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Invitation to open quantum systems

Classical n-state system

p=(p1,...,pn)T — probability vector
pi>0; > pi=1
i
How to map p intoq 7
q=Tp
T - stochastic matrix

Tiy20; ) Tij=1
)



Invitation to open quantum systems

Classical dynamics of n-state system

T(t) - classical dynamical map

‘ T(t) — stochastic matrix ; 7'(0) =1, ‘




Invitation to open quantum systems

Pauli rate equation

Epilt) =, (Wijpj(t) - Wjipz'(t)) ; p(0)=p

mi; > 0 ; — transition probability from state “j" to state “i" per unit
time

Lij = mij —8ij ) 7y
k
d
i) = Z Lij pi(t)
J

d

I p(t) = Lp(?)

L - classical stochastic generator
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Invitation to open quantum systems

Pauli rate equation — properties of L

dt
Lij = mij — b5 ) mkj
k
Lij=mj; i#]

Z LL] = ZTCL‘]‘ —Z?Tkj =0
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Kolmogorov conditions

Suppose you are given L but do not know that
Lij =mij =65 > _Tkj 5 mij >0
k
How to check that L is legitimate?

Kolmogorov conditions

Lij>0(G#35); > Lij=0
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Classical stochastic dynamics

classical stochastic semigroup

T(t+s) = T(t)T(s)
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Irreversibility

Remark: note, that T'(¢) is invertible

Tl (t) = e tF

however, its is not stochastic matrix !!!

Stochastic dynamics is irreversible



Invitation to open quantum systems

Algebraic approach

Classical algebra of observables
(R™,0) — commutative algebra
T

a=(ay,...,an)

(a ] b)k = akbk

a>0 < a=xo0x <= ap=21a2 >0
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Algebraic approach — positive maps

A linear map M : R™ — R" is positive iff

a>0 — Ma>0

M is positive iff M;; >0

A positive map M is stochastic iff MTe = e

A positive map M is doubly-stochastic iff M and MT are
stochastic.
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Algebraic approach — generator
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Invitation to open quantum systems

Algebraic approach — generator

Lij=mij = 0i » i 5 i >0
k

(Lp)j =) (Wz‘jpj - Wjipi>

2

II - positive map ; II;; = m;; >0

Lp=Tp—(II'e)op

If II is stochastic, then

Lp=Illp—-p = L=1I1-1,



Invitation to open quantum systems

Quantum Markovian semigroup



Invitation to open quantum systems

Operator algebras — intro

A — C*-algebra with identity 1

a>0 <= a=zx"; Ay

A linear map

. A — B(H)

is positive iff

D(AL) C AL



Invitation to open quantum systems

States

A positive map

. A—C

such that

is called a state.
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Invitation to open quantum systems

My (A) = M (C) @ A

A linear map
. A4 — B(H)

is k-positive iff
P =1, : Mk(A) — Mk(B(H))
is positive.

A linear map

. A— B(H)

is completely positive (CP) iff it is k-positive for k = 1,2, .. ..
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Example: how ®9 operates

X e MQ(.A)

ap az
X = < > ; a17a2)a3)a4€A
az a4



Invitation to open quantum systems

Stinespring theorem

A map ¢ : A — B(H) is CP iff there exists
o Hilbert space K

@ representation

m: A— B(K)

@ linear operator

V:K—H

such that

®(a) = Vr(a)VT
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Invitation to open quantum systems

Stinespring theorem vs. GNS

O A— B(H)

If H =C or A is commutative, then ® is CP iff it is positive.

If H = C and @ is positive (and hence CP), then ® defines a state.
Then

®(a) = Va(a)V' = (Qn(a)|)

recovers GNS |
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Invitation to open quantum systems

H=C"; A=B(H)=MC)

¢ : M, (C) — M,(C)
® is CP iff ® is n-positive
Choi, Kraus, Sudarshan

O(a) =) KaaK]

P is trace-preserving iff " K(L K,=1,

® is unital (®(I,) = L,) iff ¥, Ko K\ =1,



Invitation to open quantum systems

States

¢ : M,(C)—C

®(a) = Tr(ap)

quantum states — density operators in M, (C)

S(H) — space of quantum states

pz0, Trp=1
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Why CP 7

®, & Dy - positive maps

®; ® &5 needs NOT be positive !

d, & Py - CP maps

D1 @Dy is CP as well 1
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Invitation to open quantum systems

Why CP 7

peS(HA®HB)

p=>_ pepi ®pr
k

(la®@)p >0

If pis entangled and ® positive (14 ® ®)p needs NOT be positive !!!

If @ is CP, then (14 ® ®)p > 0 always !!!
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Invitation to open quantum systems

Dynamical map

Ay completely positive and trace preserving (CPTP)

po —> pt:=NApo

Classical — Quantum

Stochastic map — CPTP map



Invitation to open quantum systems

Markovian semigroup

The quantum analog of the Pauli rate equation

—p, =1
dt bt bt

is the following Master Equation

=1L
dt Pt

L:B(H)— B(H)

generator of the dynamical semigroup (“superoperator")



Invitation to open quantum systems
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— N =LA; AN =1
i t 0
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Markovian semigroup

pt = Aep

d
— N =LA; AN =1
i t 0

1
At:etL:]l—l—tL+§t2L2—|—...
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Markovian semigroup

What are the properties of L such that A; = e'* is CPTP ?

Lp=1Ip— (ITe)op |; I;; >0

1 1
aob:§(aob+boa):§{a,b}o
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Markovian semigroup

What are the properties of L such that A; = e'* is CPTP ?

Lp=1Ip— (ITe)op |; I;; >0

1 1
aob:§(aob+boa):§{a,b}O

II — ®&-CP

Lp=®p— 3{®*L,, p}

Tr(a[®p]) = Te([®"a]p)



Invitation to open quantum systems

Gorini-Kossakowski-Sudarshan & Lindblad

Lp=®p— 3{® L,,p} |; & -CP
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Gorini-Kossakowski-Sudarshan & Lindblad

Lp=®p— 3{® L,,p} |; & -CP

®p ="y VapVd

1
Lp =) <VapVJ - Q{VJVa,p}>

«
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Gorini-Kossakowski-Sudarshan & Lindblad

Lp=®p—3{®*L,,p} |; ® -CP

®p ="y VapVd

1
Lp =) <VapVJ - Q{VJVa,p}>

«

) 1
Lp = —i[H,p|+ Z (Va,OVJ - 2{Vo]:vomp}>
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Example 1 — pure decoherence of a qubit

Lp = _i[Ha :0] + Za (VO‘pVOJ‘r - %{VJVQ"O}>

H=0; V=+v~v/20,; v>0

1
Lp = 57 (02p0> — p)



Invitation to open quantum systems

Example 1 — pure decoherence of a qubit

Lp = _i[Ha :0] + Za (VO‘pVOJ‘r - %{VJVQ"O}>

Pt

H=0; V=+v~v/20,; v>0

1
Lp = 57 (o2po2 — p)

(1) ()

e1 — excited state ; ey — ground state

—"/t
P11 poe ' P11
- < >7A/t ) ( 0
po1 e £00

0
P00

)
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Example 1 — pure decoherence of a qubit

-

po1 €

p11 proe W ) . < p11

Lp = —i[H,p]+ >, (VapVJ -3 VJVa,p}>
HZ%O’g; V=v7/20,; v>0
Tw 1
Lp=—los,pl + 57 (02p0: = p)

twt—yt P00 0

0
£00

)
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Example 2 — dynamics of a qubit

@ unitary evolution Lop = —i[os, p]

o dumping L_p=o0_poy; L-_[1)(1]=[0)(0]
o pumping Lyp=cipo_; L4]0)(0] = |1)(1]
@ pure decoherence L.p = 0,po.

w
L=§L0+’77L7+’Y+L++%Lz; Y= V4,7 >0

pr = < (1) po(t)> ;o po(t) +p(t) =1
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Example 2 — dynamics of a qubit

_( po(t) =) ) _
pr = ( 2(t) pl(t)> i po(t) +p(t) =1

— —(y++y-)t - _ (ot
po(t) = po(0)e + o (1 e )

p1(t) =1 —po(t)

Ty = To exp ( —awt — [y= +y4]t/2 + 'yt)
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Example 2 — dynamics of a qubit

_( po(t) =) ) _
pr = ( 2(t) pl(t)> i po(t) +p(t) =1

— —(yety)t L T= (1 (o)t
po(t) = po(0)e +’Y++’Y— (1 e )

pi(t) =1—po(t)
Ty = To exp ( —idwt — [y— +y4]t/2 4+ 'yt)

- T+
pi(t) — pi =

po(t) — phy= ——— ; —
(t) 07+ Y4+ -

*
pt — ( P1 0* ) — equilibrium state
0 pp
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Reduced dynamics

HROHR

Aip :=Trp [eith(p®wR)eth}

One obtains Markovian semigroup A; = e'~ only under suitable
Born-Markov approximation

Genuine A; is NOT of the form etL |
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Invitation to open quantum systems

Pure decoherence model

H=Hs®Irp+Is®Hr+ Hgp

|n) — orthonormal basis in Hg ; P, := |n)(n|

Hg = Z enP
n

Hsp =Y P.®B,

HS:ZPn
n

H:Z,,LP,I/@ZH 5 ZnZEnHR+HR+Bn
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Pure decoherence model
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Pure decoherence model

H=% P,®Z, |; Zn=elr+Hr+B,

pr = TTR[e_th(p®wR)eth} _

Z Trr [Pm @e m(pRwR) Py ® e’iznt] =

m,n

= Z Cmn(t) PypP,

n,m

Cmn(t) = Tr (e_ith WR eiZ"t)



Invitation to open quantum systems

Pure decoherence model

H:Z7Lpn®Zn, ; Zn =¢€lr+ Hr + B,

Pt = Atp = Z cmn(t) Pman

n,m

Cmn(t) = Tr (e*"thwR eiZ”t)
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Pure decoherence model

H:Z7Lpn®Zn, ; Zn =¢€lr+ Hr + B,

pr = MNp = Zcmn PpP,
Cmn(t) = Tr (e*"thwR eiZ”t)

The matrix [y (t)] > 0, and Ay is CPTP.
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Pure decoherence model

H=% P,®Z, |; Zp=elr+Hr+ B,

Pt = Atp = Z Cmn(t) P.pP,

n,m
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Invitation to open quantum systems

Pure decoherence model

H=% P,®Z, |; Zp=elr+Hr+ B,

Pt = Atp = Zcmn mPP

d
— AN =LAy 5 Ly =7
g = Ll t

= A A

Emn (t
Lip=)Y_ mill) b op, = > mn(t) PrupPr
m,

S, Cmn (t) men



Invitation to open quantum systems

How to describe general quantum evolution?

p—r pr="MNp



Invitation to open quantum systems

There are several approaches

@ local in time master equation (TCL approach)
@ non-local master equation (TC — memory kernel)
@ stochastic unraveling
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— N =LA, Ap=1
TR t\t 0

t
Ay =T exp (/ Ludu> =
0



Invitation to open quantum systems

Local in time master equation — TCL

d
— N =LA, Ap=1
PR t\t 0

t
Ay =T exp (/ Ludu> =
0

t t t1
=1+ / dtl Lt1 + / dtl dt2 Lt1 Lt2 + ...
0 0 0
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Basic question

What are condition for L; such that the solution to

d
— Ay = LA Ag=1
dt t t4dt 0

t
Ay =T exp (/ Ludu>
0

is legitimate — CPTP?



Invitation to open quantum systems

Basic question

What are condition for L; such that the solution to

d
— Ay = LA Ag=1
dt t t4dt 0

t
Ay =T exp (/ Ludu>
0

is legitimate — CPTP?

Conditions for L; are NOT known ‘




Invitation to open quantum systems

Special classes

@ C1 - Markovian semigroup (K-L generator)
@ C2 - Divisible maps
© (C3 - Commutative dynamics

ClcC2nC3



Invitation to open quantum systems

Divisible maps

Ay — dynamical map

A; is divisible iff

At = ‘/t,SAS

t>s>0

Vi,s completely positive maps for all ¢ > s
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Divisible maps

— Ay = LA Ag=1
dt t t4dt 0

Vt,s = Lt‘/;f,s ) Vs,s =1

dt
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Divisible maps

dt

d
— Ay = LA Ag=1
dt t t4dt 0

d
Vt,s:LtV;f,s ) Vss:]1

)

t
Vi,s =T exp </ Ludu>

A =Vio

‘ Vt,sVs,u - ‘/t,u ‘
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Divisible maps

A; is divisible iff

L; — legitimate Kossakowski-Lindblad generator for all ¢

Lip = =iltr0).p+ 3 (Val0Vd(0) - SV 0Valo). 0}
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Divisible vs. Markovian

At = V;t,sAs

W,s‘/s,u = V;f,u

Some authors call the quantum evolution Markovian iff A; defines
divisible dynamical map.

Markovianity = Divisibility
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Commutative dynamics

[L¢, Ly =0

t ¢
A =T exp (/ Ludu> = exp </ Ludu>
0 0
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Commutative dynamics

[L¢, Ly =0

t ¢
A =T exp (/ Ludu> = exp </ Ludu>
0 0

L; defines a legitimate generator iff

jg L,du has K-L form for all t > 0
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commutative pure decoherence

1
Lip = 57(1) (azpaz - p)
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Example: qubit dynamics

commutative pure decoherence

1
Lip = 57(1) (Uzpaz - p)

oy = ( P00 por e T ) : T(t) = /t,y(u) du
proe " ’ 0

e Ay is CPTPiff T'(¢) > 0
e A; is divisible (Markovian) iff v(¢) >0
@ A, is a Markovian semigroup iff v(t) =~v >0
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Stochastic unraveling

Gy = L wi o, by

({wiws)) = alt,s), ((wi) =0

poi= (e wl)) — | o= (0up0 = p1)

t
~(t) == / a(t,s)ds needs not be positive!
0

(t) == /Otv(u)du:V/Ot/otoz(u,s)duds >0

’ Markovian +— a(t,s) =~(t —s) «— ~(t) :,Y‘
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Markovianity — various concepts

e Markovian semigroup (white noise) — M,

’ AtAu - At+71, ‘

o divisibility — Mo

’ W,svs,u - V%V“ ‘

o distinguishability of states (Breuer et al) — M3

’ NOT related to any composition law ‘

[ My € My € Mz |
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Distinguishability

1
Dlp1, p2] == 5”01 —p2lh
[|A]]1 := Tr|A| = TrvV AAT
DIp1, p2] = distinguishibility of p; and p

A — CPTP map (quantum channel)

| D[Apy,Aps] < Dlpy,pa] |
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Divisibility vs. distinguishability

A; — dynamical map

pi1(t) =Nepr,  p2(t) = Aep2

| Dlor(®), 2] < Dlprpal 5620 |
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Divisibility vs. distinguishability

A; — dynamical map

pi1(t) =Nepr,  p2(t) = Aep2

| Dlor(®), 2] < Dlprpal 5620 |

d
Pt:UtPUtT — %D[Pl(t)vpﬂt)] =0

d
pr=c"p = — Dlpi(t),p2()] < 0
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Markovianity — new definition

Breuer, Lane and Piilo, PRL 2008

olp1, pe;t] = %D[pl (t), p2(t)] = flux of information

’ Ay is Markovian iff o[p1, p2;t] <0 ‘
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Divisibility vs. information flow

e Markonianity | «— semigroup A; = et”

@ Markonianity Il «<— divisibility
e Markovianity Il «+— o[p1,p2;t] <0
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Divisibility vs. information flow

e Markonianity | «— semigroup A; = et”

@ Markonianity Il «<— divisibility
e Markovianity Il «+— o[p1,p2;t] <0

Divisibility = o[p1, p2;t] <0

op1, p2;t] <0 does not imply Divisibility
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Example: decoherence of qubit (Sabrina talk)

1
Lip=3 v(t) [Uzpaz - p}

‘ M C Mg = Mgs ‘

Y(t) >0 <= olp1,p2t] <0
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L:=~(P —1); legitimate K-L generator



Invitation to open quantum systems

Special class of generators

P — CPTP projector

Pi="p

L:=~(P —1); legitimate K-L generator

Ay=etl =e 1+ (1 —e P

t— o0 = pt—Pp
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Example 1

P — CPTP projector

|1),|2) ... — orthonormal basis in H

By, = [k) (k|

Pp =k PxpPx P2="P

pii(t) = pii s pij(t) = eV pyy

pure decoherence of a qudit
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Example 2

w —density matrix ; v >0

Pp=wTrp Pi="P




Invitation to open quantum systems

Example 2

w —density matrix ; v >0

‘ Pp=wTrp ‘772:77

Lp= fy(w Trp— p) ; — K-L generator

p — pr=e Vp+ (1—e*7t>w

t — o0 = p—> w (asymptotic state)
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Lp = w(wTrp — ,o) ;  — K-L generator

w — density matrix ; v >0
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Example 2

Lp= w(wTrp — ,o) ; — K-L generator
w — density matrix ; v >0
vy — (t)=0
w —> w; — time-dependent density matrix for ¢t >0
Lip =~(1) (wt Trp — p) ; — K-L generator for ¢t >0

A; — divisible map
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Lp = y(w Trp— p) ; — K-L generator

w — density matrix ; v >0
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Example 2

Lp = y(w Trp— p) ; — K-L generator
w — density matrix ; v >0
v — 7(t) (needs not be positive!ll)
w —> w; — hermitian matrix ; Trw; =1

Lip =~(t) (Wt Trp— p)
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Example 2

Lp = 'y(w Trp— p) ;  — K-L generator

p — MNp=ep+ (1 — 6_%) w Trp
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Example 2

Lp = 'y(w Trp— p) ;  — K-L generator

p — MNp=ep+ (1 — 6_%) w Trp

Lip :=~(t) (wt Trp— p)
Np=eTOp 4 (1 — efF(L)> Q, Trp

"t 1 t r
_ . _ (u) \
I(t) = /0 y(uw)du ; Q= O 1 /0 y(u)e "™ wy, du
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Example: A; legitimate

Aip = efr(t)p + (1 — efr(t)> Q Trp

t 1 ot r
= (u)
I(t) = /0 y(u)du 5 T 1 /0 y(u)e "™ wy, du
Ay is CPTP iff
e I'(t) >0

@ Q; >0, that is, ; defines a density matrix



Invitation to open quantum systems

Example: A; divisible

Aip = efr(t)p + (1 — efr(t)> Q Trp

A; is divisible iff
e v(t) >0

@ w; > 0, that is, w; defines a density matrix



Invitation to open quantum systems

Example: information flow

Ap=eTOp+ (1 - e‘“”) Q Trp

ot 1 . .
_ . _ (u
I(t) = /o y(u)du ; Q= IO 1 /0 ~y(u)e )wu du

A=p—pz; TrA=0
MA = TOA

Negative information flow is controlled ONLY by ~(¢) > 0 and
NOT by w; !l

Divisible maps C o[p1, p2;t] <0 }




Invitation to open quantum systems

Divisibility and contractivity

d
aHAtAH1§ A= p; — p2

o(p1,pa;t) ==

A traceless hermitian —— A hermitian

Let A; be a dynamical map. A; is divisible if and only if

d
— AL A <
ZlAAL <0

for all AT = A € B(H)



Invitation to open quantum systems

Divisibility implies monotonicity of several well known quantities.
e distinguishability,
o fidelity,
o relative entropy,

@ entanglement measures, ...



Invitation to open quantum systems

Divisibility vs. fidelity

2

F(p,0) = (Tr [ \/ﬁa\/ﬁD
F(p,a) < F(p(t),a(t))

If A; is a divisible map, then

& P(p(t). (1)) > 0.



Invitation to open quantum systems

Divisibility vs. entropy

S(pllo) =Tr|p(logp — loga)]
S(p(t) [ o(t) < S(pllo)

If A(t) is a divisible map, then

d

5@ lo(®) <0.



Invitation to open quantum systems

Divisibility vs. entropy

The same works for relative Rényi and Tsallis entropies

Sa(pllo) =

] log [Tr po‘al_o‘} ;7 ae0,1)U(1,00)

1 _
Typllo) ==, [1-Trpto )5 a0

lim Sa(pllo) = lm Ty(pl0) = S(pl| )



Invitation to open quantum systems

Divisibility vs. entanglement

W — an arbitrary density matrix in H @ H’

Wy = (At X ]I)W

If £ is an entanglement measure then

E[(@®d)W] < EW],



Invitation to open quantum systems

Divisibility vs. entanglement

W — an arbitrary density matrix in H @ H’

W= (Ar@ )W
If £ is an entanglement measure then
E[(e@d)W] < EW],
If £ is an entanglement measure then
EWy < EW],

If A; is divisible then
d
—EW,1 <0
il EW <0,



