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Jose M. Muñoz Castañeda1, Juan Mateos Guilarte2,3

1Institut für Theoretische Physik, Universität Leipzig, Germany.

2Departamento de Física Fundamental, Universidad de Salamanca, Spain

3IUFFyM, Universidad de Salamanca, Spain

MSQSA , Benasque, SPAIN, 2012



Dirac δ
configurations,

boundary
conditions,
quantum

fluctuations

Jose M. Mũnoz
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The scalar Casimir effect
One real field.

• Fluctuations of 1D scalar fields on classical backgrounds

L =
1
2
∂µΦ∂µΦ−

1
2

U(x)Φ2(x, t) , lim
x±∞

U(x) = 0 ,
∫ ∞
−∞

dx U(x) < +∞

Φ(t, x) =

∫ ∞
∞

dω
2π

eiωtφω(x) , −φ′′ω(x) + U(x)φω(x) = ω2φω(x)(
−ω2 − d2/dx2 + U(x)

)
G(U)
ω (x, x′) = δ(x− x′)

• Fluctuation vacuum energy.

EV =
∑

ω −
∑

ω0 =
N∑

j=1

ωj +
1
2

∫ ∞
−∞

dk
2π

k
[

dδ+
dk

+
dδ−
dk

]
, ρS0 =

L
2π

ρS(k)− ρS0 =
1

4π

[
dδ+
dk

+
dδ−
dk

]
=

1
π

∫ L

−L
dx Im

[
G(U)
ξ (x, x)− G(0)

ξ (x, x)
]
, ξ = iω
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Castãneda
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Double-delta/delta′ spectral problem
• Two delta/delta′ potentials: mimicking two soft plates in the Casimir effect

L =
1
2
∂µΦ∂µΦ−

1
2

(
µ1δ(x + a) + λ1δ

′(x + a) + µ2δ(x− a) + λ2δ
′(x− a)

)
Φ2(x, t)[

−
d2

dx2
+ µ1δ(x + a) + λ1δ

′(x + a) + µ2δ(x− a) + λ2δ
′(x− a)

]
φω(x) = ω2φω(x)

• The spectrum of L̂: L̂φω(x) = ω2φω(x)

L̂ =

[
−

d2

dx2
+ µ1δ(x + a) + λ1δ

′(x + a) + µ2δ(x− a) + λ2δ
′(x− a)

]

• Delta/delta′ matching conditions: finite step discontinuity of ψ and twisted discontinuity
of ψ′ at x = ±a


ψ(−a<)
ψ′(−a<)
ψ(a<)
ψ′(a<)

 =


1+λ1/2
1−λ1/2 0 0 0
µ1

1−λ2
1/4

1−λ1/2
1+λ1/2 0 0

0 0 1+λ2/2
1−λ2/2 0

0 0 µ2
1−λ2

2/4
1−λ2/2
1+λ2/2




ψ(−a>)
ψ′(−a>)
ψ(a>)
ψ′(a>)


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2-δ/δ′ potential: scattering I.
• The potential

U(x) = µ1δ(x + a) + λ1δ
′(x + a) + µ2δ(x− a) + λ2δ

′(x− a)

P. Kurasov, J. Math. Anal. Appl.201 (1996) 297
M. Gadella, J. Negro, L.M. Nieto, Phys. Lett. A373 (2009) 1310

• Scattering zones: Zone II : x < −a , Zone I : −a < x < a , Zone III : x > a

• Scattering waves (right-going and left-going), ∀ k ∈ R+

ψr
k(x) =


e−ikxρr + eikx , x ∈ II
Areikx + Bre−ikx , x ∈ I
eikxσr , x ∈ III

; ψl
k(x) =


e−ikxσl , x ∈ II
Aleikx + Ble−ikx , x ∈ I
eikxρl + e−ikx , x ∈ III

• Right-going waves (diestro) scattering amplitudes

ρr =
− 2e2iak(k(λ2

1+4)−2iµ1)(2kλ2+iµ2)

∆(k;µ1,λ1,µ2,λ2,a)
−

− 2e−2iak(2kλ1+iµ1)(k(λ2
2+4)+2iµ2)

∆(k;µ1,λ1,µ2,λ2,a)

, σr =
(λ2

1 − 4)(λ2
2 − 4)k2

∆(k;µ1, λ1, µ2, λ2, a)

Ar =
k(λ2

1 − 4)(k(λ2
2 + 4) + 2iµ2)

∆(k;µ1, λ1, µ2, λ2, a)
, Br = −

2e2iakk(−4 + λ2
1)(2kλ2 + iµ2)

∆(k;µ1, λ1, µ2, λ2, a)
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2-δ/δ′ potential: scattering II.
• Left-going waves (zurdo) scattering amplitudes

ρl =

2e−2iak(k(λ2
1+4)+2iµ1)(2kλ2−iµ2)

∆(k;µ1,λ1,µ2,λ2,a)
+

+
2e2iak(2kλ1−iµ1)(k(λ2

2+4)−2iµ2)
∆(k;µ1,λ1,µ2,λ2,a)

, σl =
(λ2

1 − 4)(λ2
2 − 4)k2

∆(k;µ1, λ1, µ2, λ2, a)

Al = −
2e2iakk(λ2

2 − 4)(2kλ1 − iµ1)

∆(k;µ1, λ1, µ2, λ2, a)
, Bl = −

k(λ2
2 − 4)(k(λ2

1 + 4) + 2iµ1)

∆(k;µ1, λ1, µ2, λ2, a)

• Denominator of scattering amplitudes:

∆(k;µ1, λ1, µ2, λ2, a) = 4e4iak(2kλ1 − iµ1)(2kλ2 + iµ2) +

+
(

k
(
λ2

1 + 4
)

+ 2iµ1

)(
k
(
λ2

2 + 4
)

+ 2iµ2

)
(1)

• Phase shifts and spectral density

e2iδ± = σ ±√ρlρr , ρS(k) =
1

2π
d(δ+ + δ−)

dk
+ ρS0
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2-δ/δ′ potential: Bound states.
Study the roots of ∆ in the positive imaginary axis of the k-complex plane.

∆(iκ;µ1, λ1, µ2, λ2, a) = 0 , κ ∈ R+

4e−4aκ(2κλ1 − µ1)(2κλ2 + µ2) +
(
κ
(
λ2

1 + 4
)

+ 2µ1

)(
κ
(
λ2

2 + 4
)

+ 2µ2

)
= 0

• Switch-off the δ′’s: λ1 = λ2 = 0:

e−4aκ =
4κ2

µ1µ2
+ 2

µ1 + µ2

µ1µ2
κ+ 1

3 possibilities of intersections on the positive real κ-axis of the two families of curves: 0,
no bound states, 1, one bound state or 2, two bound states.

•NO BOUND STATES :
µ1, µ2 > 0
µ1 · µ2 < 0 and − 2a < µ1+µ2

µ1µ2
< 0

•ONE BOUND STATE:
µ1, µ2 < 0 and µ1+µ2

µ1µ2
< −2a

µ1 + µ2 < 0 andµ1 · µ2 < 0
µ1 + µ2 > 0 and − 2a < µ1+µ2

µ1µ2
< 0

•TWO BOUND STATES:
µ1, µ2 < 0 and − 2a < µ1+µ2

µ1µ2
< 0
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2-δ potential: Bound states II.
•The plane of parameters (µ1 · a, µ2 · a) is divided into three zones by the hyperbola
µ1+µ2
µ1µ2

= −2a:
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Probability flux across the δ/δ′ plates
• The wave function between plates

ψ(x) = Aeikx + Be−ikx , ψ′(x) = ik
(

Aeikx − Be−ikx
)

• Probability flux through plates

ψ∗(x)ψ′(x) = ik
(
|A|2 − |B|2 + AB∗e2ikx − A∗Be−2ikx

)
Φψ = ψ∗(−a)ψ′(−a) + ψ∗(a)ψ′(a) = 2ik

[
|A|2 − |B|2 + (AB∗ − A∗B)

(
e−2ika + e2ika

)]
• Fluxes of the waves incoming from either the right or the left

Φr
ψ [k;µ1, λ1, µ2, λ2, a] =

2ik

|∆(k;µ1, λ1, µ2, λ2, a)|2
·
[

4k2(λ2
1 − 4)2(λ2 − 4)2+

+ 4ik2(λ2
1 − 4)cos(2ka)

{
k(λ2 − 2)2µ2cos(2ak) + 2(k2λ2(λ2

2 + 4) + µ2
2)sin(2ak)

}]
Φl
ψ [k;µ1, λ1, µ2, λ2, a] =

−2ik

|∆(k;µ1, λ1, µ2, λ2, a)|2
·
[

4k2(λ2
1 − 4)2(λ2 − 4)2+

+ 4ik2(λ2
2 − 4)cos(2ka)

{
−k(λ1 − 2)2µ1cos(2ak) + 2(k2λ2(λ2

1 + 4)− µ2
1)sin(2ak)

}]
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Castãneda
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The ultra-strong limit I:
Impenetrable walls: µ1 = µ2 = µ → ∞

•For µ1 = µ2 = µ :

∆(k;λ1, µ, λ2, µ, a) = 4e4ika (2kλ2 − iµ) (2kλ2 − iµ) · (2kλ1 + iµ) +

+
(

k(λ2
1 + 4) + 2iµ

)
·
(

k(λ2
2 + 4) + 2iµ

)
, ∆2(k; a) = 4

(
e4iak − 1

)
∆(k;λ1, µ, λ2, µ, a) = ∆2(k; a)µ2 + ∆1(k;λ1, λ2, a)µ+ ∆0(k;λ1, λ2, a)

ρr = −2
e2iak[k(λ2

1 + 4)− 2iµ][2kλ2 + iµ] + e−2ika[k(λ2
2 + 4) + 2iµ][2kλ1 + iµ]

∆(k;µ, λ1, µ, λ2, a)
,

σr =
(λ2

1 − 4)(λ2
2 − 4)k2

∆(k;µ, λ1, µ, λ2, a)
, Ar =

k(λ2
1 − 4)(k(λ2

2 + 4) + 2iµ)

∆(k;µ, λ1, µ, λ2, a)

Br = −2
ke2iak(λ2

1 − 4)(2kλ2 + iµ)

∆(k;µ, λ1, µ, λ2, a)

• Opaque limit for arbitrary k > 0

lim
µ→∞

ρr = −e−2iak; lim
µ→∞

σr = lim
µ→∞

Ar = lim
µ→∞

Br = 0

•There are no quantum fluctuations between plates in the ultra-strong limit for arbitrary
k > 0. There is total reflection.
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The ultra-strong limit II:
Unitary QFT between plates

• Surviving fluctuations between plates in the ultra-strong limit:

∆2(k; a) = (e2ika − 1)(e2ika + 1) = 0⇒ kn =
π

2a
n , n ∈ Z+

∆2(k; a) is the Dirichlet spectral function obtained by Asorey and Muñoz- Castañeda
(JMMC Ph. D. Thesis)
• For kn ∈ ker(∆2) and µ = µ =∞:

σr(kn, µ =∞) = 0 , ρr(kn, µ =∞) = −(−1)n

−(−1)nAr(kn, µ =∞) = −(−1)n 4− λ2
1

8 + 4(λ1 − λ2) + λ2
1 + λ2

2
= Br(kn, µ =∞)

⇒ ψ(x; kn, µ =∞) =
4− λ2

1

8 + 4(λ1 − λ2) + λ2
1 + λ2

2

(
eikx − (−1)ne−ikx

)
Dirichlet boundary conditions at both plates are satisfied by ψ(x, kn) |µ=∞ for all

n ∈ Z+ in the ultra-strong limit. ψ2p+1 |µ=∞ ∼ cos
(
k2p+1x

)
, n = 2p + 1 and

ψ2p |µ=∞ ∼ sin
(
k2px

)
, n = 2p , p ∈ Z+

ψ2p+1(−a) |µ=∞ = 0 = ψ2p+1(a) |µ=∞ , ψ2p(−a) |µ=∞ = 0 = ψ2p(a) |µ=∞
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The ultra-strong limit III:
Casimir energy

• No probability flux across plates

Φr
ψ [k;µ, λ1, µ, λ2, a] =

2ik

|∆(k;µ, λ1, µ, λ2, a)|2
·
[

4k2(λ2
1 − 4)2(λ2 − 4)2+

+ 4ik2(λ2
1 − 4)cos(2ka)

{
k(λ2 − 2)2µcos(2ak) + 2(k2λ2(λ2

2 + 4) + µ2)sin(2ak)
}]

Φl
ψ [k;µ, λ1, µ, λ2, a] =

−2ik

|∆(k;µ, λ1, µ, λ2, a)|2
·
[

4k2(λ2
1 − 4)2(λ2 − 4)2+

+ 4ik2(λ2
2 − 4)cos(2ka)

{
−k(λ1 − 2)2µcos(2ak) + 2(k2λ2(λ2

1 + 4)− µ2)sin(2ak)
}]

lim
µ→+∞

Φr
ψ = lim

µ→+∞
Φl
ψ = 0

•Zeta function prescription for regularized vacuum energy:

Ed(s) =
1
2

∞∑
n=1

(
n2π2/(2a)2

)−s
=

1
2

(
π

2a

)−2s

ζ(2s) , s ∈ C.

Physical limit s = − 1
2 : Ed = π

4a ζ(−1) = −π/(48a).
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Quasi-conformal limit µ1 = µ2 = 0
• Scattering amplitudes

σr =
(−4 + λ2

1)(−4 + λ2
2)

∆(k; 0, λ1, 0, λ2, a)
, ρr = −4

e4iak(4 + λ2
1)λ2 + λ1(4 + λ2

2)

∆(k; 0, λ1, 0, λ2, a)

Ar = −
(−4 + λ2

1)(4 + λ2
2)

∆(k; 0, λ1, 0, λ2, a)
, Br =

4e2iak(−4 + λ2
1)λ2

∆(k; 0, λ1, 0, λ2, a)

∆(k; 0, λ1, 0, λ2, a) = 16e4iakλ1λ2 + (4 + λ2
1)(4 + λ2

2)

σl =
(−4 + λ2

1)(−4 + λ2
2)

∆(k; 0, λ1, 0, λ2, a)
, ρl = 4

e4iak(4 + λ2
2)λ1 + λ2(4 + λ2

1)

∆(k; 0, λ1, 0, λ2, a)

Al = −
4e2iak(−4 + λ2

2)λ1

∆(k; 0, λ1, 0, λ2, a)
, Bl = −

(−4 + λ2
2)(4 + λ2

1)

∆(k; 0, λ1, 0, λ2, a)

• Fluxes of the waves incoming from either the right or the left

Φr
ψ [k; 0, λ1, 0, λ2, a] =

2ik

|∆(k; 0, λ1, 0, λ2, a)|2
·
[

4k2(λ2
1 − 4)2(λ2 − 4)2+

+ 4ik2(λ2
1 − 4)cos(2ka)

{
2k2λ2(λ2

2 + 4)sin(2ak)
}]

Φl
ψ [k; 0, λ1, 0, λ2, a] =

−2ik

|∆(k; 0, λ1, 0, λ2, a)|2
·
[

4k2(λ2
1 − 4)2(λ2 − 4)2+

+ 4ik2(λ2
2 − 4)cos(2ka)

{
2k2λ2(λ2

1 + 4)sin(2ak)
}]
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Magic points: λ1 = ±2, λ2 = ±2
µ1 = µ2 = 0• More opaque couplings

λ1 = ±2, λ2 6= 2 : Φr
ψ = σr = Ar = Br = σl = 0 , x = −a plate , opaque

λ1 6= 2, λ2 = ±2 : Φl
ψ = σl = Al = Bl = σr = 0 , x = a plate , opaque

• The wave function between plates

ψr
k(x; 0, λ1, 0, 2, a) =

λ2
1 − 4

4 + 4e4ikaλ1 + λ2
1

(
e−ik(x−2a) − eikx

)
(ψ′)r

k(x; 0, λ1, 0, 2, a) =
−ik(λ2

1 − 4)

4 + 4e4ikaλ1 + λ2
1

(
e−ik(x−2a) + eikx

)
• Dirichlet (e4ika = 1) or mixed Dirichlet-Neumann (e4ika = −1) boundary conditions

ψr
k(a; 0, λ1, 0, 2, a) = 0 , (ψ′)r

k(a; 0, λ1, 0, 2, a) = −2ik
eika(λ2

1 − 4)

4 + 4e4ikaλ1 + λ2
1

ψr
k(−a; 0, λ1, 0, 2, a) =

(λ2
1 − 4)e−ika

4 + 4e4ikaλ1 + λ2
1

(
e4ika − 1

)
(ψ′)r

k(−a; 0, λ1, 0, 2, a) = −ik
e−ika(λ2

1 − 4)

4 + 4e4ikaλ1 + λ2
1

(
e4ika + 1

)
New spectral function: h(2a)

dn (k) ∝ 2cos(2ak) ≡ kn = π
4a n, n ∈ Z+ : Edn = − π

96a .
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Castãneda
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Robin boundary conditions I
The spectral function

• More magics at the λ2 = −2 opaque point. The amplitudes between plates are:

Ar(k;µ1, λ1, µ2,−2, a) =
2ik(λ2

1 − 4)µ2

∆(k;µ1, λ1, µ2,−2, a)

Br(k;µ1, λ1, µ2,−2, a) = −
2ike2ika(λ2

1 − 4)(iµ2 − 4k)

∆(k;µ1, λ1, µ2,−2, a)

∆(k;µ1, λ1, µ2,−2, a) = 4e4ika(2kλ1 − iµ1)(iµ2 − 4k) +
(

k(λ2
1 + 4) + 2iµ1

)
· (8k + 2iµ2)

• No probability flux across the plates. Robin BC spectral function

Φr
ψ(k;µ1, λ1, µ2,−2, a) = 64ik2(λ2

1−4)cos(2ka)

{
kµ2cos(2ka)− 2(k2 −

µ2
2

16
)sin(2ka)

}

knµ2cos(2kna)− 2(k2
n −

µ2
2

16
)sin(2kna) = 0 ⇒ tanα =

µ2

4
• The AIM unitary matrix and the AMC spectral condition

U(α) = e2iαI , hR(k;α) ∝
{

−2ksin(2α)cos(2ka)+
+
(
k2(1 + cos(2α))− (1− cos(2α))

)
sin(2ka)
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Robin boundary conditions II
The wave functions

• The right movers wave function between plates and its derivative

ψk(x) =
−2k(λ2

1 − 4
[
e−ik(x−2a)(iµ2 − 4k)− eikx(iµ2 + 4k)

]
∆(k;µ1, λ1, µ2,−2, a)

ψ′k(x) =
2ik2(λ2

1 − 4
[
e−ik(x−2a)(iµ2 − 4k) + eikx(iµ2 + 4k)

]
∆(k;µ1, λ1, µ2,−2, a)

• Values at the boundary points

ψk(a) = 2
k2eika(λ2

1 − 4)

∆(k;µ1, λ1, µ2,−2, a)
, ψ′k(a) = −4

k2eika(λ2
1 − 4)µ2

∆(k;µ1, λ1, µ2,−2, a)

ψk(−a) =
4kcos(2ak) + µ2sin(2ak)

4k
ψk(a) , ψ′k(−a) =

µ2cos(2ak)− 4ksin(2ak)

µ2
ψ′k(a)

• Robin boundary conditions

R1 : ψk(a) +
4
µ2
ψ′k(a) = 0 ,

4kncos(2kna) + µ2sin(2kna)

kn(µ2cos(2kna)− 4knsin(2kna))
= −

4
µ2

R2 : ψk(−a) +
4kcos(2ka) + µ2sin(2ka)

k(µ2cos(2ka)− 4ksin(2ka))
ψ′k(−a) = 0
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Castãneda
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TGTG formula for vacuum energy
• T-matrix remainder

T = U(1− GoU)−1 = (1− GoU)−1U = U + UG0U + UG0UG0U + · · ·
T(x, y) = U(x)δ(x− y) + U(x)G0(x− y)U(y) +

+

∫
dz U(x)G0(x− z)U(z)G0(z− y)U(y) + · · ·

G(U)
ω (x, y) = G(0)

ω (x, y)−
∫

dz1dz2G(0)
ω (x, z1)T(U)

ω (z1, z2)G(0)
ω (z2, y)

• Compact objects in one dimension.

U(x) = U1(x) + U2(x)

Ui(x) smooth functions with disjoint compact supports on the real line.
• Vacuum interaction energy TGTG formula

Eint
0 = −

i
2

∫
dω
2π

TrL2 ln (1−Mω)

Mω = G(0)
ω T(1)

ω G(0)
ω T(2)

ω

Mω(x, y) =

∫
dz1dz2dz3G(0)

ω (x, z1)T(1)
ω (z1, z2)G(0)

ω (z2, z3)T(2)
ω (z3, y)

Kenneth and Klich, Phys. Rev. B 78, 014103 (2008). Bordag et al, “Advances in the
Casimir effect”, Oxford, UK: Oxford Univ. Pr. (2009).
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Single δ/δ′ pair T matrix I
Scattering data

• Scattering waves and matching conditions

ψr
k(x) =

(
eikx + ρre−ikx

)
H(−x) + σreikxH(x)

ψl
k(x) = σle−ikxH(−x) +

(
eikx + ρleikx

)
H(x)

ψk(0>) =
1 + λ/2
1− λ/2

ψk(0<) , ψ′k(0>) =
1− λ/2
1 + λ/2

ψ′k(0<) +
µ

1− λ2/4
ψk(0<)

• Scattering amplitudes the S-matrix

S =

(
σr ρr
ρl σl

)
=

1

2ik(1 + λ2

4 )− µ

(
2ik(1− λ2

4 ) −2ikλ+ µ

2ikλ+ µ 2ik(1− λ2

4 )

)

• The bound/anti-bound state: κb = − µ
2(1+λ2/4)

, Eb = − µ2

4(1+λ2/4)2

ψb(x) =

√
−
µ

2
1

1 + λ2/4

[
(1 + λ/2)e

− µ

2(1+λ2/4)
x
H(−x) + (1− λ/2)e

µ

2(1+λ2/4)
x
H(x)

]
•

G(µ,λ)(x, y) =
1

W[ψr
k, ψ

l
k]

(
ψr

k(x)ψl
k(y)H(x− y) + ψr

k(y)ψl
k(x)H(y− x)

)
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Single δ/δ′ pair T matrix II.
• The δ/δ′ Green’s function :

G(µ,λ)
ω (x, y) = G(0,0)

ω (x− y)−




ρr
2ik e−ik(x+y) , x, y < 0

ρl
2ik eik(x+y) , x, y > 0

σ−1
2ik eik|x−y| , sgn(x) 6= sgn(y)

G(0,0)
ω (x− y) = −

1
2ik

eik|x−y| , ω = +k

• The δ/δ′ T-matrix:

T(µ,λ)
ω (x, y) = −

(
−

d2

dx2
− ω2

)(
−

d2

dy2
− ω2

)[
G(µ,λ)
ω (x, y)− G(0,0)

ω (x− y)
]

= 2ik(σ − 1)δ(x)δ(y) = 2ik
µ− ikλ2

2ik(1 + λ2/4)− µ
δ(x)δ(y)

• Euclidean rotation: k = iκ, ω = iξ

G(0,0)(x, y) =
1

2κ
e−κ|x−y| , T(µ,λ)

ξ (x, y) = 2κ
µ+ κλ2

2κ(1 + λ2/4) + µ
δ(x)δ(y)
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The TGTG Casimir energy I
T-matrices for two pairs of δ/δ′ configurations

T(µ1,λ1)
ξ (x, y) = δ(x + a)δ(y + a) ·

2κ(µ1 + κλ2
1)

2κ(1 + λ2
1/4) + µ1

T(µ2,λ2)
ξ (x, y) = δ(x− a)δ(y− a) ·

2κ(µ2 + κλ2
2)

2κ(1 + λ2
2/4) + µ2

The M-matrix

M(µ1,λ1,µ2,λ2)
ξ (x, y) =

=

∫
dz1

∫
dz2

∫
dz3 G(0,0)

ξ (x− z1)T(µ1,λ1)
ξ (z1, z2)G(0,0)

ξ (z2 − z3)T(µ1,λ1)
ξ (z3, y)

=
(µ1 + κλ2

1)(µ2 + κλ2
2)

[2κ(1 + λ2
1/4) + µ1][2κ(1 + λ2

2/4) + µ2]
· e−2κ|x+a| · δ(y− a)

• The trace of the M-matrix

TrL2 M(µ1,λ1,µ2,λ2)
ξ (x, y) =

∫ ∞
−∞

dx M(µ1,λ1,µ2,λ2)
ξ (x, x) =

=
(µ1 + κλ2

1)(µ1 + κλ2
1)e−4κa

[2κ(1 + λ2
1/4) + µ1][2κ(1 + λ2

2/4) + µ2]
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The TGTG Casimir energy II.
• The TGTG integrand

TrL2 ln
(

1−M(µ1,λ1,µ2,λ2)
ξ (x, y)

)
=
∞∑

n=1

(−1)n+1

n

[
TrL2 M(µ1,λ1,µ2,λ2)

ξ (x, y)
]n

= ln

(
1−

(µ1 + κλ2
1)(µ2 + κλ2

2)e−4κa

[2κ(1 + λ2
1/4) + µ1][2κ(1 + λ2

2/4) + µ2]

)
•The Casimir energy and force
Eint(µ1, λ1, µ2, λ2; a) =

=
1

2π

∫ ∞
0

dκ ln

(
1−

(µ1 + κλ2
1)(µ2 + κλ2

2)e−4κa

[2κ(1 + λ2
1/4) + µ1][2κ(1 + λ2

2/4) + µ2]

)

Fint(µ1, λ1, µ2, λ2; a) = −
1
2

dEint(a)

da
=

= −
∫ ∞

0

dκ
4π

4κ(µ1 + κλ2
1)(µ2 + κλ2

2)

e4aκ[2κ(1 + λ2
1/4) + µ1][2κ(1 + λ2

2/4) + µ2]− (µ1 + κλ2
1)(µ2 + κλ2

2)

•Ultra-strong limit µ1 = µ2 =∞:

E∞int (a) =
1

2π

∫ ∞
0

dκ ln
(

1− e−4κa
)

= −
π

24
1
2a

F∞int (a) = −
1

4π

∫ ∞
0

dκ
4κ

e4aκ − 1
=

π

24
1

4a2
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