagnetic field satisfying perfect conductor
boundary conditions on the surfaces, we expect the derivative
expansion to be of the form

... o))’
DE — 1440/ X\|$[51+52( oﬂb)}



