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Introduction

@ Casimir's discovery

o Casimir energy (per unit area)

e Casimir force (per unit area)

Klaus Kirsten (Baylor University)

H.B.G. Casimir, Proc. K. Ned. Akad. Web B 51 (1948) 793-795

Casimir effect

Eta”(t’ F) |]: = Bnor(t, F)l]: =0



Introduction

@ Many aspects of the Casimir energy/force have been considered:

» influence of the shape of the boundary

» influence of the boundary condition imposed
» influence of non-trivial topology

> influence of external parameters

@ Calculations are often plagued by divergencies:

» identify corresponding situations
» formulate relevant quantities in terms of finite expressions

E. Elizalde, Ten Physical Applications of Spectral Zeta Functions, Springer, Berlin, 1995

K.A. Milton, The Casimir Effect, World Scientific, New Jersey, 2001.

M. Bordag, G.L. Klimchitskaya, U. Mohideen, V.M. Mostepanenko, Advances in the Casimir Effect, Oxford University Press,
Oxford, 2009

Klaus Kirsten (Baylor University) Casimir effect Benasque, July 08-14, 2012 4/72



Different formulations of the Casimir energy

@ Action for a non-interacting massive scalar field
4 4 1 v m2 5
5[90] =[d XE(X) = [ d'x 56 POy — 790 + Ty

@ Corresponding field equation

(0+ m)p(x) =0

@ Canonical energy-momentum tensor

T (x) = 0up(x)0v(x) — guL(x)
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Different formulations of the Casimir energy

@ Positive- and negative-frequency solutions

= I = ) = -~
K07 = Z=er ey, o0 =[]

where

—AD(F) = Nyjdy(F), @4(F)|F =0,

o Field operator

o) = 3" [P x)2s + o (x)a7
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Different formulations of the Casimir energy

@ Vacuum energy density

OITw()l0) = 3 <o

52

n=0
1
- zj: 5

3

@ Total vacuum energy

Eoz/ dr (0| Too(x ZWJ

%
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@ Green's function

(O + m?)G(x,x') = 6*(x — x)

e Eigenmode expansion

7 O JA)D(F)
G(x,x") = /Z:Z fluidion e~ iw(t=t)

—w? +wj — e

Wy

: 1 —iwy|t—t’ 2\ dy*
= Zfe Jt=tlo, (7 o%(7)
J

o Field operator products
To()e(x') = 0(t —t)e(x)p(x) + (' — t)p(x)p(x)

(0] p(x)o(x)] 0) = Z;e—"w“—f’)m(?wxr*)
J

i<0 ‘ Tgo(x)go(x')‘ O> = G(x, x’)
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@ Vacuum energy in terms of Green's function

1 : I ? 2 2
01To0()|0) = 2<o > (5m) +me o>

e
3
— ! 9 0 2 /
= —5 Maxlﬂ—i_m G(X,X)
u=0 x'=x
@ Global vacuum energy
£ '/d 02G(x,x")
=1 r
0 Ox3
v x'=x
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Path-integral approach
Z[T] = C / Dyell

]

E —
0 T

In Z[0]

Computation of the path-integral: finite-dimensional analogue

/dnxe;(XKX)HX’h) = (27)"/?(detK) /22 (WK 71h)

Rn

Replacement

(x,Kx) = > (. Kp) = / d*xp(x)(Kip) (x)

o Note

16l =5 [ dx p0O(@ + m)e(x) +1 [ dx Te(x)
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@ Here

@ Generating functional
Z[T] = C(detK) 2ez(hKh)
= C(det K)"2exp [;/d‘lxd“x'T(x)Kl(x,x’)T(X’) ,

K~ 1(x,x") = G(x,x")

@ Vacuum energy

_ L -2 - L
Eo = TIn(detIC) 27_TrInIC
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@ Imposing boundary conditions in path-integrals

Z17) = ¢ [ D [ stet))e™™

xeF

e Analogy (x = u(n), xo = no, ¥ = t(n1,m2))

17
i(x) = %/dke’kx —

H ie(x) = / Db e J dnmbm)e(u(n)

xeF
Perform (-integration

[T sex)estsd —

xEF

5 [ @ el@+ ) 1 [ d*x0(x)e()
+i [ du(a) bme(utn)
T N T



e Introducing additional integration (H(n, x) = d*(x — u(n)))

[ dutmpimetun) = [ d*x / dpu(n) B)H(, ) (x)

@ Exponent then reads

7% / d*x ()@ + m?)p(x) +i | d*x [T(XH / du(n)b(n)"‘/(mx)] (%)
(

n,X)]
@ Relevant term for b-integration

/d“ /d“’/du b(n)H(n, x)K xx)/du ' YH(n', x)

:/d,u(n /du(n (mG(u(n), u(n’))b(n)

— h=i [T(x) +/du(n)b(n)H

o ldentify relevant operator

K(n.n') = G(u(n), u(n))
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@ Generating functional

zwywmmm*ﬂw%rmap&/wmwwqumxwuq

@ Vacuum energy

— rmk= L )12
Ey = 27_TrInK _,_In(detK)

M. Bordag, D. Robaschik and E. Wieczorek, Ann. Phys. 165 (1985) 192-213
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Regularizations of the Casimir energy

@ Zeta function regularization
u 1
Y R A L)

@ We introduced the zeta function

d
Zw‘zs for Rs > >

where

(A + m?)dy(F) = wjby(F), Dy(F

)’f:O

Dowker and Critchley, Hawking, Actor, Blau, Bordag, Elizalde, KK, Svaiter, Visser, Wipf, ...
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Regularizations of the Casimir energy

@ Point splitting regularization

[ ,L0%G(x,X) [ ,L0%G(x,X)
EO:I/dran —)EO(G):I/dran

v x'=x v x'=x+e

o Frequency-cutoff regularization

]_ 1 -5 2
E0:2;uu — Eo(d):2§J:wJe “J

Asorey, Beneventano, Brevik, Fulling, Milton, Mufioz Castafieda, Santangelo, ...
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Examples for Casimir energy calculations

Typical situations one encounters:
@ eigenvalue spectrum explicitly known
e eigenfunctions (but not the spectrum) known
@ none of the above, but sufficiently high symmetry of the configuration
@ other
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Parallel plates in R3

e Parallel plates in R3

e Eigenvalue equation:

—AU((X,_)/, Z) = ngg(X,y, Z)
e Eigenfunctions:

ur(x,y,0) = u(x,y,a) =0.

up (x,y,2) = elkotikey gin (

n7rz)
a
(k, ky) €R?, neN.
=] F = = DA



Parallel plates in R3

@ eigenvalues

. 2 -
w% :k2+(7rn> , keR?> neN
7n a
@ zeta function density
_1°°2°°2 11 w2
«(s) = 4o de{k (5 )} “iils) @2
o Casimir energy density
2
s
Ecos = ———
Cas = 7144043
o Casimir force
d 72

Feas = ——Ecas = ———
Cas da ©** 480a*
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Parallel plates in R3

@ contribution from the right half-plane

o0

FCas_

_ T Lo
480(L —a)*
No contribution from the right half-plane

=] = = E A
Klaus Kirsten (Baylor University) Casimir effect




Torus

o Let M = S1 x...S1. Consider

(_A + m2)¢ﬁ(X17 ""Xd) = wfggbﬁ(Xl’ "'7Xd)

@ Then
2 2
Oa(X1, .y Xg) = Aexp{Lxl—f-...—i— anxd}
d
o 27rn1 27rnd 2 2
G = () e (5) 4
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Torus

o Relevant zeta function [r; = (27/L;)?]

¢(s) = Z (rln% + ...+ rdn,%, + m2)7s =(Ce (sa m2|?) for Jts > g
rnezd

@ extremely useful results

1 17
— dt ts—l -\t
\s r(s) / €
0
> 7n)2 a > 32n2
e_(T) t = Ry ei t
= Vi 2
7 v/2
/dt trlemet=t = 2 (5) K, (2V/cb)
b
0

P. Epstein, Math. Ann. 56 (1903) 615-644; 63 (1907) 205-216
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Torus

@ Analytical continuation of the Epstein zeta function

2 r(s—4¢ 2 “
Cels.clF) = —= (r ) gosy _2mT
norg o T(s) F(s)y/m T
2 213(s—%)
x ["1+ +nd} Kq 27rf< +..+ -2
LN rq

Actor, Dowker, Elizalde, KK, Svaiter, ...
J. Ambjorn and S. Wolfram, Ann. Phys. 147 (1983) 1-32
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1

az /o,
FiG. 3.2. Casimir energy divided by volume for a massless scalar field in d space dimensions
constrained to be periodic with periods a, and a, along two orthogonal directions.




Cubes

@ Rectangle with Dirichlet boundary condition
. [ nmx\ . [kmy
Gnk(x,y) = Asin| —|sin | —
’ L Ly
2 km\ 2
Aom = (— | +(-—) +m? nkeN
’ Ly Lo

@ = S| (E) () |

n=1 k=

@ Reorganizing summations [r; = (m/L;)?]

() = 3 (sm2l7) — 7 (s, mPln) — Ce (s, Pl + >
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d P E,, E,, E,,

1 1 —0.13 —0.13 —0.13

2 1 —0.19 —-0.024 -0.024
2 2 -0.71 +0.041 -0.22

3 1 —0.11 ~0.0069 —-0.0069
3 2 -0.31 +0.0048 —0.043
3 3 —0.81 -0.016 -0.29

4 | —0.085 —0.0025 —0.0025
4 2 —0.19 +0.00081 —-0.013
4 3 ~0.39 -0.0016 —0.088
4 4 —0.85 +0.0061 -0.33

5 1 —0.065 —0.0010 -0.0010
5 2 —0.15 +0.00012 —0.0051
5 3 -0.27 —~0.00031 -0.019
5 4 —0.48 +0.00050 —0.073
5 5 —0.95 —0.0025 -0.37

or <@ =, «=» T 9ac
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FiG. 3.4. Casimir energy divided by volume for a massless scalar field satisfying Dirichlet boundary
conditions on the sides of a rectangular a, X a, “tube” in d space dimensions.
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Spheres

o Eigenvalue problem on the sphere of radius one

(~A+ERY =)Y, R=d(d—1)

d—1
d

e Choosing conformal coupling ¢ = 7

d—1

wg = (£+2>2, deg(¢) = (20 +d — 1)M

0(d — 1)1

@ Relevant zeta function

((s) = ZL(Z)

()
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@ Rewriting the degeneracy
{+d—-1 {+d—-2
deg(f)-( g1 >+< d-1 >

@ Barnes zeta function

CB(S,b) = Z(b+m1+...+md)_s
mMm=0

— Z(“C;dIl)(Hb)s
/=0

@ Sphere zeta function in terms of Barnes zeta function
d—1 d+1
C(S) = CB <2$7 2) + CB <257 2 >

E.W. Barnes, Trans. Cambridge Philos. Soc. 19 (1903) 374-425.
J.S. Dowker, Commun. Math. Phys. 162 (1994) 633-648
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o Example: d =2, deg({) =2(+1

@ Casimir energy

EO = 2CH (—2; ;) =0

@ In fact, the Casimir energy vanishes for all even dimensions.
Furthermore, e.g,

, 1 5 31 ;289

0 7240 O 60480° ° 604800’

@ The Casimir energy is singular for other couplings.

B.P. Dolan and C. Nash, Commun. Math. Phys. 148 (1992) 139-153
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Balls

o Basel problem (Pietro Mengoli in 1644, solved by Leonard Euler in
1735)

3 =1.64403.. = T
n 6
n=1

@ "Proof:” From Calculus Il

. B x3 x°
sinx = X—§+a—...:>
sin x _ x2+x4

X - 6 5!
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e Also

(-3 (-5 () -
A (B () e

x2 1 1
= —S(1+5+c+ )+
v

e Compare coefficients in powers of x? to see

1 11 1 g2
=D DR B
n—= n=
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@ More advanced proof (complex analysis): Residue Theorem
Let C be a simple closed contour and let f(z) be analytic on C and
at all points inside C except for isolated singularities at

Z1,22,23, .5 2¢. Then

¢
L [ 6z ()= 3 Reslf(2).
c n=1
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@ Find suitable function:

o Consider

lim
R—o00

1
— [ d.
271'//2

F(z) =sinmz

1 d
— EInF(z)

72

RN

Klaus Kirsten (Baylor University)
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@ Suitable contour integral

. 1 1 d
| 2 - 9
Rs 2mi dz 7% dz InF(2)
Cr
. 1
= |lim — [ dz —meotmz
R—o0 271 z
Cr
o0
1 2
= 2 _—— — =
Z n2 3 0
n=1
o 2
1 s
f— - =
; n? 6
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@ Why bother?

Klaus Kirsten (Baylor University)

NSum[1/n?, {n, 1, Infinity}] = 1.64493

2
Sum[l/n27 {n, 1, /nflnlty}] = %

Casimir effect



@ Sum zeroes of other functions: Let x, be the solutions of

tanx =x — sinx—xcosx =0
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@ Suitable contour integral: F(z) =sinz — zcosz

1 d
li — | dz
Rne 27 2 4, "FE)
Cr
~ lim o dzi . zsinz
R—o0 27 72 sinz — zcos z
Cr
o
1 1
—25 "2 _Z -9
;xﬁ 5
. — 1 1
nzlx,% 10

38/ 72
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@ Sum zeroes of other functions: Let jp , be the zeroes of Jy(x).
e Find >0° jo 7

M(\N\/\[\f\.ﬂm.ﬂm.
LAk
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@ Suitable contour integral: F(z) = Jo(z)

. 1 1 d
| - - 49
R 2mi dz 7% dz InF(2)
Cr
U
= lim L 1 Jo(2)
R—s00 271 z2 Jo(2)
Cr
[ee]
1 1
=2y - Z=0
;Jo,n 2
[ee)
1 1
=D 7 =7
n=1 Jo’n
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The spherical shell

Klaus Kirsten (Baylor University)
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@ Laplacian for the two dimensional disk

10 [ 0 1 02 2
[rar <r3r> N 1’26902] Um,n(r, ¢) = wm,num:"(r’ ¢)

@ Separation of variables:
Um,n(r7 90) = J|m|(wm,nr)eim¢, mezZ

@ Impose boundary condition:

Jim|(Wm,n) =0
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o Eigenvalues determined by

J|m|(wm,,,) =0

@ Associated zeta function

«s) = D D wmn

o Techniques
» deformation of the contour ~
» Debye expansions
» commutations of summation and integration
» Mellin-Barnes integral representation
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Construction of analytic continuation: add and subtract asymptotics J

Example for clarification (0 < a < 1):

=1 =1 1

2Ty R Er

vy [r (;_Hﬁ) +1_£]
— _gs (1+%)5 Vi s ¢s+1 o
=< [ 1 1 as

= 1+ + Cr(S)|s=o —asCr(s +1)[,—
;::1 _é <(1 + z) é ) s=0 ° ’

=0+ (r(0) —a Res (r(1) = —% —a
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@ Final answer for Casimir energy in three dimensions (el. magn. field)

raen 1 1\  0.04617
B =)= —%

@ Resulting repulsive Casimir force

d _el.magn. _ 0.04617
FCas = Eo = >
da a
T.H. Boyer, Phys. Rev. 174 (1968) 1764-1774
K.A. Milton, Jr. L.L. De Raad and J. Schwinger, Ann. Phys. 115 (1978) 388-403
N.G. van Kampen, B.R.A. Nijboer and K. Schram, Phys. Lett. A 26 (1968) 307-308
Bordag, Elizalde, KK, Leseduarte, Romeo, ...
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Background potential

@ Spherically symmetric potential:
P=-A+M+V(r) Pre=_A+M
@ Analysis of radial eigenvalue problem:
1
¢p,e,m(f, Q) = ?pr,é(r) Ylm(Q) =

By 6pelr) = (—”’2 LA

dr? + M2+ V(’)> Gp.1(r) = P*dp.c(r)

@ Regular solution:
A Tpr
Gpe(r) ~ Je(pr) = ,ITJHl/Q(pr) asr—0

Gpelr) ~ 2 [6(p)hy (o) — () (pr)] as r = 0

2

Klaus Kirsten (Baylor University) Casimir effect Benasque, July 08-14, 2012 46 / 72



System in a finite ball of radius R:

Implicit eigenvalue equation:

fi(p)h; (PR) — £ (p) B (pR) = 0

Zeta function analysis:
Gp(s) = D (24 +1)x
(=0

[ a4 M) [06) B (KR) — 57 (K) i (4R)

27

J

+> 20+1)> (M —k2,)0
£=0 j
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Minkowski space theory subtracted:

o0

((s) = > (2+1)x

/=0

dk

2mi

fi(k)hy (KR) — £ (k)h/ (kR)
hy (kR) — hf (kR)

«2\

—(k* + M?)~ saak [

- i(% +1)) (M> = k7)°
=0 j

- dk 2 2—sa
(R — o) Z2€+1/2m(k + M2)7 o In fu(k)

/=0 y

+ i(% +1)) (M*—k7))°
=0 j
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@ Zeta function in terms of Jost function

o0 o0 6
((s) = Snms ; (20 +1) / (k? = M2)~* = In fik)
- M

@ Integral equation for the regular solution
; - A r
ealr) = 5 (W (o) = ¥ (pn)) + [ Gl IV Yol
0

with the Green's function

1A N ~ o
Geplr, ') = (B (pr)h* (') = B (pr) b (o'
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@ Jost function

1+/dr rV(r)oe,ipKer1/2(pr)
0

@ Asymptotics of the Jost function reduced to Bessel functions
asymptotics.

@ Example
(1 — r?)?

Vi) =2 (a+r?)?

Bordag, Dunne, Farhi, Graham, Hur, Jaffe, KK, Min, Quandt, Weigel, ...
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0.5 T T T T T T T T T
€ a=0.01 (no BS)
0
05 F a=0.1 (First BS)
1k
-1.5
2 F a=10 (Second BS)
25 ] ] ] ] ] ] ] ] ]
0 1 2 3 4 5 6 7 8 9
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Renormalization of the Casimir energy

@ Singularities in the frequency-cutoff
1
_ 5 Z wJe—&ui
J

@ Representation of exponentials

1 c+ioo
e % ' da MNa)v™ 7, Rc>0
@ This shows
c+ioo
_ 2\—«
E(8) = = ZW 5 dal (e)(6w?)
c—ioo
e 1 d+1
+
= 47_” / da <a — 2> s QRC > T
c— IOO
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Meromorphic structure of the zeta function

@ Relation between the zeta function and the heat kernel

2\—s __ L Fi s—1 e—tw§ - L s—1
g(s):;(wj) - r(s)o/dtt EJ: =y [ 4K

@ Heat kernel
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o General situation: M, OM, g, B
P=—(g""V,V,+E)

@ Heat kernel: { )\, ok}

K(t) = /de(t,x,x)

M
oo
= S et

k=0
@ Localized heat kernel:
K(t,F) = /dx F(x) K(t,x,x)
M
N an(F.P,B) t" P2
n=0,1/21,...
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’General form of the coefficients

@ Dimensional consideration:
A : length™2
—tA e . _ 2
e . [t] = length

tn—D/Z hD—2n

an [an] = lengt

@ Structure of the coefficients:

an(F,P,B) = /dx cn(x, F, P)

M
+ /dy ba(y, F, P, B)
oM
cn(x,F,P) : length=2"
by(y,F,P,B) : length!=2"
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@ Building blocks:
E,R,Rj, Rju : length—2

Kap = Ny.p length !
contractions

covariant derivatives

@ Structure of the coefficients:

an(F,P,B) = /dx cn(x, F, P)

M
+ [ @y by FoP.B)
oM
cn(x,F,P) : length=2"
bn(y,F,P,B) Iength1_2”
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by = (47)"2 6 F [OM]

e CH LY

by = (4n)P2 671 [dyFK + diFn] [OM]
by = (4m)~P/2%672F(1)d + 3F'(1)][OM)]
by = (47)7Y25967" { F(cE + ciR + c2Rmm + c3K?

+c4KabKab) + s KF.pm + 6 F.mm } [OM]

by, = (4m)79269671 {F(1)(7d> — 10d) + 30dF'(1)
+24F"(1)} [OM]
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How to find the remaining universal multipliers?

@ Consider product manifolds
M=Mix My, OMy=0, Pr=A7A;, P,=-Ar+ E(x)
as2(1, P, B) = a3)2(1, P1, B)ao(1, P2) + a1/2(1, P1, B)ai(1, P2)

o Note
R(Mj1 x M3) = R(M1) + R(M53)

5 9671 (qE + ctR(M2)) = 6 67 1(6E + R(M23))
— cp =96 c =16
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@ Conformal transformations

Ple) = e>FP,  Ble)=e B
d

2| an(L.P(e),B(e) = (D—2n)an(F.P.B)
e=0

e How to find heat kernel coefficients for P(e)?

; ; 1 ;
gile)=e2Fgl,  A=——0;(\Iglg"0;f
Vgl ( ’ )

o Coefficient of F.;ym

%(D — 2)C() — 2(D - 1)C1 - (D - 1)C2 - (D - 3)C6 =0

— c=-8

P.B. Gilkey, Asymptotic formulae in spectral geometry, Chapman& Hall/CRC, Boca Raton, FL, 2003
KK, Spectral functions in mathematics and physics, Chapman& Hall/CRC, Boca Raton, FL, 2002
D.V. Vassilevich, Phys. Rept. 388 (2003) 279-260
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@ Relation between the zeta function and the heat kernel

((s) = rl/dt 51K (t)
0

1
1 > P
~ o(1,P.B) [ t571tn—2
r(s) 2, alp )/ 2
n=0,1/2,1,... 0
1 i an(1, P, B)
~ T )
r(s) n=0,1/2,1,.. ° tn-3

@ Meromorphic structure of the zeta function

Res (C(s)T(5))ls—0_, = an(1, P, B)

Res ((2) = =—=~—  ((~) = (~1)%qlap (1, P, B)
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@ Earlier we derived

c+ico

1 1
=1 da T'(a)d~ ¢ (a — 2)

c—ioco

Eo(9)

@ Regularized Casimir energy in the frequency-cutoff

1 1
Eo(6) = 7305 +£31/25 32 4 2ﬁ315_1

4\Fag[7~|—|n5]+ FPC( 1>+(’)(6)

@ Regularized Casimir energy in the zeta function scheme

1 M2s 1o /1’25 1
2.0 7 BEO=F ) W =5 s

J

Eo(s):—iaz [i+|nu2]+ FPC( 1>+0()
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@ Massive scalar field

o(s) = / dt 5T~ (1)
0

@ In particular
(1) - ~ga(i-ton[s])
e (L[]
+%ma3/2 - #ag (i —2+1n [i:;]) +0 <;) + O(e)
@ Normalization condition

lim E{" =0
m—>00
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Configurations with finite Casimir energy /force

@ Piston configurations
o Electromagnetic field

@ Separate bodies
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@ Relevant heat kernel coefficients

a = (4m) "M
1
ai, = 1(477)(9‘1)/21[8/\/1]
af = (4m)"PPE[M] + (4m)P%671 (2K + 125) [OM]
1 13 2
+ o s 2 ab
ay, = 1384(477)@_1)/2 (96E+ <7)K + <_10) KabK
+965K + 19257) [OM]
ay = (4m)"P/?3607" (60AE + 180E%) [M]
- 4 [ [—240 40/3
D/2 1 a 3
+  (47)7P/2360 (( 190 )E;m+24K:a+12OEK+ <40/21>K

8 32/3
K., KK K.p KP K3 4+ 720SE + 1445K?
+ <—88/7> o +<320/21> T+ *

+  485K,,K? + 480S°K + 480S° + 12052)
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Separate bodies and the TGTG representation
o Let S be the boundary surface given by

7= (1) = t(n1,m2)

@ Reminder

Ey = —#Trln K

where
Kn,n') = /d4X/d4X' H(n, x)G(x, X' )H(i', ') = G(u(n), u('))
with (Dirichlet boundary conditions)

H(n,x) = 6*(x — u(n))

M. Bordag, G.L. Klimchitskaya, U. Mohideen, V.M. Mostepanenko, Advances in the Casimir Effect, Oxford University Press,
Oxford, 2009
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@ Fourier-transformation for the time variable

i ) i T )
Ey = —27_Tr|nlC_—2Tl/dX4 <X4‘TI’3|N’C‘X4>
i o Oodg ~
= —2_,_//dX4 /%Trglnng——/T /Tr3|nlC§

17 .
= 27T/d§Tr3|nlC§
0

where

Ke(17,17) /dr/drH 17, F) Ge(F, P YH(i7, ')
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Let S = S4 U S with S4N Sg = 0.
Note the block structure of the kernel Rg

R — ( Ke.an(iia,a)  Ke ag(iia, i) )
Ke,8a(7Ta:Ta)  Ke,88(7TB, 1)

Isolate 'interaction’ between the surfaces
R& _ < R{,AA 0 ) < 1 . 0 > ]; ~ Rf_,jAR@AB
0 1 0 Kegs Ke g5 Ke.Ba 1

@ Relevant finite part of the Casimir energy

/dg TrsIn (1= R AaRe as Ko bg e oa)
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@ Interaction of quantum field with background field V/(7)
Bo= - [ de Trslng¥)
0 — *% E rsin I3
0

where

&=V v(R)] 6V(F ) = 8- )

@ In operator language
[52 ~ V2 +V} 6" =1
SREE
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o Rewriting G{*) in terms of G*
[52 v] 6t = 6" Q,gv) ~vg¥)
g =g - gvg"
Also
(67 +v) gl =g (1+6) ¢ =1—
G = <1 + gé%;) g(O)

@ Introduce T-matrix
1
T = v(1+d%) =
6" = ¢ -g®71g?
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@ Exploit structure when
V(F) = Va(7) + Va(F)
Separation of A-only and B-only contribution
1+600a+ve) = (1+6) (1+90Vs) — GPagv
= (1+90) (1 - Me) (1+9vs)
where

—1 -1
Me = (1+60Va)  GVag0vs (1+60vs)

@ Express this in terms of the T-matrix

-1
Ti=Vi(1+6"n) = Mc=0 72 6 T
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@ Isolate interaction terms in the Casimir energy

Tr3In gg’”VB = Tr3ln (1 + géo)(VA + VB)) Q(O)
= Tring® — Trin (1+G7Va) = Trin (14 6Ve) — Trin (1 - M)

= —Trln ggo) + Trlng V) 4 Trln Q(VB —Trin(1— M)

@ Finite Casimir interaction energy

1 o0
E = 27T/dfTrgln(l—/\/lg)
0

17 (0) 4(0)
27T/dgTrln (1—g£ TG, 7@)
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@ More explicit

1 o
E = 27r/dgmm(l—/\/tg)
0

_ 1 i 0) -(0)
- 27T/d§TrIn (1—g£ TG TB)
0

o Compare with
1 -1 K1 K
E=o_[d¢Trsln (1 - K&,AAK&ABK&BBK@B“)
0

A. Bulgac, P. Magierski and A. Wirzba, Phys. Rev. D73 (2006) 025007 (14pp)
O. Kenneth and I. Klich, Phys. Rev. Lett. 97 (2006) 160401 (4pp)
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