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lattice QCD in the precision era

cost scaling: reach of lattice QCD computations.

lattice techniques for B-physics.

overview of results (CKM, UT) (simulations with light dynamical quarks only!)

B-meson decay constants, mixing amplitudes, semileptonic form factors.

summaries of lattice results: FLAG.

a word on issues involving perturbation theory
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hadronic effects in flavour physics

We are in an era of precision flavour physics. Hadronic effects can be ...

mostly irrelevant:

under good theoretical control:

relevant, difficult, but measured indirectly:

relevant and difficult to compute:

µ→ eγ, dn

K → πνν̄

(g − 2)µ

Vxy, K → ππ, ∆md,s, . . .

Use first-principles technique to deal with low-energy hadronic physics: lattice QCD.

(Complement with other first-principles/systematic approaches: dispersion relations, 
effective theories.)



hadronic effects in flavour physics

Your typical weak hadronic matrix element:

[CKMFitter 2012]
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   can also be expressed in terms of  K0 -  K0  mixing
dominant EW process is FCNC (2 W exchange)
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lattice field theories
Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a→ 0, L→∞ and m→ 0

Niels Bohr Institute, 16.–18. August 2006 Lattice sizes, quark masses, ... 6/31

[Wilson 1974]

First-principles approach to strongly coupled quantum field theories.



lattice field theories

[Wilson 1974]

First-principles approach to strongly coupled quantum field theories.

Take continuum, infinite volume limits.

Tune irrelevant couplings to preserve 
symmetries, improve scaling to CL ...

Slat = S0 + aS1 + a2S2 + . . .

Olat = O0 + aO1 + a2
O2 + . . .

g

g�

m several different lattice actions: universality

fermion actions:  (improved) Wilson, (improved) staggered, domain-wall, perfect 
actions, Neuberger fermions, twisted-mass QCD, ....



lattice field theories
Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a→ 0, L→∞ and m→ 0
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[Wilson 1974]

First-principles approach to strongly coupled quantum field theories.

Control scaling (Symanzik improvement).

Non-perturbative renormalisation and 
matching (e.g. to effective theories).

Lattice regularisations with exact chiral 
symmetry.

...

Many tools developed along the last 20+ years:



lattice field theories
Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a→ 0, L→∞ and m→ 0

Niels Bohr Institute, 16.–18. August 2006 Lattice sizes, quark masses, ... 6/31

[Wilson 1974]

First-principles approach to strongly coupled quantum field theories.

Get rid of cutoffs (                        ).

Compute in / extrapolate to physical SSB 
regime (light quarks, isospin breaking).

Keep all relevant scales far from cutoffs.

Crucial: control systematic uncertainties.

a→ 0, L→∞

What is the current physics reach of LQCD?



lattice QCD reach: scales and cost

Lattice QCD

� � � �mtmbmcmsmdmu
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Fig. 6.1 Quark masses.

• It would allow to study QCD in different conditions, such as high density or
temperature, as took place in the early universe or in very dense systems such as
neutron stars

• QCD is in some sense a model field theory for many extensions of the SM, as
well as for the lattice approach. In QCD we know where the UV fixed point lies
so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very difficult since approaching the continuum limit
in controlled conditions would require

amq � 1, (6.7)

and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the effect of the heavy quarks
can be accurately described by an effective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the effects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the effect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An efficient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, ψ̄,ψ] = S[U ] + SW [U, ψ̄,ψ] (6.8)

ΛQCD

L−1 � µ� a−1
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We are also interested however in processes involving heavy hadrons. An efficient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, ψ̄,ψ] = S[U ] + SW [U, ψ̄,ψ] (6.8)

overall cost (⇒ cpu power)
physics reach

For a long time: serious difficulties in reaching light dynamical quark masses.

ΛQCD

cost = N

�
20 MeV

m

�α �
L

3 fm

�β �
0.1 fm

a

�γ

Main cost factor: reiterated inversion of lattice Dirac operator on fixed gauge field.

lattice QCD reach: scales and cost

L−1 � µ� a−1
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ΛQCD

Simulations of lattice QCD with light sea quarks turn out to be much less
“expensive” than previously estimated

No of operations [in Tflops×year] required for an ensemble of 100 gauge fields∗

5
�
20 MeV

m

�3 �
L

3 fm

�5 �
0.1 fm

a

�7

Ukawa, Berlin 2001

0.05
�
20 MeV

m

�1 �
L

3 fm

�5 �
0.1 fm

a

�6

Giusti, Tucson 2006

∗Two-flavour QCD, O(a) improved Wilson quarks, quark mass m, 2L× L3 lattice, spacing a

Niels Bohr Institute, 16.–18. August 2006 Numerical Lattice QCD 3/31• Wilson fermions, Hybrid Monte Carlo Algorithm:

L >∼ 2.5 fm, a <∼ 0.1 fm, mmin

π
<∼ 250 MeV

→ Computer must sustain several TFlops/s

7

[Ukawa 2001]

[Giusti 2006]

Main cost factor: reiterated inversion of lattice Dirac operator on fixed gauge field.

lattice QCD reach: scales and cost

L−1 � µ� a−1



lattice QCD reach: scales and cost

There is a hierarchy of scales

m�Mπ � 4πFπ

linked to the spontaneous breaking of
chiral symmetry

Leutwyler ’74; Leutwyler & Smilga ’92

⇒ condition number λmax/λmin is large

⇒ computation of D−1
w φ is expensive

∆λ ∼ 1
ΣV

�

0

10 MeV

100 MeV

1000 MeV

~1/a

m

|λ|

Niels Bohr Institute, 16.–18. August 2006 Why are QCD simulations so difficult? 19/31

Reaching physical quarks masses difficult because of 
spontaneous chiral symmetry breaking.

Hierarchy of scales ↔ SSB:

➼  Condition number                  large.

➼  Computation of            expensive.

[Leutwyler, Smilga 1992]

Teach the physics to the algorithms!
[Sexton-Weingarten 1990s; Hasenbusch, Lüscher 2000s]

Mass preconditioning/domain decomposition, deflation ⇒ mild mass dependence.

m�Mπ � 4πFπ

λmax/λmin

D−1φ



lattice QCD reach: scales and cost

Algorithm efficiency degrades rapidly below lattice spacings ∼0.05 fm (“topology 

freezing”). [Del Debbio, Panagopoulos, Vicari 2002; Schaefer, Sommer, Virotta 2010]

Work with open boundary conditions?
[Lüscher, Schaefer 2011]

Topological charge

Topological charge shows dramatic slow down.
Already in pure gauge theory.
How does this match with 1/a expectation for HMC?

SOMMER, VIROTTA, ST.S’10
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Stefan Schaefer Open boundary conditions 3 / 22
 n.b.: 0.05 fm × 4 GeV ≈ 1



lattice QCD reach: simulation landscape
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fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
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By now, it should be clear how to discretize this action following for example the
Wilson approach
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L−1 � µ� a−1
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[BMW Collaboration 2008]

lattice QCD reach: a precision era



H. Leutwyler – Bern

Compare the lattice results with prediction and experiment
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DIRAC 2011
Garcia-Martin et al. 2011
CERN-TOV 2006
JLQCD 2008
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On the history of the strong interaction – p. 44/49

[Leutwyler 2011]

lattice QCD reach: a precision era



B-physics on the lattice: not quite there yet

b quark scale (naively) not accessible without introducing large amb cutoff effects.

various approaches:

Effective theories for HQ sector (NRQCD, non-perturbative HQET).

Relativistic quarks in charm region + static limit ⇒ HQET-inspired 
interpolations to b region.

Use heavily improved actions and/or mass-dependent matching 
conditions to try and push relativistic quarks into b mass regime.

Intro FLAG Vus and Vud FLAG-2 Conclusions

Status of lattice calculations
the continuum extrapolation can be tricky
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B-physics on the lattice: not quite there yet

NRQCD: combined expansion in                     , perturbative matching to QCD.
+ easy to carry out to high orders, allows to work at large lattice spacing.
− only works in scaling window                             , no continuum limit.

npHQET: expansion in       , matched non-perturbatively to QCD (using small V).
+ continuum limit exists at any order in the expansion, systematic tool.
− difficult to go beyond           order (⇒ percent systematic uncertainties). 

combined: (smartly) interpolate between charm region and static limit.
+ well-controlled systematics in either end.
− systematics associated to true mass dependence hard to control.

relativistic b-quark: (HQET-inspired) tuning of counterterms to improve scaling.
+ easy to carry out to high orders in the O(a) improvement philosophy.
− systematics difficult to test (perturbative matching, “true” mass dependence).

v2, Λ/mb, a

aΛ� 1, mha � 1

m−1
h

1/mh

[HPQCD]

[ALPHA]

[ETMC, ALPHA]

[Fermilab/MILC, HPQCD]



results: fB(s)

Pure leptonic decays

In the Standard Model

Tree level mediated by only W
boson.

Helicity suppressed

B → τ ν̄ ≈ 10
−4

B → µν̄ ≈ 10
−7

B → eν̄ ≈ 10
−12

Sensitive to fB , given Vub

Vub and fB dominate SM

uncertainty.

B(B → �ν) =
G2

FmB

8π
m2

�(1−
m2

�

m2

B

)
2f 2B |Vub|2τB
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HPQCD 09 2+1 197(13) 240(16) NRQCD+rSTAG
ALPHA 11 2 174(11)(2) — npHQET+iW
ETMC 11 2 195(12) 232(10) interp+tmQCD

=
exp

1.68± 0.31

Pure leptonic decays

In the Standard Model

Tree level mediated by only W
boson.

Helicity suppressed

B → τ ν̄ ≈ 10
−4

B → µν̄ ≈ 10
−7

B → eν̄ ≈ 10
−12

Sensitive to fB , given Vub

Vub and fB dominate SM

uncertainty.

B(B → �ν) =
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�
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)
2f 2B |Vub|2τB

M. Bellis April. 2010 FNAL 4 / 26

�0|b̄γµγ5q|B� = fB(s)pµ



Motivation
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Summer 11

CKM
f i t t e r

B(B → τν) =

�
(0.81 ± 0.15)× 10

−4
SM

(1.68 ± 0.31)× 10
−4

Expt

Would require 44% larger |Vub| ∼ 5.6 × 10
−3

(60% larger than exclusive value) or

fBd
∼ 270 MeV!

fBd
can only only be increased by 44% if BBd

is

reduced by ∼ 90%!

→ Can |Vub| really be ∼ 5.6 × 10
−3

?

→ New physics? 2HDM w/ small MH+ and large tanβ
. . .

Laurent Lellouch DESY Zeuthen, 12 December 2011

results: fB(s)

collaboration method

HPQCD 11-12 2+1 191(9) 227(10) HISQ+rSTAG
FNAL/MILC 11 2+1 197(9) 242(10) FNAL+rSTAG

HPQCD 09 2+1 197(13) 240(16) NRQCD+rSTAG
ALPHA 11 2 174(11)(2) — npHQET+iW
ETMC 11 2 195(12) 232(10) interp+tmQCD

Nf fBs (MeV)fB (MeV)

[CKMfitter 2011]

are we fully 
controlling all 
systematic 
uncertainties?

δ � 5%



!S=2 transitions: BK

|εK| ≈ Cε B̂K Im{V
∗
tdVts} {Re{V

∗
cdVcs}[η1 S0(xc) − η3 S0(xc, xt)] − Re{V

∗
tdVts}η2 S0(xt)]}

   can also be expressed in terms of  K0 -  K0  mixing
dominant EW process is FCNC (2 W exchange)

d u,c,t s

s
-

d
-

u,c,t

W W
O

d s

s
-

d
-

indirect CP-violation

εK =
A[KL → (ππ)I=0]

A[KS → (ππ)I=0]
= [2.282(17) × 10−3] exp(iπ/4)

B0 B̄0

b

_
b

[CKMFitter 2012]
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3 m2
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results:              andf2
B(s)

BB(s) ξ

∝ ∆MBs

∆MB



!S=2 transitions: BK

|εK| ≈ Cε B̂K Im{V
∗
tdVts} {Re{V

∗
cdVcs}[η1 S0(xc) − η3 S0(xc, xt)] − Re{V

∗
tdVts}η2 S0(xt)]}

   can also be expressed in terms of  K0 -  K0  mixing
dominant EW process is FCNC (2 W exchange)

d u,c,t s

s
-

d
-

u,c,t

W W
O

d s

s
-

d
-

indirect CP-violation

εK =
A[KL → (ππ)I=0]

A[KS → (ππ)I=0]
= [2.282(17) × 10−3] exp(iπ/4)

B0 B̄0

b

_
b

[CKMFitter 2012]

ξ =
fBs

�
B̂Bs

fB

�
B̂B

�B̄0|(b̄γL
µd)(b̄γL

µd)|B0�RGI = 8
3 m2

B f2
B B̂B

results:              andf2
B(s)

BB(s) ξ

collaboration method

FNAL/MILC 11 252(23) 239(18) — — FNAL+rSTAG
HPQCD 09 216(9)(12) 266(6)(17) 1.27(10) 1.33(5)(3) NRQCD+rSTAG
HPQCD 06 — 281(21) — 1.17(17) NRQCD+rSTAG

fBs

�
B̂Bs B̂Bs

fB

�
B̂B B̂B

∝ ∆MBs

∆MB
non-lattice: BBs = 1.220+0.103

−0.044



!S=2 transitions: BK
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∗
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∗
cdVcs}[η1 S0(xc) − η3 S0(xc, xt)] − Re{V
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dominant EW process is FCNC (2 W exchange)
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results:              andf2
B(s)

BB(s) ξ

ξ =
fBs

�
B̂Bs

fB

�
B̂B

collaboration method

RBC/UKQCD 10 1.13(12) — static+DWF
HPQCD 09 1.258(25)(21) 1.05(7) NRQCD+rSTAG

FNAL/MILC 09 1.205(37)(34) — FNAL+rSTAG

ξ B̂Bs/B̂B

�B̄0|(b̄γL
µd)(b̄γL

µd)|B0�RGI = 8
3 m2

B f2
B B̂B

∝ ∆MBs

∆MB
[CKMFitter 2012]

non-lattice: BBs/BB = 1.134+0.074
−0.093



results:              andf2
B(s)

BB(s) ξ

Errors not far from 5% ballpark, even if cutting-edge lattice (lightest dynamical 
masses, finest lattice spacings) not included.

Careful, global assessment of involved systematics crucial.



results:              andf2
B(s)

BB(s) ξ

Careful, global assessment of involved systematics crucial.

what about       ? Γ12
u, c

s

d

d

s

K0 K0

u, cs

d

d

s

K0 K0

Figure 1: Contractions of the leading |∆S| = 1 four-quark effective operators contributing to M12 at
O(G2

F ).

diagrams in Fig. 1. In other words, the leading order result is obtained with the following substitutions
in Eq. (11):

ImM12 → ImM (6)
12 = ImMSD

12 and ξ → 0 . (15)

Going one step forward requires taking into account:

1. non-local contributions to both ImM12 and ImΓ12 generated by the O(GF ) dimension-six∆S = 1
operators,

2. local contributions to ImM12 generated by dimension-eight ∆S = 2 operators of O(G2
F ).

The structure of the subleading terms in ImM12 is very similar to the O(G2
F ) long-distance contribu-

tions to K → πνν̄, discussed in Ref. [11]. The relevant effective Hamiltonian changes substantially
if we choose a renormalization scale above or below the charm mass. Keeping the charm as explicit
degree of freedom, dimension-eight operators are safely negligible and the key quantity to evaluate is

T12 = −i

�
d4x�K0|T

�
H(u,c)

|∆S|=1(x)H
(u,c)
|∆S|=1(0)

�
|K̄0� , (16)

where the superscript in H(u,c)
∆S=1 denotes that the we have two dynamical up-type quarks. The ab-

sorptive part of T12 contributes to Γ12, while the dispersive part contributes to M12. In the latter case
the leading term in the expansion in local operators should be subtracted, being already included in

ImM (6)
12 . In principle, extracting the subleading contribution to ImM12 directly from Eq. (16) is the

best strategy: the result would be automatically scale independent. However, in practice this is far
from being trivial also on the lattice, given the disconnected diagrams in Fig. 1.

Following a purely analytical approach, we can integrate out the charm and renormalize H∆S=1

below the charm mass. This allows to identify ξ with the weak phase of the A0 amplitude, that, as
mentioned, has already been estimated in Ref. [5] (see also [12]). On the other hand, ImM12 assumes
the form

ImM12 = ImMSD
12 + ImMLD

12 , ImMLD
12 = ImMnon−local

12 + ImM (8)
12 , (17)

where ImMnon−local
12 and ImM (8)

12 are not separately scale independent. The structure of the dimension-
eight operators obtained integrating out the charm, and an estimate of their impact on �K , has been

presented in Ref. [13]. According to this estimate, ImM (8)
12 is less than 1% of the leading term.

The smallness of ImM (8)
12 can be understood by the following dimensional argument. First, it should

be noted that the CKM suppression of the dimension-eight operators is (V ∗
csVcd)2, namely the same

CKM factor of the genuine charm contribution in H(6)
∆S=2. Second, even if we are not able to precisely

evaluate the hadronic matrix elements of the dimension-eight operators, we expect

�K̄0|Q(8)
i |K0� = O(1)×m2

K × �K̄0|Q(6)|K0� . (18)

According to this scaling, the contribution of ImM (8)
12 is an O(m2

K/m2
c ≈ 15%) correction of the

charm contribution (charm-charm loops) to ImM (6)
12 , which itself is an O(15%) correction of the total

4

, b

, b̄

, B0, B̄0

charm kicking back: keeping it as an active d.o.f. starts to be relevant for BK.

bonus: if properly tackled, would allow to study D mixing.

[cf. Buras, Guadagnoli, Isidori 10]

Errors not far from 5% ballpark, even if cutting-edge lattice (lightest dynamical 
masses, finest lattice spacings) not included.



Flavor physics
Test SM paradigm of quark flavor mixing and CP violation and look for new physics

Unitary CKM matrix

V

u

b W

ub

d s b

→ V =

u

c

t





1 − λ
2 λ Aλ3(ρ − iη)

−λ 1 − λ
2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1




+O(λ4)

→ scalar product of d−b columns =0
⇒ unitarity triangle

In experiment, must account for confining QCD interactions

d
u

b
W+

B0

π−

νl

l+

∼ |Vub|× �π−|b̄γµu|B0�

→ lattice QCD (or LCSR)

Laurent Lellouch DESY Zeuthen, 12 December 2011

|Vub|, |Vcb|

π
D(∗)

, c ∼ |Vqb| �X|b̄γµq|B0� → f+(q2), f0(q2)

→ f+(q2), f0(q2)

results: semileptonic B decays
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a2
a0

¼ "5:22# 1:39: (72)

The above uncertainties are the standard errors computed
from the inverse of the parameter Hessian matrix that result
from a fit using the full covariance matrix determined from
the bootstrap distributions of chiral-continuum extrapo-
lated values of fk and f?, including systematics.

Because the shapes of the lattice calculation and experi-
mental measurement of the form factor are consistent, we
now proceed to fit them simultaneously to the z expansion
and determine jVubj. The numerical lattice and measured

experimental data are independent, so we construct a
block-diagonal covariance matrix, where one block is the
total lattice error matrix and the other is the total experi-
mental error matrix. The combined fit function includes the
series coefficients (ak’s) plus an additional parameter for
the relative normalization between the lattice and experi-
mental results (jVubj). In order to account for the system-
atic uncertainty in jVubj due to poorly constrained higher-
order terms in z, we continue to add terms in the series until
the error in jVubj reaches a maximum. This occurs once we
include the term proportional to z3. The resulting combined

FIG. 10 (color online). Lattice calculation of the B ! !l" form factor. The left plot shows fþ vs q2, while the right plot shows
Pþ#þfþ vs z. The inner error bars indicate the statistical error, while the outer error bars indicate the sum of the statistical and
systematic added in quadrature. A 3-parameter z fit is needed to describe the lattice data with a good $2=d:o:f:

FIG. 9 (color online). Experimental data for the B ! !l" form factor times the CKM element jVubj from the BABAR Collaboration
[42]. The left plot shows jVubj% fþ versus q2, while the right plot shows jVubj% fþ multiplied by the functions Pþ#þ and plotted
against the new variable z. Both the 2-parameter fit (dashed blue line) and 3-parameter fit (solid red curve) have good $2=d:o:f:’s.

B ! !‘" SEMILEPTONIC FORM FACTOR FROM . . . PHYSICAL REVIEW D 79, 054507 (2009)
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The above uncertainties are the standard errors computed
from the inverse of the parameter Hessian matrix that result
from a fit using the full covariance matrix determined from
the bootstrap distributions of chiral-continuum extrapo-
lated values of fk and f?, including systematics.

Because the shapes of the lattice calculation and experi-
mental measurement of the form factor are consistent, we
now proceed to fit them simultaneously to the z expansion
and determine jVubj. The numerical lattice and measured

experimental data are independent, so we construct a
block-diagonal covariance matrix, where one block is the
total lattice error matrix and the other is the total experi-
mental error matrix. The combined fit function includes the
series coefficients (ak’s) plus an additional parameter for
the relative normalization between the lattice and experi-
mental results (jVubj). In order to account for the system-
atic uncertainty in jVubj due to poorly constrained higher-
order terms in z, we continue to add terms in the series until
the error in jVubj reaches a maximum. This occurs once we
include the term proportional to z3. The resulting combined

FIG. 10 (color online). Lattice calculation of the B ! !l" form factor. The left plot shows fþ vs q2, while the right plot shows
Pþ#þfþ vs z. The inner error bars indicate the statistical error, while the outer error bars indicate the sum of the statistical and
systematic added in quadrature. A 3-parameter z fit is needed to describe the lattice data with a good $2=d:o:f:

FIG. 9 (color online). Experimental data for the B ! !l" form factor times the CKM element jVubj from the BABAR Collaboration
[42]. The left plot shows jVubj% fþ versus q2, while the right plot shows jVubj% fþ multiplied by the functions Pþ#þ and plotted
against the new variable z. Both the 2-parameter fit (dashed blue line) and 3-parameter fit (solid red curve) have good $2=d:o:f:’s.
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decay into   : lattice QCD limited by 
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experiment most precise in low     regionq2
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results: semileptonic B decays

Simultaneous solution: use dispersion relations, analyticity, unitarity to find well-
behaved parametrisation. [Okubo et al. 71; Bourrely et al. 81]

[several works 2005-...]

Recent parametrizations: unitarity . . . (cont’d)

Perform conformal mapping

z ≡ z(q2, t0) =
�

t+ − q2 −
√

t+ − t0�
t+ − q2 +

√
t+ − t0

Laurent Lellouch DESY Zeuthen, 12 December 2011

Analytic structure of B!"l! form factor

Well-established that analyticity (plus crossing-symmetry) and unitarity  can be used 
to constrain form factors [Bourrely et. al. (1981); Boyd, Grinstein, & Lebed 

(1996); ...; Arnesen et al. (2005); Bourrely, Caprini, Lellouch (2008)]

f(q2) analytic below the production region except when q2=m2 of a physical state
(for B!"l! occurs at the B* pole):

Exploit property that analytic functions can always be written as power series to obtain 
parameterization of form factor based on general principals of quantum field theory
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Simultaneous solution: use dispersion relations, analyticity, unitarity to find well-
behaved parametrisation.
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Simultaneous solution: use dispersion relations, analyticity, unitarity to find well-
behaved parametrisation.
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z fit is shown in Fig. 11, and the corresponding fit parame-
ters are

jVubj! 103 ¼ 3:38# 0:36; (73)

a0 ¼ 0:0218# 0:0021; (74)

a1 ¼ $0:0301# 0:0063; (75)

a2 ¼ $0:059# 0:032; (76)

a3 ¼ 0:079# 0:068: (77)

The values of the coefficients are all much smaller than 1,
as expected from heavy-quark power-counting. The sum of
the squares of the coefficients is

P
a2k ¼ 0:011# 0:012,

and is consistent with the prediction of Becher and Hill
within uncertainties in the series coefficients and in the
choice of the hadronic scale in Eq. (66) [93].

By combining all of the available numerical lattice
Monte Carlo data and 12-bin BABAR experimental data
for the B ! !‘" form factor in a simultaneous fit we are
able to determine jVubj to %11% accuracy. This error is
independent (within & 0:5%) of the choice of the parame-
ter t0 used in the change of variables from q2 to zðq2; t0Þ
and in the outer function #þðq2; t0Þ. In order to demon-
strate the advantage of the combined fit method, we com-
pare the error in jVubj given in Eq. (73) with that obtained
from separate z fits of the lattice and experimental data. A z
fit to the 12-bin BABAR experimental data alone deter-
mines the normalization aexp0 to %8%, while a z fit to our

numerical lattice data determines alat0 to %14%. Thus,
separate fits lead to a determination of jVubj ) aexp0 =alat0
with an approximately 16% total uncertainty.3 The com-
bined fit yields a significantly smaller error and is thus
preferred.
When the numerical lattice data and experimental data

are fit simultaneously, utilizing all of the available data
points is of secondary importance for reducing the total
uncertainty in jVubj. For example, we can evaluate the
importance of the low q2 experimental points to the ex-
traction of jVubj by removing them from the combined z fit.
Including only the three experimental data points with
q2 > 18 GeV2, we find a consistent value of jVubj with
only a %1% larger uncertainty. Similarly, we can evaluate
the importance of having many lattice data points, rather
than only a single point, by using only the most precise
lattice point with a total error of %9%. This allows the
form-factor shape to be completely determined by the

FIG. 11 (color online). Model-independent determination of jVubj from a simultaneous fit of lattice and experimental B ! !‘"
semileptonic form-factor data to the z parameterizaton. The left plot shows Pþ#þfþ vs z, while the right plot shows fþ vs q2.
Inclusion of terms in the power-series through z3 yields the maximum uncertainty in jVubj; the corresponding 4-parameter z fit is given
by the red curve in both plots. The circles denote the Fermilab-MILC lattice data, while the stars indicate the 12-bin BABAR
experimental data, rescaled by the value of jVubj determined in the simultaneous z-fit.

3Because the values of the coefficients of the power series in z
depend upon the choice of the parameter t0 in Eqs. (61)–(63), we
could, in principle, choose a different value of t0 in order to
minimize the error in either aexp0 or alat0 . For example, use of t0 ¼
22:8 GeV2 reduces the uncertainty in the lattice normalization
because the error in the lattice form factor is smallest at this q2

value. Use of t0 ¼ 22:8 GeV2 greatly increases the uncertainty
in the experimental normalization, however, because the experi-
mental data is poorly determined at large values of q2.
Ultimately, this choice of t0 leads to an even worse determination
of jVubj than from our standard choice of t0 ¼ 0:65t$. Although
we did not attempt to determine the value of t0 that minimizes
the total error in jVubj, the errors resulting from separate fits were
greater than that obtained with the simultaneous fit for all values
of t0 that we tried.
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Including only the three experimental data points with
q2 > 18 GeV2, we find a consistent value of jVubj with
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3Because the values of the coefficients of the power series in z
depend upon the choice of the parameter t0 in Eqs. (61)–(63), we
could, in principle, choose a different value of t0 in order to
minimize the error in either aexp0 or alat0 . For example, use of t0 ¼
22:8 GeV2 reduces the uncertainty in the lattice normalization
because the error in the lattice form factor is smallest at this q2

value. Use of t0 ¼ 22:8 GeV2 greatly increases the uncertainty
in the experimental normalization, however, because the experi-
mental data is poorly determined at large values of q2.
Ultimately, this choice of t0 leads to an even worse determination
of jVubj than from our standard choice of t0 ¼ 0:65t$. Although
we did not attempt to determine the value of t0 that minimizes
the total error in jVubj, the errors resulting from separate fits were
greater than that obtained with the simultaneous fit for all values
of t0 that we tried.
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determined by coarse lattice data. Our statistical error is
large currently for the fk point from the fine lattice. Within
these large errors there is consistency between the coarse
and fine lattices for fk as well. We conclude from this
exercise that there are no indications of large discretization
effects in the form factor calculations on MILC coarse
lattices. Such errors are smaller than current statistical
errors. Eventually it would be desirable to carry out a
more thorough scaling test, once more data on fine lattices
at several light sea quark masses become available.

VI. RESULTS FOR FORM FACTORS f!"q2# AND
f0"q2# IN THE CHIRAL LIMIT

We convert the chirally extrapolated fk"E!# and f?"E!#
to the form factors f!"q2# and f0"q2# in the physical limit.
These are shown in Fig. 14 and tabulated in Table V. For
comparison we also plot in Fig. 14 the data presented in
Ref. [17]. One sees that changes are minimal in spite of all
the improvements included in our new results. This indi-
cates that the approximations that were made previously
and that we are systematically improving upon, such as
partial quenching, linear chiral extrapolations, working
with currents at lowest order in 1=M, did not drastically
affect the theory. The solid curves in Fig. 14 are fits to our
new results using the BZ [50] parametrization of f! and
f0. We have also tried fits to other parametrizations, de-
scribed in the Appendix, including the BK [49], Richard
Hill (RH) [20] and a series expansion (SE) [19,21,51,52]
parametrization. The RH parametrization fit is essentially
indistinguishable from the BZ fit. The BK fit is also a good
fit to our data although not quite as good as the first two.

This should not be surprising, since the BK fit has only
three parameters to tune whereas the BZ and RH fits are
both 4 parameter fits. Any further parameters, however, are
very poorly determined and do not help in the fit. Another
class of fit ansatz, the SE fits, are discussed in the
Appendix. The main reason we are interested in obtaining
a good analytic parametrization of the form factors is to
facilitate partial integration of differential decay rates, as
discussed below. These parametrizations can also be used
to try and extrapolate to lower q2 where lattice data are
currently not available.

The statistical plus chiral extrapolation errors for f!"q2#
lie between 7% and 10% depending on q2. They are
smaller for the form factor f0"q2#. For q2 $ 16 GeV2,
the range we will be focusing on, the average error for
f!"q2# comes out to be %8%. In Table VI we list this
average statistical plus chiral extrapolation error together
with estimates of systematic errors from other sources.
These other systematic errors are dominated by the %9%
uncertainty in higher order matching of the heavy-light
currents.

The differential partial decay rate for B ! !l", ignoring
the charged lepton mass, is given by

d!
dq2

& G2
F

24!3 p
3
!jVubj2jf!"q2#j2 (21)

where GF is the Fermi constant and p! the magnitude of
the pion three momentum in the B rest frame. Knowing
f!"q2# then allows us to evaluate "1=jVubj2#"d!=dq2# and
also integrate this quantity over different q2 bins. We take
our best fit, the BZ fit shown in Fig. 14, and integrate to
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FIG. 14 (color online). Form factors f!"q2# and f0"q2# in the
chiral limit. The black squares and triangles are the new and final
results for f! and f0, respectively. For comparison, the data from
Ref. [17] are also shown as circles. The full black curves follow a
BZ parametrization fit (see text) to the new data. Errors are
combined statistical and chiral extrapolation errors.

TABLE V. Form factors f!"q2# and f0"q2# in the chiral limit.
Errors shown are combined statistical and chiral extrapolation
errors.

q2 'GeV2( f!"q2# f0"q2#
15.23 0.649(63) 0.475(26)
16.28 0.727(64) 0.508(25)
17.34 0.815(65) 0.527(25)
18.39 0.944(66) 0.568(24)
19.45 1.098(67) 0.610(24)
20.51 1.248(97) 0.651(25)
21.56 1.554(156) 0.703(26)

TABLE VI. Estimate of percentage errors in f!"q2# for q2 >
16 GeV2.

Source of error Size of error (%)

Statistics ! chiral extrapolations 8
Two-loop matching 9
Discretization 3
Relativistic 1

Total 12
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z fit is shown in Fig. 11, and the corresponding fit parame-
ters are

jVubj! 103 ¼ 3:38# 0:36; (73)

a0 ¼ 0:0218# 0:0021; (74)

a1 ¼ $0:0301# 0:0063; (75)

a2 ¼ $0:059# 0:032; (76)

a3 ¼ 0:079# 0:068: (77)

The values of the coefficients are all much smaller than 1,
as expected from heavy-quark power-counting. The sum of
the squares of the coefficients is

P
a2k ¼ 0:011# 0:012,

and is consistent with the prediction of Becher and Hill
within uncertainties in the series coefficients and in the
choice of the hadronic scale in Eq. (66) [93].

By combining all of the available numerical lattice
Monte Carlo data and 12-bin BABAR experimental data
for the B ! !‘" form factor in a simultaneous fit we are
able to determine jVubj to %11% accuracy. This error is
independent (within & 0:5%) of the choice of the parame-
ter t0 used in the change of variables from q2 to zðq2; t0Þ
and in the outer function #þðq2; t0Þ. In order to demon-
strate the advantage of the combined fit method, we com-
pare the error in jVubj given in Eq. (73) with that obtained
from separate z fits of the lattice and experimental data. A z
fit to the 12-bin BABAR experimental data alone deter-
mines the normalization aexp0 to %8%, while a z fit to our

numerical lattice data determines alat0 to %14%. Thus,
separate fits lead to a determination of jVubj ) aexp0 =alat0
with an approximately 16% total uncertainty.3 The com-
bined fit yields a significantly smaller error and is thus
preferred.
When the numerical lattice data and experimental data

are fit simultaneously, utilizing all of the available data
points is of secondary importance for reducing the total
uncertainty in jVubj. For example, we can evaluate the
importance of the low q2 experimental points to the ex-
traction of jVubj by removing them from the combined z fit.
Including only the three experimental data points with
q2 > 18 GeV2, we find a consistent value of jVubj with
only a %1% larger uncertainty. Similarly, we can evaluate
the importance of having many lattice data points, rather
than only a single point, by using only the most precise
lattice point with a total error of %9%. This allows the
form-factor shape to be completely determined by the

FIG. 11 (color online). Model-independent determination of jVubj from a simultaneous fit of lattice and experimental B ! !‘"
semileptonic form-factor data to the z parameterizaton. The left plot shows Pþ#þfþ vs z, while the right plot shows fþ vs q2.
Inclusion of terms in the power-series through z3 yields the maximum uncertainty in jVubj; the corresponding 4-parameter z fit is given
by the red curve in both plots. The circles denote the Fermilab-MILC lattice data, while the stars indicate the 12-bin BABAR
experimental data, rescaled by the value of jVubj determined in the simultaneous z-fit.

3Because the values of the coefficients of the power series in z
depend upon the choice of the parameter t0 in Eqs. (61)–(63), we
could, in principle, choose a different value of t0 in order to
minimize the error in either aexp0 or alat0 . For example, use of t0 ¼
22:8 GeV2 reduces the uncertainty in the lattice normalization
because the error in the lattice form factor is smallest at this q2

value. Use of t0 ¼ 22:8 GeV2 greatly increases the uncertainty
in the experimental normalization, however, because the experi-
mental data is poorly determined at large values of q2.
Ultimately, this choice of t0 leads to an even worse determination
of jVubj than from our standard choice of t0 ¼ 0:65t$. Although
we did not attempt to determine the value of t0 that minimizes
the total error in jVubj, the errors resulting from separate fits were
greater than that obtained with the simultaneous fit for all values
of t0 that we tried.
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B→D∗l! Andreas S. Kronfeld

1. Introduction

The Wbc vertex is proportional to the coupling Vcb, which is an element of the Cabibbo [1]
Kobayashi-Maskawa [2] (CKM) matrix. Along with the quark masses, it represents the observ-
able part of the quarks’ coupling to the Higgs sector and is, thus, a fundamental part of particle
physics. The CKM matrix has four free parameters, and it is convenient to choose one of them to
be (essentially) |Vcb|. Consequently, |Vcb| appears throughout flavor physics [3].

|Vcb| is determined from semileptonic decays B̄ → Xcl!̄ , where Xc denotes a charmed final
state. In exclusive decays, Xc is a D or D∗ meson, and the decay amplitudes can be written

〈D(vD)|V µ |B̄(vB)〉 =
√
MBMD [(vB+ vD)µh+(w)+ (vB− vD)µh−(w)] , (1.1)

〈D∗(vD,")|V µ |B̄(vB)〉 =
√
MBMD∗ #µ!$% #̄

(")
! v$Bv

%
D∗hV (w), (1.2)

〈D∗(vD,")|A µ |B̄(vB)〉 = i
√
MBMD∗ #̄ (")!

{

g!µ(1+w)hA1(w)− v!B[v
µ
BhA2(w)+ vµD∗hA3(w)]

}

, (1.3)

where # (") is the D∗ polarization vector, vB and vD(∗) denote the mesons’ 4-velocities, and w =

vB · vD(∗) is related to the invariant mass of the l! pair, q2 = M2
B+M2

D(∗) − 2wMBMD(∗) . The form
factors h±, hV , and hAi (i= 1,2,3) enjoy simple heavy-quark limits and are linear combinations of
the form factors f±, V , and Ai used in other semileptonic decays.

The differential decay distributions are
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collaboration method

FNAL/MILC 08-10 0.908(17) — FNAL+rSTAG
FNAL/MILC 04 — 1.074(24) FNAL+rSTAG

F(1) G(1)

               : less kinematical trouble, can extract       from one single combination of 
form factors at zero recoil.
B → D(∗) |Vcb|



results: semileptonic B decays

collaboration method
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results: semileptonic B decays

Update by various collaborations due soon. Progress most welcome in view of 
recently reported BaBar excess.

(Requires good control of τ decay channel ⟶ scalar form factor.)

[BaBar,arXiv:1205.5442] 
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FLAG-1

Users of lattice results should be (made) aware of potential systematic effects. 
Lattice groups should provide qualified global averages of lattice results.

FLAG = FLAVIAnet Lattice Averaging Group

First review appeared on Nov 2010, updated May 2011 (EPJC).
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what does FLAG offer?

FLAG-1: concentrate on light hadron physics.

light quark masses

LECs

decay constants

pion and kaon form factors

kaon bag parameter

For each quantity provide:

complete list of references, summary of formulae/notations, ...

summary of essential aspects of each computation

averages (if sensible)

“lattice dictionary” for non-experts
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Legenda publication status:
A = published article
P = preprint
C = conference proceedings
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fK/fπ
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FLAG-2

Expand to cover most quantities, include representatives of all large collaborations, 
and distribute over Europe/US/Japan.

(n.b.: merge with parallel effort by Laiho, Lunghi, Van de Water)

target: next review by end 2012/early 2013; new published review every 2nd year; 
regular web updates in between.

advisory board: S. Aoki (J), C. Bernard (US), C. Sachrajda (EU)

editorial board: G. Colangelo, H. Leutwyler, A. Vladikas, U. Wenger
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Expand to cover most quantities, include representatives of all large collaborations, 
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(n.b.: merge with parallel effort by Laiho, Lunghi, Van de Water)

Preliminary results: plenary talk by G. Colangelo at Lattice 2012 (end June).
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perturbation theory strikes back

Use of effective theories in lattice B-physics almost always involves some use of 
perturbation theory.

matching NRQCD, HQET to QCD

O(a) improvement (removing cutoff effects in relativistic actions)

RG running between the QCD, b, and W scales

convergence of perturbation theory is sometimes poor, even at higher orders



perturbation theory strikes back

convergence of perturbation theory is sometimes poor, even at higher orders

Figure 8: RG-running of of the four-quark operators obtained non-perturbatively (discrete
points) at specific values of the renormalisation scale µ, in units of Λ. The lines are per-
turbative results at the order shown for the Callan-Symanzik β function and the operator
anomalous dimension γ.

22

[CP, ALPHA 2007]

Ren match

Compare different orders

We actually show
CΓ/Γ� =

CΓ
match(m, µ)/CΓ�

match(m, µ)

B-physics: ΛMS/Mb ≈ 0.04
−1/ log(ΛMS/Mb) ≈ 0.3

Perturbation theory is badly
behaved
for charm quarks very badly
−1/ log(ΛMS/Mc) ≈ 0.5

Rainer Sommer An eaxample of the behavior of the perturbative series: heavy-mass-dependence in QCD and matching to HQET

[R. Sommer’s Les Houches 
lectures on HQET]



perturbation theory strikes back

Ren match

Compare different orders

We actually show
CΓ/Γ� =

CΓ
match(m, µ)/CΓ�

match(m, µ)

B-physics: ΛMS/Mb ≈ 0.04
−1/ log(ΛMS/Mb) ≈ 0.3

Perturbation theory is badly
behaved
for charm quarks very badly
−1/ log(ΛMS/Mc) ≈ 0.5

Rainer Sommer An eaxample of the behavior of the perturbative series: heavy-mass-dependence in QCD and matching to HQET

[R. Sommer’s Les Houches 
lectures on HQET]

Figure 8: RG-running of of the four-quark operators obtained non-perturbatively (discrete
points) at specific values of the renormalisation scale µ, in units of Λ. The lines are per-
turbative results at the order shown for the Callan-Symanzik β function and the operator
anomalous dimension γ.

22

[CP, ALPHA 2007]

These issues can be brought under control within npHQET ⇒ comprehensive B-
physics programme by the ALPHA Collaboration.



Lattice QCD has become a precision tool. B-physics still requires some crucial 
help from effective theories, though.

Results for basic quantities have to be taken seriously, and have UT impact.

reach of effective theories, perturbative artifacts (at various levels)?

most collaborations do light physics first, B-physics lagging somewhat behind

progress will be fast in the next 2-3 years

Effort from the lattice community to provide clean state-of-the-art input for 
phenomenology.

FLAG: next review due early 2013.

Lots of uncharted territory (rare/non-leptonic decays? cf. K).

conclusions and outlook



rare B decays?

Results start to be available for some less obvious processes, e.g. B → K(∗).

I. INTRODUCTION

Recently there has been increasing interest in the rare decay B0
s → µ+µ− which, as

a flavor-changing neutral-current process, is forbidden at tree level in the standard model
(SM). At the loop level, it can be mediated by weak bosons through penguin or box diagrams.
With a nonperturbative (lattice-QCD) calculation of the bag parameter BBs , the branching
fraction has been predicted to be [1, 2]

BR(B0
s → µ+µ−) = 3.2(2)× 10−9. (1.1)

Several new physics models would enhance the decay rate [3–7], and, hence, observation
of this process could potentially reveal physics beyond the SM. Recently, several experi-
ments [8–13] have published upper limits on this branching fraction, which we have compiled
in Fig. 1. Moreover, CDF [11] reports an excess such that BR(B0

s → µ+µ−) = 18+11
− 9 × 10−9

or a two-sided 90% confidence interval, 4.6 × 10−9 < BR(B0
s → µ+µ−) < 39 × 10−9, lying

above the SM prediction, Eq. (1.1). CMS and LHCb, however, set upper limits that restrict
the CDF region. As statistics accumulate, especially at LHCb, a definitive measurement at
the SM rate or higher seems likely soon.

At a hadron collider, the extraction of BR(B0
s → µ+µ−) relies on normalization channels

such as B+
u → J/ψK+, B0

d → K+π− and B0
s → J/ψφ [14], through relations of the form

BR(B0
s → µ+µ−) = BR(Bq → X)

fq
fs

εX
εµµ

Nµµ

NX
, (1.2)

where ε and N are, respectively, the detector efficiencies and the numbers of events. The
fragmentation fractions fq (q = u, d, s or Λ) denote the probability that a b quark hadronizes
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FIG. 1. Comparison of the (most recent) measurements from CDF [8, 11], DØ [9], CMS [12],

and LHCb [10, 13] with the SM prediction [1, 2] shown as a vertical band. The filled bars show
the measured bounds of the branching ratio with a 95% confidence. In the fourth bar, the inner
box shows the two-sided 90% bound from CDF [11]. Two results from the LHCb in 2011 are

distinguished as “2011a” [10] and “2011b” [13].
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[FNAL-MILC, arXiv:1202.6346]

Example of lattice QCD keeping pace with experimental developments? FNAL-
MILC update on ratios                                   needed to normalise fragmentation 
fractions used in                      analysis.

(Bs → Ds)/(B → D)
B0

s → µ+µ−

N SR
F , and finds fs/fd = 0.250(24)stat(17)syst(17)theo [20]. Since NF is not correlated with any

other quantity in Eq. (1.3), we easily find that the fragmentation ratio should become

fs
fd

= 0.283(27)stat(19)syst(24)theo, (7.1)

where the errors have also been scaled accordingly. Superficially, our theoretical error is
slightly larger than that obtained with the sum-rule estimate—8.5% vs. 6.5%. Our error,
however, is straightforward to improve, since it is dominated by Monte Carlo statistics,
propagated through the chiral-continuum and z extrapolations, as seen in Table V.

Fleischer, Serra, and Tuning have proposed a second hadronic approach based on the ratio
BR(B̄0

s → D+
s π

−)/BR(B̄0 → D+π−) [18]. A complication is that a W -exchange diagram
also contributes to the B̄0

d → D+π− decay, leading to an additional factor NE in the analog
of Eq. (1.3). It is estimated to be NE = 0.966(75) [20]. This method requires a similar input

of the form-factor ratio N ′
F = [f (s)

0 )(M2
π)/f

(d)
0 (M2

π)]
2. With our calculation, we can easily

extrapolate the argument of the denominator, finding the form factor ratio given in Eq. (1.7).
As a result, N ′

F = 1.111(94)(34). Reference [20] uses the same sum-rule value N SR
F = 1.24(8)

when doing the analysis with similar approach, finding the fragmentation-fraction ratio to
be fs/fd = 0.256(14)(19)(26). We find that

fs
fd

= 0.286(16)stat(21)syst(26)latt(22)NE, (7.2)

where the last two errors (major sources of the theoretical error) are shown explicitly. The
last error stems from the uncertainty in NE. The result Eq. (7.2) agrees with that of the
D+

s π
−/D+K− hadronic method, Eq. (7.1), and both agree with LHCb’s determination via

a method employing semileptonic decays, fs/fd = 0.268(8)stat(
+24
−22)syst [16], as well as the

Particle Data Group’s average of LEP and CDF, fs/fd = 0.288(24) [15].
As a by-product of the calculation, the form-factor ratio in Eq. (1.7) can be combined

with factorization to estimate the ratio of branching ratios,

BR(B̄0
s → D+

s π
−)

BR(B̄0 → D+K−)
= 14.4± 1.3, (7.3)

independently of experimental inputs except for quantities like |Vus|fK/|Vud|fπ and lifetimes.
This work is based on only 4 out of 21 available MILC asqtad ensembles of lattice gauge

configurations. Further running on ensembles closer to the chiral and continuum limits will
reduce the length of the extrapolations and, hence, control the growth through extrapolation
of the statistical error. At the current stage, however, the largest error in Eq. (7.1) remains
experimental statistics, stemming from the difficulty in reconstructing D±

s → KKπ.
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