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@ Scalar field fluctuations

© Double-delta/delta’ configuration.

e Opaque couplings: boundary conditions

o Vacuum energy 7GTG formula
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The scalar Casimir effect
One real field.

® Fluctuations of 1D scalar fields on classical backgrounds

1 1 Rl
L= 20,00"0 ~ VWP (1), lim U =0, / dx U(x) < +o0

a0 = [ I26L0), —0l) + UL () = ()
(—w? =@/ + U() 65 (v, 8) = 3(x — )

e Fluctuation vacuum energy.

1) do_
EVZZM—ZMO ij-l- / jfr |:d++I:|7 PS(]:%

1 [dé do— 1 [ .
ps(k) — psy, = o [7/:- + W} == /_L dxIm [GEU)(x,x) - Gg)) (x,x)] , E=iw
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. _ ® Two delta/delta’ potentials: mimicking two soft plates in the Casimir effect
ose M. Mufioz

Castafieda

ateos Guil 1 1
) Mateos Guilarte 1+ _ 58H¢)8MD -5 (116(x+ a) + N8 (x + @) + p26(x — a) + Aod' (x — a)) B2 (x, 1)
Scalar field
fluctuations dz
[~ + 1005-+-0) 4 M @) bl ) £ 200 (5= )| ) = P )
delta/delta” X
configuration.
g:’t‘]‘mfwmim ® The spectrum of L: Lo (x) = Wl (x)
conditions A d2
Lo L= P@ 80 a) + M (3t @) + a6 (x — @) + Mb (x — a)}

® Delta/delta’ matching conditions: finite step discontinuity of +/ and twisted discontinuity

of ¢/ atx = +a
142 /2 0 0 0
P(—a<) : :,'/2 1=, /2 0 0 P(—a>)
P(—a<) | _ | =34 TEN2 Y'(—a>)
W(a<) 0 o L o ¥(a>)
Y'(a<) 0 0 ; -2y /2 Y (a>)

K2
1-23/4  1+X/2
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2-§/¢’ potential: scattering 1.
® The potential
U(x) = p16(x +a) + A8’ (x + a) + 16 (x — a) + Ao’ (x — a)
P. Kurasov, J. Math. Anal. Appl.201 (1996) 297
M. Gadella, J. Negro, L.M. Nieto, Phys. Lett. A373 (2009) 1310

e Scattering zones: Zone Il:x < —a , Zonel: —a<x<a , Zonelll:x>a

® Scattering waves (right-going and left-going), V k € RT

e p, 4 efhx , xell e kg, , xell
Pr(x) = S Ae®™ + Boe™™ | xel ;L) = A+ Be | xel
e, , xelll e*p 4 em , xelll

® Right-going waves (diestro) scattering amplitudes

2mk(k(>\7+4) 2,-#1)(2/{)\24-1'#2)
", )\1,#27>\7,ﬂ)

(A} 9% — 4R

_ Alkn -
” _ 2R i) (A3 4)2a) T Ak 1, Aty pas Aay @)
Ak, A, 12,X2,a)
. KA} — 4)(k(X3 +4) + 2ipo) 5 — 2%k —4 -+ N2)(2kXa + ipo)

A(k; p1, A1, pay Mg, a) A(k; pr, Ary p2, Ao, a)
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2-/¢’ potential: scattering II.
® [ eft-going waves (zurdo) scattering amplitudes

2(/72'",{( ()\2+4) +2ipy )(Zkkz qu)

A (kg A, 100, kz,a) _ (A% — 4)(A% — 4)k2

Pl = 7,71(:/\(2,0\]_“ |)(k(>\ +4)—2’l ) o] = Alk:
= ‘ 2 2 SIS AL M2, A2, a
+ A(kspy A1, H2,0,a) ( )
N 262K (NF — 4)(2kN; — ipy) 5 k(X3 — 4) (k(A2 +4) + 2ipy)
1= ; 1= —
A(k; prs Ar, pay A2,y a) A(k; prs Aty o, Ao,y a)

e Denominator of scattering amplitudes:
Ak, Ay 2, Maya) = 4N (kA — i) (2kAs + ipo) +
+ (k3 +4) +20m) (k(NB+4) +2i2) @

e Phase shifts and spectral density

1d(dy +5-)

M=ok o pslh) = + 5,
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Study the roots of A in the positive imaginary axis of the k-complex plane.

Jose M. Muioz

| yoasaeds Aliry i, Ay o, doya) =0, keRT
Sealar feld 44 (26N — 1) (26X + p2) + <'€ (A% + 4) + 2#1) ("v </\§ + 4) + 2#2) =0
fluctuations

o Switch-off the 6"’s: \j = X\, = 0:
Double- , 4 2 i
delta/delta’
configuration. e—4an — ART 42 M1 M2 K+ 1
SO oY oy

paque couplings:

‘13;'33,".‘, 3 possibilities of intersections on the positive real x-axis of the two families of curves: 0,
Vacuum energy no bound states, 1, one bound state or 2, two bound states.
TGTG formula

oNO BOUND STATES :

@ py,p2 >0

. —_ pitpy
@ pyp-puy <0and —2a < s <0

oONE BOUND STATE:

@ pyp,pux <0 and% < —2a

@ pi+pr <Oandpg-pr <0

@ 4 +pr>0and —2a< %<O
oTWO BOUND STATES:

_ Hitpo
@ py,puy <0and —2a < i <0
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Jose M. Mufioz ®The plane of parameters (p - a, p3 - @) is divided into three zones by the hyperbola

Castafieda +
J. Mateos Guilarte BLtl2 — _2q:
H1H2
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fluctuations

Double-
delta/delta”
configuration.

Opaque couplings:

boundary 1 bound state

conditions
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TGTG formula

Ba

1 bound state
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Probability flux across the 6 /¢’ plates

® The wave function between plates

p(x) = Ae® 4 Be™ ™yl (x) = ik (Aeik" — Be_ikx>

e Probability flux through plates
()Y (x) = ik <\A\2 — |B]? + AB* & _A*Be—Zikx)
Dy = " (—a)¥ (—a) + ¥ (@) (@) = 2k [JAP — B + (AB" — A"B) (e7 24 4 2 ) |
o Fluxes of the waves incoming from either the right or the left
2ik
IA(K; 1, Aty p2s Aoy @)
+ 4ik* (A2 — 4)cos(2ka) {k()\z — 2)2ppc08(2ak) + 2(KRXa (A2 + 4) + ,u%)sin(Zak)}]
—2ik
IA(K; 1, Aty p2s Aoy @)
72072 . 2 X 2 2 2\
+ 4ik* (A2 — 4)cos(2ka) {71<(,\l — 2)2puyc08(2ak) + 2(KPAa (A2 + 4) — ul)sln(Zak)}]

O [ 111, Aty 12, Aoy ] = 403 4200 - 42+

D ks o1, Ay 2, Mgy a] = : [4k2(>\% —4)2 (M — 4+
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The ultra-strong limit I:

Impenetrable walls: p1; = o = p — oo
oFor pip = pp =t
Ak AL, 1y Mo, o, a) = 4e¥* (2kNg — i) (2kda — ip) - (2kA| + in) +
+ (kO34 i) (KOG +4) +2i) , As(ka) =4 (¢ —1)

Ak AL, gy Ao, 1, a) = Do (k@) + Ag (ks Ar, A, a)p + Do(ks Ar, A, a)

zezl‘“k k(A 4+ 4) — 2ip][2kXs + ip] + e 2K [k(A3 + 4) + 2ip][2k\; + iy

e NGRS
L 00— KR 4)(k0F +4) + 2i)
T Ak AL e T T Al A, 0, a)
5 — _zkezl'ak(/\f — 4)(2kXa + ip)
A(k; g, Apy g, A2, @)
e Opaque limit for arbitrary k > 0
#gmx pr = —e2iak, M@l@ o M@l@ A= #imoc B, =0

eThere are no quantum fluctuations between plates in the ultra-strong limit for arbitrary
k > 0. There is total reflection.
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The ultra-strong limit II:

Unitary QFT between plates

® Surviving fluctuations between plates in the ultra-strong limit:
AZ(k;a) = (62”\’(17 1)(62ika+1) =0=k = Zln ; n€Z+
a

Aj(k; a) is the Dirichlet spectral function obtained by Asorey and Mufioz- Castafieda
(JMMC Ph. D. Thesis)
® For k, € ker(A;) and u = p = oo:

or(kn,p =00) =0 ,  prlkn,p = 00) = —(—1)"

4 -\

8+4(N — X)) + A2+ N3

—(=1)" Ay (ks = 00) = —(~1)" — By(kn, p = 0)

4 —\? . .
= X k = 00) = 1 (ezkx — (=1 ne—zkx)
Vlxikn = 00) = e — ) + A 2 =D
Dirichlet boundary conditions at both plates are satisfied by t(x, kn) |, for all
n € ZT in the ultra-strong limit. PYapti | ~ cOoS (kzl,_Hx) ,n=2p-+1and

pH=00

Pap ‘HZOO ~ sin (kpr) ,m=2p ,p€ z+

Yop1(=a) |ymoo = 0=t2p41(0) |ym0e  + Y2(—0) | oo = 0=2(a) |, 0o
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The ultra-strong limit III:
Casimir energy
® No probability flux across plates
2ik
IA(K; 11, A, 1, Ao a)?
+ 4ik* (A2 — 4)cos(2ka) {k()\z — 2)2pcos(2ak) + 2(K Ao (A2 + 4) + pz)sin(Zak)H
Byl g X = B 40] - 4700 — 47

+ 4ik* (A2 — 4)cos(2ka) { (A1 — 2)2pcos(2ak) + 2(Rxa (A2 +4) — )sin(zuk)}]

@7y [k; 1y A1y s A2y ] = . {41(2()\% — 42 (N — 42+

Iim @w— Iim <I>¢:O

HU—>—+00 HU—r—+00
eZeta function prescription for regularized vacuum energy:
1 & - 1 -
E(s) =33 (n27r2/(2a)2) g 5 (%) c(2s), sec.

n=1

Physical limit s = —1: Eg = Z(¢(—1) = —/(48a).
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Quasi-conformal limit p; = pp, =0

® Scattering amplitudes

o = AEADEATN) _ M A A+ )
' A0 ALO e A0, A1, 0, Az, a)
Lo _HAEDEE) A AD,
r = wrarerererusc U =

A(k; 0, 1,0, A2, @) A(k; 0, 1,0, A2, @)
A(k; 0, A1,0, M, a) = 166X Xy + (4 4+ X2) (4 + A\D)

(—4+ M) (—4+A3) 4e4i“k(4+)\%))\| + X4+ A
o = —-— & =
! AN, 000a) A0, 71,0, A2,4)
4eak(—4 4 X)X (—4+A2)(4+22)
A = ——n-—F7> 2" B=-——-"2 "17

A(k;0,A1,0, A2, a) A(k;0,A1,0, A2, a)
o Fluxes of the waves incoming from either the right or the left
2ik
1Ak 0,A1,0,2,a)
+ 4ik* (A2 — 4)cos(2ka) {2k2,\2(,\ + 4)sin(2ak) }]
—2ik
[A(k;0,A1,0, A2, a)

+ 4ik2(\2 — 4)cos(2ka) {2k2)\2 X2 + 4)sin(2ak }]

@7, [k; 0, A1,0, A0, = [#R0F - 4200 - 9%+

@l k0, 1,0, X0, a] = [4k2 (2 —4)2 (A — 42+
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Magic points: A\ = £2, A\, = £2

= =0
® More opaque couplings pr=re

Al =22, 0 #2: @:p:or:A,:B,:crl:O,x:—aplate, opaque
Al £ 2,0 =42 @%:m:A,:B,:U,:O,x:aplate, opaque

e The wave function between plates

M —4 i i
- = A TT (k20 ik
Ui (x;0,11,0,2,a) 4 detika); N2 (e ¢ )
—ik(\} —4)

nr %0,A1,0,2,a) = ’ (e—ik(x—2a) +eikx)
(ﬁ’ )k( y A1y Yy & ) 4+4e4’k‘1/\1 +)\%
e Dirichlet (¢**¢ = 1) or mixed Dirichlet-Neumann (¢*** = —1) boundary conditions
e”“‘()\% —4)

reo. _ RAYA . — _n;
Yp(a;0,01,0,2,a) =0, (")(a;0,71,0,2,a) = 2 s e v

()\% _ 4)6—1'/«1 ik
re_ . _ ika __
U(a;0,00,0,2,0) = S ¥ (et~ 1)

e~ka(\2 — 4) )
NF(_ g - g\ Y Aika
(¥")p(—=a;0,A1,0,2,a) lk4 Cadma T )\% (e + l)

New spectral function: h((lia) (k) o< 2cos(2ak) = kn = gon,n € Zt: Egu= — g
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Jose M. Muioz
Castafieda ® More magics at the Ay = —2 opaque point. The amplitudes between plates are:
J. Mateos Guilarte

2ik(A] — 4)p2

e Atk A, =24) = R ha)
Double- ike2ik 1
elta/del 1/ Zlkezll‘a >\2 B 4 lll/z - 4k
Br(ks s Ay 2, =2,0) = = A(k'/(i B ;)L( 2,0) )
s 1y ALy U2, — 4,
by Ak i, A 12 —2,a) = 469N, — g i1z — 46) + (KON + 4) + 20 ) - (8K 4 2i
conditions ST, AL, K2, 7(1) = 4ae ( 1 lﬂ])(l,LLZ )+ ( 1 + ) + 2ip ( + l,uZ)

Vacuum energy
TGTG formula is ; i
ot e No probability flux across the plates. Robin BC spectral function

@7, (k; pys Aty po, —2,a) = 64ik> (A2 —4)cos(2ka) {k,uzcos(2ka) —2(k* — % )91n(2ka)}

kniacos(2kna) — 2(k> — /fé)sm@k a)=0 = tana = %
® The AIM unitary matrix and the AMC spectral condition

ioc . —2ksin(2cr)cos(2ka)+
Ufe) =T, hR(k’“)‘"{ + ((1 + cos(2a)) — (1 — cos(2a))) sin(2ka)
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Robin boundary conditions II
The wave functions
® The right movers wave function between plates and its derivative
—2k(N} — 4 [e=®C=20) iy — Ak) — ¥ (ipp + 4k)]
A(k; pyy A1y po, —2,a)
2ik* (A2 — 4 [e=*6=20) (jpy — 4k) + & (i + 4k)]
A(k; p1, A, p2, —2,a)

Pr(x) =

Yrlx) =
e Values at the boundary points

Keka (A2 —4) ke (A2 — 4)p,

Yr(a) =2 , Ur(a) = —4
(@) A(k; pr, Aty p2, =2, a) (@) A(k; oy, Aty p2, =2, a)
4kcos(2ak) + ppsin(2ak pacos(2ak) — 4ksin(2ak

() = ) TSN () () = K220 — )
4k 2

e Robin boundary conditions
4 4kycos(2k, in(2k, 4

R u(a) + (@) =0, —ncosZhnd) F posin(hea) _ _ 4

12 kn (p2cos(2kya) — 4kysin(2k,a)) 17

4kcos(2ka) + ppsin(2ka)
(pacos(2ka) — 4ksin(2ka))

R2: hu(—a) + 1 Yi(—a) =0
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TGTG formula for vacuum energy

® T-matrix remainder

T = U(l-GU) '=(1-GU)'U=U-+UGU + UGUGU + - - -
T(xy) = UESx—y)+UEG(x—»UQ) +
+ [ UG- UG~ D)+
6wy = 6wy - [ dndn6d )t 1,260 @)

e Compact objects in one dimension.
U(x) = Ui(x) + Ua(x)

Ui(x) smooth functions with disjoint compact supports on the real line.
e Vacuum interaction energy 7G7G formula

EM = —i/d—“’Tr In(1— M)
0O T T ) g B @
M, = GOTWcOr®
My(xy) = /dmdzzdzng))(Lm)TS)(Z],Zz)GS))(zz,zs)Tu(Jz)(Zmy)

Kenneth and Klich, Phys. Rev. B 78, 014103 (2008). Bordag et al, “Advances in the
Casimir effect”, Oxford, UK: Oxford Univ. Pr. (2009).
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Single 6 /¢’ pair T matrix I
Scattering data

® Scattering waves and matching conditions

Pr(x) = (eikx + Prefikx> H(—x) 4 0,¢™H(x)
V) = o H(—x) + (R plef“) H(x)
1+2/2 /2

Pr(0>) = )\/2¢k(0<) Y(0>) = 1_'_)\/21111(( <) +1 )\2/4¢k(0<)

o Scattering amplitudes the S-matrix

S:( o pr ) _ 1 2ik(1 — A7) 2N+
POl 2k(1+20) —p \ 2kA+p 2ik(1—2)

X 2
o The bound/anti-bound state: x, = —m » By = —m

U =y *%Tlv/zt {(1 + /2T H (=) + (1 A/2)e2<‘+&2/4>“‘H()‘)}

G (13) = s (VWO ) + VO WH( ~ )
k* Tk
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Single ¢ /¢’ pair T matrix II.
® The §/§’ Green’s function :
£r g | 1y <0
V) = 600y - P |y >0
=Lkl | san(x) # sen(y)

1 ey
GV —y) = *ﬁelklx_" , w=+k

® The §/§' T-matrix:

d? d?
Tu(.:H’A)(XJ) = - <_ﬁ - w2> <—d72 - w2) [G&H’/\)(Ly) - Gfuo’()) (x— Y)]
1 — kX2

= 2ik(c —1)5(x)d(y) = 2ik

: mé(xﬁ()’)

® Euclidean rotation: k = ik, w = i§

w4 kA2

i T 00

1 . ,
GO0 (xy) = el TN (1) = 26
K
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The TGTG Casimir energy I

T-matrices for two pairs of §/8’ configurations
2
(11:21) _ 26(p1 + KAT)
T X, = dx4+a)Ydly+a) ——m———-—
g ) (x+ a0 +a) 26(1 + N2 /4) +
(12,22) 265 (2 + HA%)
T X, = dx—a)Y(y—a) —————=—
) = S —a) 5
The M-matrix

Mé“")‘l'“z’)‘Z)(xJ) —
_ /dzl /dZZ /d13 GO e = )T (@, 2) G0 (22 = ) TP (,)

_ (/u'l + K)‘%)(“2 + N)‘%) . e—Zm\x+a| . 5(

26(1 + A7 /4) + m]26(1 + X3/4) + po]

e The trace of the M-matrix

y—a)

o0
T, Mé#la)\]a/»"b)\Z)(x’y) _ / dxMé“")‘l’”z’)\Z)(x,x) _
—0o0

_ (1 + 62D (1 + KA )e—4ra
26(1 4+ X}/4) + ] [26(1 4+ N /4) + o]
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The TGTG Casimir energy II.

® The TGTG integrand

oo
Tr,> In (1 _ MEHI’AI;HL)\Z) (x, y)) Z

n=1

n+l n
AL 2, A
[TrLz Méﬂl 1512 2)(x,y)]

B OO (e e i
26(1 4+ X3/4) + m]26(1 + A3/4) + 2]

oThe Casimir energy and force

Eing (1, A1, 2, Ma3a) =
_l/wdﬁln<l_ (1 + ~AD) (2 + KAD)e =450 )

=2 o 2r(1 + X /4) + ml2e (1 + 33/4) + pa]
1 dEin(a
Fine(pr, A1, p2, Aosa) = —5%() =
_ /°° drk 4k (1 4+ £AD) (1o + KAZ)
0

4 Ao 2k(1 4+ €N /4) + m]2r(1+ A3/4) + pa] — (1 + £ND) (12 + £AZ)

eUltra-strong limit p1; = pp =

o _ T 1
Eq( / dk ln 4”“) = ~21%
1 4k T 1
00 . —_— e —
Fa@==2 ), d“em 1T %
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