EVOLUTIONARY DYNAMICS

Jose Cuesta

Grupo Interdisciplinar de Sistemas Complejos

Departamento de Matematicas
Universidad Carlos lll de Madrid



Contents

(2) Replication
* Branching processes

* Multi-type branching processes
* Mean asymptotic behavior



Replication



www. shutterstock.com - 45855868



Replication







Replication

replication rate sets the speed of evolution



Branching processes



Branching processes

Z (¢t)

# individuals at time ¢



Branching processes

Event time distribution:
G(t)=Pr|t <t|
Generating function of offspring distribution:
f(S>:i kak pi=Pr|X =k|event
k=0
Generating function of the process:

F(S,t)Eng(t)Sk P, (¢)=Pr|Z(t)=k|2(0)=1!



Branching processes

Constitutive equation:
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Z(t)=
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F(s, tlt<t)=s F(s tlt=zt, X=j)=[F(s,t—1))

F(s, tlt=t)=f(F(s,t—71))
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Extinction probability
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Galton-Watson process
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Galton-Watson process

f(l)zl f’(l)zm f"(1)=02+m2—m




Exponential life-times

Markovian process



Exponential life-times

m(t)=(Z(t)[Z(t)=1]---[Z(t)—k+1])

Malthus law



Exponential life-times
m(t)=(Z () Z(t)=1]-[Z(t)—k+1])

iy (¢)=u " (1) my (¢)+u" " (1) my (2]




EX.: birth-death process




EX.: birth-death process
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Multi-type processes

Zi(t):(zi,l(t>’°'°’Zi,r(t))
# individuals at time ¢
generated by one i individual



Branching processes

Event time distribution for type i:
G,(¢)=Pr|T,<t|

Generating function of offspring distribution for type i:

r

Il
2

fi(s):i pi,ksk pi’k:Pr[Xi:k‘event} 5"
k=0

Generating function of the process for type i:

[=1

Fi(s,gz;zo P, (t)s* P, ()=Pr|Z,(1)=kK|Z,(0)=e,



Branching processes

Constitutive equation:

if t<r,

ei
rX,
> zZM(1—1) ift=,

=T =1

Zi(t):

F,-(s, l‘|l‘<‘Cl-):S,- F,-(s, t|t>1:i,X=j)=[F(s,t—1:l-)]j

F(s,tlt=v,)=f,(F(s,t—7,))




Special cases

Multi-type Galton-Watson process:
F,(s)=F(s,nT)
Fo(s)=s  F,.(s)=f(F,(s))
Multi-type exponential process:

G (t)=1—e ™

l

Fls,00=s 2 F(s.0)=u(F(s,1)

ui(s)Eki[fi(S)_Si]



Exponential process

mi,j(t):<Zi,j(t)>

A,
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M=AM M (0)=1I

M (t)=exp(At)

(1) M(e)=(m, (1))



Asymptotic behavior

w50

B primitive

a, the largest eigenvalue of A4, is single
Au=au u>70)

vA=av (v>0)

u-v=u-1=1
a >0 supercritical

m; (t)~eu,v, (t— o) a=0 critical

a <0 subcritical



Ex.: resistant cells
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Ex.: resistant cells

A
susceptible - —_—
(type 0)

l—a

fo(So,Sl):a Sg"'(l _a)SOSl



Ex.: resistant cells

resistant 7\'
(type 1)

fl(SO’Sl):S?



Ex.: resistant cells
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resistant cells dominate the population



Ex.: resistant cells

)
%F():)»Fo[ow(l—oc)Fl—l]




Ex.: resistant cells

F
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