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CLASSICAL PHYSICS
(~ = 0)

QUANTUM PHYSICS
(~� 1)

• (1+1)-D Scalar field Model:
S =

∫
dx2 [ 1

2∂µφ∂
µφ− U(φ)

]
• Euler-Lagrange Equations

∂µ∂
µφ = −∂U

∂φ
SOLUTION: φS

• Classical Mass:

Ecl =

∫ ∞
−∞
dx
[

1
2 (
∂φ

∂x
)2 + U(φ)

]

Quantification of
the classical system

SERIES EXPANSIÓN OF THE MASS

EQ(~) ≈ Ecl + ~∆E1 + ~2∆E2 + . . .

SEMICLASSICAL

APPROXIMATION:

• Solution stability:
Kψn = ω2

nψn

K = − d2

dx2 + ∂2U
∂φ2 [φS]

ωn > 0⇒ Stable solution

∆E1 = 1
2 ~
∑

r ωr

ONE-LOOP QUANTUM MASS CORRECTION

∆E1 = 1
2 ~ tr(K

1
2 )
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A REFERENCE EXAMPLE: MODEL φ4 .

• Action Functional:
S =

∫
dxdt

[ 1
2
∂φ
∂t

∂φ
∂t −

1
2
∂φ
∂x

∂φ
∂x − U(φ)

]
• Potential:

U =
1
2

(φ2 − 1)2

• Partial Diferential Equation:
∂2φ

∂t2 −
∂2φ

∂x2 + 2φ(φ2 − 1) = 0
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A REFERENCE EXAMPLE: MODEL φ4 .

• Action Functional:
S =

∫
dxdt

[ 1
2
∂φ
∂t

∂φ
∂t −

1
2
∂φ
∂x

∂φ
∂x − U(φ)

]
• Potential:

U =
1
2

(φ2 − 1)2

• Partial Diferential Equation:
∂2φ

∂t2 −
∂2φ

∂x2 + 2φ(φ2 − 1) = 0

SOLUTIONS:

VACUUM SOLUTION:
φV = ±1

KINK SOLUTION:
φK = tanh x−vt√

1−v2
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A REFERENCE EXAMPLE: MODEL φ4 .

• KINK ENERGY DENSITY:

ε(x) = sech4 x + x0 − vt√
1− v2

• KINK CLASSICAL MASS:

Ecl =

∫ ∞
−∞

dx sech4(x + x0) =
4
3

CLASSICAL KINK
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RENORMALIZATION

Quantum correction to the mass:

∆E = 1
2 ~ tr(K

1
2 )

• Hessian Operator: K = − d2

dx2 +
∂2U
∂φ2 [φS]
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RENORMALIZATION

Quantum correction to the mass:

∆E = 1
2 ~ tr(K

1
2 )

• Hessian Operator: K = − d2

dx2 +
∂2U
∂φ2 [φS]

WARNING MESSAGE!!!:

The response will be∞
SOLUTION:

We need a reference point

Zero-Point Renormalization

We have to measure the quantum correction with respect to the quantum
correction of the vacuum solution φV .
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RENORMALIZATION

Quantum correction to the mass:

∆E = 1
2 ~ tr(K

1
2 )− 1

2 ~ tr(K0
1
2 )

• Hessian Operator: K = − d2

dx2 +
∂2U
∂φ2 [φS] K0 = − d2

dx2 +
∂2U
∂φ2 [φV ]

WARNING MESSAGE!!!:

The response is∞−∞

SOLUTION:

We need a procedure

Mode Number
Cut-off Regularization
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RENORMALIZATION

Quantum correction to the mass:

∆E = 1
2 ~ tr(K

1
2 )− 1

2 ~ tr(K0
1
2 )

• Hessian Operator: K = − d2

dx2 +
∂2U
∂φ2 [φS] K0 = − d2

dx2 +
∂2U
∂φ2 [φV ]

WARNING MESSAGE!!!:

The response is∞−∞

SOLUTION:

We choose a prescription

Mode Number
Cut-off Regularization
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Quantum correction to the mass:

∆E = 1
2~ tr(K

1
2 − K0

1
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• Hessian Operator: K = − d2
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RENORMALIZATION

Quantum correction to the mass:

∆E = 1
2~ tr(K

1
2 − K0

1
2 )

• Hessian Operator: K = − d2

dx2 +
∂2U
∂φ2 [φS] K0 = − d2

dx2 +
∂2U
∂φ2 [φV ]

WARNING MESSAGE!!!:

The response is still∞

SOLUTION:

The mass coupling constant

is infinite

Mass Renormalization

We have to introduce the counterterms (well stablished procedure in Physics)
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RENORMALIZATION

Quantum correction to the mass:
∆E = ∆E1 + ∆E2

• Kink Casimir Energy:

∆E1 =
1
2
~ tr(K

1
2 − K0

1
2 )|M.C.

• Counterterms:

∆E2 = ~ 〈V(x)〉
∫

dk
4π

1√
k2 + v2

, 〈V(x)〉 =

∫ ∞
−∞

dxV(x)

• Kink fluctuation operator:

K0 = − d2

dx2 + v2 where v2 =
∂2U
∂φ2 [φV ]

• Vacuum fluctuation operator:

K = − d2

dx2 + v2 + V(x) where V(x) =
∂2U
∂φ2 [φS]− ∂2U

∂φ2 [φV ]
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MODEL φ4 .

HOMOGENEOUS SOLUTION

φV = ±1

- Hessian Operator:
K0 = − d2

dx2 + 4
SpecdK0 = {4} 1

2

SpeccK0 = {k2 + 4}k∈R

- Spectral Density:
ρ0(k) = L̄

2π

KINK SOLUTION:
φK(x) = ± tanh x

- Hessian Operator:
K = − d2

dx2 + 4− 6 sech2x
SpecdK = {0} ∪ {3} ∪ {4} 1

2

SpeccK = {q2 + 4}q∈R

- Spectral Density:
ρ(q) = L̄

2π + 1
2π

dδ(q)
dq , δ(q) = −2 arctan 3q

2−q2

∆E =
~m

2

(
√

3 +
1

2π

∫ ∞
−∞

dq
√

q2 + 4
dδ(q)

dq

)
+ ∆E2 =

=

√
3~m

2
−

~m

2π

∫ ∞
−∞

dq
3
√

q2 + 4(q2 + 2)

q4 + 5q2 + 4
+

3~m

2π

∫ ∞
−∞

dk√
k2 + 4

+
~m

4π
〈V(x) − 4〉 =

=

√
3 ~m

2
−

~m
√

3
+

~m

4π

∫ ∞
−∞

dx(−6sech2x) = ~m

(
1

2
√

3
−

3

π

)
≈ −0.666255~m
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• R. Dashen, B. Hasslacher, A. Neveu, Phys. Rev. D 10 (1974) 4130
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Goal:
Invent a procedure to approximately compute the semiclassical mass of any kink
in any (1 + 1)-dimensional scalar field theory.

Clue:
We will need to estimate the trace of differential operators without knowing the
spectra, even asymptotically.

No country for numerical analysis:
The difference between the traces of two operators demands to compute the sum
of infinite infinitesimal values.
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Quantum Correction

∆E = 1
2~
[
tr (K

1
2 − K0

1
2 )
]
− ~

8π 〈V(x)〉
∫∞
−∞

dk√
k2+v2

Generalized Zeta Function: Heat Function

ζK(s) = Tr K−s =

∞∑
n=0

(ω2
n)−s hK(β) = Tr e−βK =

∞∑
n=0

e−βω
2
n

↘ ↙
Mellin Transform

ζK(s) =
1

Γ(s)

∫ ∞
0

dβ βs−1 hK(β)

Quantum Correction

∆E = lim
s→− 1

2

~
2

(µ2)s+ 1
2

[
(ζK(s)− ζK0 (s)) + lim

l→∞

1
l

Γ[s + 1]

Γ[s]
ζK0 (s + 1)

]

1
Γ(s)

∫ ∞
0

dβ βs−1 (hK(β)− hK0 (β))
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OUR REFERENCE EXAMPLE: MODEL φ4 .

hK(β)− hK0 (β) = e−3βerf
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β − erf 2

√
β

– In a general model, the spectrum
of the kink second order small fluc-
tuation is not known.

– We can calculate exactly the
heat function.
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∞∑
n=0

an(x, y)βn
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(
k
j

)
∂ jV
∂xj

(k−j)An−1(x)

]
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OUR REFERENCE EXAMPLE: MODEL φ4:

EXACT HEAT FUNCTION

hK(β)− hK0 (β) =

+e−3βerf
√
β − erf 2

√
β

lim
β→0

[hK(β)− hK0 (β)] = 0

lim
β→∞

[hK(β)− hK0 (β)] = 1

GILKEY-DE WITT EXPANSION

h̃K(β)− h̃K0 (β) =
e−4β

4πβ

N∑
n=1

cnβ
n

Conclusion: The Gilkey-De Witt keat kernel expansion does not work
properly with zero modes
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ψn(y)∗ψn(x)e−βω
2
n +

∫
dkψ∗k (y)ψk(x)e−βω

2(k)

verifies the PDE
[
∂
∂β
− ∂2

∂x2 + V(x)
]

KK(x, y;β) = 0; KK(x, y; 0) = δ(x− y)

The STANDARD Gilkey-De Witt factorization is:

KK(x, y;β) =KK0 (x, y;β)A(x, y;β)+g(β)e−
(x−y)2

4β f ∗0 (y)f0(x)

Asymptotic behavior of the heat kernels:

lim
β→∞

KK(x, y;β) = ψ∗0 (y)ψ0(x) lim
β→∞

KK0 (x, y;β) = 0
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The MODIFIED Gilkey-De Witt factorization, which we proposed, is:

KK(x, y;β) =KK0 (x, y;β)C(x, y;β)+g(β)e−
(x−y)2

4β f ∗0 (y)f0(x)

C(x, y;β) =
∑

cn(x, y)βn g(β) = erf(v
√
β)

provides us with the Recurrence Relation in x− y variables:

(n + 1) cn+1(x, y) + (x− y)
∂cn+1(x, y)

∂x
+ V(x)cn(x, y)− ∂2cn(x, y)

∂x2 +

2vf ∗0 (y)f (x)δ0n + f ∗0 (y)f (x)
2n+1v2n+1

(2n + 1)!!
+ (x− y)f ∗0 (y)

df0(x)

dx
2n+2v2n+1

(2n + 1)!!
= 0

with c0(x, y) = 1
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(0)Cn(x) = cn(x, x) (k)C0(x) = δk0

(k)Cn(x) =
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n + k

[
(k+2)Cn−1(x)−

k∑
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(2n− 1)!!
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STANDARD GILKEY-DE WITT HEAT KERNEL EXPANSION

a0(x, x) = (0)A0(x) = 1

a1(x, x) = (0)A1(x) = −V(x)

a2(x, x) = (0)A2(x) = −1
6
∂2V
∂x2 +

1
2

(V(x))2

•

MODIFIED GILKEY-DE WITT HEAT KERNEL EXPANSION

c0(x, x) = (0)C0(x) = 1

c1(x, x) = (0)C1(x) = −V(x)− 4vf 2
0 (x)

c2(x, x) = (0)C2(x) = −1
6
∂2V
∂x2 +

1
2

(V(x))2 +
4
3

v3f 2
0 (x) + 4vf 2

0 (x)V(x)
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OUR REFERENCE EXAMPLE: MODEL φ4

EXACT HEAT FUNCTION

hK(β)− hK0 (β) = e−4β

8πβ +

+e−3βerf
√
β − erf 2

√
β

lim
β→0

[hK(β)− hK0 (β)] = 0

lim
β→∞

[hK(β)− hK0 (β)] = 1

MODIFIED G-DW EXPANSION

hK(β)− hK0 (β) =
e−4β

4πβ

N∑
n=1

cnβ
n

Conclusion: The modified Gilkey-De Witt keat kernel expansion
does not work very properly with zero modes
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Kink Mass Quantum Correction

∆E[φk]

~
= − v

π
− 1

8π

N∑
n=2

cn(K)(v2)1−nΓ[n− 1]

Exact quantum correction to the kink mass
∆E = −0.666255~m

Estimated quantum correction to the kink mass
quantumcorrection[1/2(yˆ2-1)ˆ2,-1,1,10] = −0.666255~m

Virtue of the Approach
Applicable to every model
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MODEL φ6 .

• Potential:

U =
1
2

(φ2 + a2)(φ2 − 1)2, a = 1
2

• Kink Solution:

φK(x) = a(−1+e2
√

1+a2x)√
4e2
√

1+a2x+a2(1+e2
√

1+a2x)2

• Second Order Small Fluctuation Operator:

K = − d2

dx2 + 4(1 + a2) +
15(4a + 1)2

[2a cosh(2
√

a2 + 1x) + 2a + 1]2
−

− 6(a2 + 3)(4a + 1)

2a cosh(2
√

a2 + 1x) + 2a + 1
UNKNOWN SPECTRAL INFORMATION !!!!

Estimated quantum correction to the kink mass
quantumcorrection[1/2(yˆ2-1)ˆ2,-1,1,8] = −1.0748~m
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End of the talk

Conclusions

1. The Gilkey-de Witt heat kernel expansion has been adapted to
operators which involve zero modes.

2. This offers a tool to compute the kink mass quantum correction
with a high precision.

3. The computation associated with this scheme can be automatized
by means of a Mathematica program.
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