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Introduction.

®Vacuum energy for arbitrary geometry: M. Bordag et al “New developments in the
Casimir effect” (Phys.Rept. 353 (2001) 1-205) and “Advances in the Casimir effect”
(Oxford Univ. Pr., 2009). E. Elizalde and A. Romeo J.Math.Phys. 30 (1989) 1133. O.
Kenneth and I. Klich Phys.Rev.Lett. 97 (2006) 160401, and Phys. Rev. B 78, 014103
(2008). T. Emig, R.L. Jaffe et al J.Phys.A A41 (2008) 164001, Phys.Rev. D77 (2008)
025005, Phys.Rev.Lett. 99 (2007) 170403. D. V. Vassilevich Phys.Rept. 388 (2003)
279-360.

eExperimental results:J.N. Munday, F. Capasso, and V Adrian Parsegian, “Measured
long-range repulsive Casimir-Lifshitz forces”, Nature 457, 170-173 (2009).

eBoundary conditions: M. Asorey, A. Ibort and G. Marmo, Int.J.Mod.Phys. A20 (2005)
1001-1026.
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Introduction

® Fluctuations of 1D scalar fields on classical backgrounds

Scalar field
fluctuations 1 1 oS}

o £=la,e0re — Luwme e, tim v =0, / drU(x) < +oo
The TGTG formula 2 2 xEoo o
for vacuum energy

a0 = [ I26L0), —0l) + UL () = ()
systems. . 27T

t : 4: \[)c‘uynm, (—w2 _ dz/d_xz + U(x)) (U)( ) _ é(x . )

wm e Fluctuation vacuum energy.

SUSY S — &

spectrum.
dk dé dd—
[

e s Br=3 w-3 w= Z s [ = Tl

Conclusions and
outlook | [doy  do_ 1 r U o _
ps(k) — psy, = i [W + W] = /_L dxIm [Gé )(x,x) — Gé )(x,x)] , E=iw
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The scalar Casimir effect
Two real fields

® Two real scalar fields fluctuations with SUSY QM Fourier components:

| !
£=lostore - Lotus;, @ = ( S+ ) :
27 H 2 (o

_(Us 0\, 4.0 LypdrN
UZ(O U,)’ Q_’(o 0 ’
+ Ut 0 Hy 0
Q.Q'} =H= ~ie :(
te.Ql) ( 0 —4 U 0 H-
EW - aw\?
Us(9 =255 + (G ) 5 Heed e =
® Fluctuation vacuum energy.
N
Ey = Z(w(+)+w(7))—22w0:22wj
j=1

L% dk, d rs) | s+ 4 502 4 52
+ 2/ Zﬂdk[a +60 450 +5]
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® Compact objects in one dimension.

Introduction

Scalar field U(x) = Ui (x) + Ua(x)

fluctuations

The TGTG formula Ui(x) smooth functions with disjoint compact supports on the real line.
for vacuum energy ® The T operator associated to a potential U(x).

Double-delta
E GE,U) (x,x") = Gg)) (2, x") — /dx]dszg)) (x,x])T[S,U) (xl,xz)Gg)) (x2,%7),

& — & spectrum.

6 — & vacuum ® 7GTG formula for the vacuum interaction energy.

energy.

SUSY § — & . i dw

S Bo= - / e (1 - M)

SUSY & ] 0) (l) <0> (2>

vacuum energy M, = ¢OTMgO

Conclusions and

outlook My (x,x') = /dxldedx3G£9) (x7x1)T£,l)(x1,x2)G£?) (XZJCS)TS) (x3,x")

Kenneth and Klich Phys. Rev. B 78, 014103 (2008). Bordag et al “Advances in the
Casimir effect” Oxford, UK: Oxford Univ. Pr. (2009).
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Two double delta systems

® Two plates or two deltas: mimicking the Casimir effect
1 1
L= 58”@6”(1) 3 (@d(x + a) + BS(x — a)) D>(x,1)

dZ
o Tadlxta)+Bo(x—a)| du(v) = W Gu (x)

® Two plates or two deltas: SUSY interacting fluctuations:

L— %achaN(p - %qﬂm’; W= % (ae(x + a) + Be(x — a))

Us (x) = +(ad(x + a) + Bo(x — a)) + %aﬁe(x +a)e(x —a) +

a? + B2
4



The Casimir effect,
and 1D scattering

Jose M. Muiioz
Castafieda
J. Mateos Guilarte

Introduction

Scalar field
fluctuations

The TGTG formula

for vacuum energy

Double-delta

systems.
& — & spectrum.

& — & vacuum

energy.

SUSY & — &
spectrum.

SUSY & — &
vacuum energy

Conclusions and
outlook

2-6 potential: scattering I.

® The potential
U(x) = ad(x+a) + Bé(x — a)

e Scattering zones: ZoneIll:x < —a , Zonel: —a<x<a , Zonelll:x>a

e Delta conditions: continuity of ¢ and finite step discontinuity of )’

+a+6
V(a<) = wlEas) , ¥(kac) — ¥'(Eas) = fim [ deU(weo

020 /445
Y (—a<) =¥ (=a>) = ap(=a) , ¥Y'(a<) = (a>) = By(a)
e Scattering states (right-to-left and left-to-right), V k € R*

e*ik"pr + efkx , xell e kg, , xell
i (x) = S Ape™ + Bre™® | x el Ph(x) = S A 4 Be= | xel
Mg, , x€elll ek oy 4 e ikx , xell
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2-0 potential: scattering II.
® | eft-to-right (diestro) scattering amplitudes
ie~2iak (BeMak (2k — i) 4+ a2k + iB))
A(k; o, By a)
4K? 2k(2k + iB) B 2ikBe>iak

Oyr =

T Ak Ba) T Ak, Ba) | Ao, Bya))

)

Pr=—

o Right-to-left(zurdo) scattering amplitudes

ie 2k (quetiak (2k — iB) + B(2k + icv))
A(k; o, By a)

B 4k? . 2ikcve?iak  2k(2k + icv)

T AkaBa) T Akafa) T Alka,Bia)

pL= =

)

)

e Denominator of scattering amplitudes:

A(k; o, B,a) = aff (71 + e4i“k) + 4k + 2ik(co + )

e Phase shifts and spectral density

L d(6+ + 6_)

A =gk \pipr . pslk) = oy e

+ s,
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Study the roots of A in the positive imaginary axis in terms of A = aa and I" = a. 3
il it possibilities: no bound states, one bound state and two bound states.

Scalar field

fluctuations

Yverorctomn. ®NO BOUND STATES (real vacuum energy):

@ a,8>0

B ® a-f<0and —2a< % <0

5 — & spectrum.

 ONE BOUND STATE (complex vacuum energy):
P @ o, <0and D;—tf < —2a

SR ® at+pf<Oanda-§<0

e ®a+f>0and —2a< L2 <0

outlook

o TWO BOUND STATES (complex vacuum energy):

° a,,8<0and—2a<%<0
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e ®The plane (« - a, 8 - a) is divided in three zones by the hyperbola % = —2a:

Scalar field
fluctuations

The 7GTG formula
for vacuum energy

Double-delta 3
systems

1 bound state

& — & spectrum.

& — & vacuum
=
@ °
spectrum.
SUSY S — &
vacuum energy.
Conclusions and E

outlook

1 bound state

aa
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The ultra-strong limit I.
B=a—

oFor o« = B (A, = By and B, = A)):

A(k; oy v, a) = o? (—l + e4i“k) + 4P + dike; Ny = <71 + e4i‘lk)

ice =2k (Mak(2k — o) + a2k + ir))

r=- A(k; o, vy @) ’
45 2k(2k + icr) 2ikave*
g = s = R = —
Aka,a,a)" T Alkayaa)’ T Al a,a,a)
o Ultra-strong limit for arbitrary £ > 0
lim p=—e %%, lim 0= lim A, = lim B, =0
a— o0 a— o0 a— o0 a— o0

eThere are no quantum fluctuations between plates in the ultra-strong limit for arbitrary
k> 0.
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The ultra-strong limit II.

Unitary QFT between plates

® Non-trivial ultra-strong limit:

A2(k,a):0:>kn:21n , nezt
a

A, is the Dirichlet spectral function obtained by Asorey, Munoz-Castaneda et al.

® For k, € ker(A,) and v = 3 = oc:
eZiak,,

Ar(kn) = 1/2 - B[(kn) ) Br(krl) - - ) = A[(kn)

. 1 /. o
= Yn(x) = Wl k) =~ k) = 5 (07— ik
Dirichlet boundary conditions are satisfied by v (x, k,) foralln € ZT.
w2m+l ~ COoS (k2m+lx) and v, ~ sin (kZmX)s meZt.
®Zeta function prescription for regularized vacuum energy:

Eq(s) = % i <n271'2/(2a)2> o % (%)4&((23) , seC.

n=1

Physical limits = —1: E; = §{(—1) = —7/(48a).



The Casimir effect,
and 1D scattering

Jose M. Mufiz TGTG calculation 1.

Castafieda
J. Mateos Guilarte

® Vacuum interaction between two deltas: first calculated by Bordag et al in , J. Phys. A
25, 4483 (1992). Direct calculation for identical deltas.

® Euclidean propagator of a single delta at x = 0 (k* = £2):

e—klx=yl —k(lx|+1yD)
5§ — 48 Géa) ()C Y) = G; (X7 y) - k| (21‘)‘ B ﬁ : 2k ’ sgn(x) = sgn(y)
energy. Gg (x, }') = eZkT’ Sgn(x) 7£ Sgn(y)

® T-operator of a single delta potential placed at x = 0:

2ko
Te (69) = 5000 3~
® One delta at x = —a with weight « and another at x = a with weight 3:
—4ka
trin(l — M(a’ﬁ)) =1In (1 - L)
€ (2k + @) (2k + B)
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TGTG calculation II.

®Casimir energy and force

1 [e%S) —4ka
Einl(avﬁ;a) = Py dkln (1 - L)
2 Jo 2%k + ) (2k + B)
| dE; o0 4
Finl(avﬁ;a) = _7@2_% dk ‘
2 da 47 Jo etk (2k + a)(2k + B8) — aBB

eUltra-strong limit o« = 8 = oc:

1 [ |
Eq (a) = 2—/ dkIn (1 _e—4ka) — _%7
™ Jo a

a2 [ 4k T 1
FX (@) = —— dk—r——— = — —
inc (@) 4n /(; k(2 + )2 — a2 24 4q2
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TGTG calculation III.

p=1/@+1)

re(Ein) = o;

Some plots of the energy.

=-a

B

~1/(@@+1)

im(Eint) =e
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The SUSY 0 — ¢ spectrum.

Scattering amplitudes and bound states.
® Scattering amplitudes for the U (x) problem:

e~ alkta) (494 (k + g — ia) (k — q + iB) — (k — q — o) (k + g + iB))

Pr = A
_ el (M (k — g + i) (k + g — iB) — (k+ g + ia) (k — g — iB))
pi A
4kq672iak
op=0=———
A

A =Pk — g+ i) (k — g +iB) — ek + g + i) (k + g + iB)
E=w?=¢+(a=B)P =R+ (a+p)% U-(x) = (o, 8) = (—a, —f)
® Identical deltas: o« = 3. Bound states given by (k = ip)

g atp
a+p q

cot(ga) — tan(ga) =

® Ultra-strong limit: & = 8 — co. Non zero zero quantum fluctuations between plates

& sin(2ag) =0
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The single 0 step 1.
Scattering amplitudes and propagator.
® Single ¢ step potential (s0 potential) centered at x = 0:
U(x) = Ugs (x; @, 5) = ad(x) 4+ 5% (1 — 0(x))

Scattering amplitudes and Wronskian

2q 2k 1+ 1+
o = ;o= ; = - or; pr=— o;
r A 1 A Pr ry Pl 1
ik ,
Wi ) = 30 5 Ag=k+qtia
58

k and g are the momenta in the zones x > Oand g < 0: E = w? = k> = ¢* + 52

® Reduced propagator:

ik|x—y| eik(x+y) 2%k
G++ , — _67 _ _1
w () 2ik 2ik T A,
ig|x—y| iq(x+y) 2
6o == = S (< L)
2iq 2iq Ags
i(kx—qy) i(ky—qx)
G () = i Go T () =i

Ags Ags
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® For 1 dimensional systems 7, (x,y) = V(x)d(x — y) — V(x)Gy (x,y)V(y). Calculation

Introduction

S for the 5§ potential:

The TGTG formula i

TEH(x,y) = (1 + 2 )5(x)5(y);
Double-delta AS;S b3
S 5w = (14 5, ) 2080 + (0 )
: Pe Ags Ags

5 — & vacuun i0? ias?

energy T+7 — P S5 —ys .
SUSY & 5 “ (X7 y) AS(S (X) (y) + AS(S ¢ (X)7
spectrum 2 ias? .

susvs s Tt () = T-0()00) + e ()
vacuum energy. ) XY

Conclusions and
outlook

® Kernel of operator M,,:

Mo (e,y) = / dND (6, IND (23); Nuo(xry) = / G2 (5, ) Tw(z,y)



The Casimir effect,
and 1D scattering

Jose M. Muiioz
Castafieda
J. Mateos Guilarte

Introduction

Scalar field
fluctuations

The TGTG formula

for vacuum energy

Double-delta

systems
& — & spectrum

& — & vacuum

energy

SUSY S — &
spectrum

SUSY &S — &
vacuum energy.

Conclusions and
outlook

The single o step II.

N-operator.
® N-operator can be computed:
1 |1 ia? as? i
N++ , - __ |z o 11\16
o) ik [2 "2 (k+q)Aﬂs]e v
1 1 ia? as? ;
N-—(x, _ o - e —ikx
o 57) 2ik [(2+As6 (qfk)Ass)f
2kaus? i as® g i
T @ -eas 1} "0 g,
1 1 ia? as? ;
NT— , - __ |z ] Ry
o ) 2k [2*% (k+q)AMs]e v
_ o ik p—iay
2kAgs
1 1 ia? as? ;
N—T , — - " —ikx
o) 2ik [(2+As6 (q—k)Asé)e
2kos? ;
_ 2T T §(y
o |
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SUSY 4 — ¢ vacuum energy.
Calculation prescription.

® Prescription for vacuum energy calculation between two delta steps:

Ux) = Uss(x + a3, 5) + Uss (= (x — a); B,5)

@ For each delta step the N operator is easily obtained:

N (xy) = N2+ ay+asans) 5 NP (xy) = N2 (—x+a, -y + a; B, 5)

@ Operator M., and power traces are computed using the general expression for the
kernel:

My (x,y;s,a,c, B) = /dzN‘L‘j (x+a,z+ a;a, S)N‘L‘f(—z +a,—y+a;B,s)

@ First order approximation to the vacuum energy (euclidean):

w1 [ de ,
Bt~ 5 / 5> / dx Mg (x,x;5,a,c, ) + O (Mif)

@ SUSY restriction for o = §: s> = 2.
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Conclusions and outlook.

® New paths for obtaining quantum field theories in bounded domains has been explored.
® Potentials concentrated on hypersurfaces allow to use the TGTG method to compute the
vacuum energy.

® Integral expressions for the vacuum energy have been obtained for arbitrary values of
the delta weights in the double delta potential. For the case of the SUSY double delta the
vacuum energy can easily be obtained from the calculations done.

® Which boundary conditions can be implemented using potentials concentrated on
hypersurfaces? = § + &’ systems.

® Extension of the TGTG to curved backgrounds: double § in a kink background (double §
in a Posch-Teller background).
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