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Our problem

Fractionalization of a Impossibility of being well-approximated by the GS
quantum number of a local Hamiltonian / long-range interactions
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Our problem

Fractionalization of a Impossibility of being well-approximated by the GS
quantum number of a local Hamiltonian / long-range interactions
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Large fractionalization of a Impossibility of being well-approximated by the GS
quantum number of a local Hamiltonian / long-range interactions




MPS assumptions for our problem

We consider traslational invariant spin chains, that is, states of the form
d
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Large fractionalization of a Impossibility of being well-approximated by the GS
quantum number of a local Hamiltonian /




Fractional Quantum Hall Effect

R. Laughlin D. C.Tsui H. Stormer

It is a physical phenomenon
concerning the collective
behaviour in a two-dimensional
system of electrons. | | P
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Fractional Quantum Hall Effect

More /s
different!

R. Laughlin D. C.Tsui H. Stormer

It is a physical phenomenon
concerning the collective
behaviour in a two-dimensional
system of electrons. | | P
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Large fractionalization
requires large entanglement

Let |1} be a spin J, U(1) invariant MPS with magnetization per particle m
verifying J — m = % (p and g relatively prime).

Then there exists a multiple of p, which we denote by p, such that the entropy
of the reduced density matrix of any region of size L = kp (Vk) verifies
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Large fractionalization
requires large entanglement

Let |1} be a spin J, U(1) invariant MPS with magnetization per particle m
verifying J — m = % (p and g relatively prime).

Then there exists a multiple of p, which we denote by p, such that the entropy
of the reduced density matrix of any region of size L = kp (Vk) verifies
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Technical details

e For any J, p, q there exists an MPS verifying J —m = %.
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e Background: characterization of symmetries of quantum states using
MPS and a generalization of the study of periodic MPS.
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Technical details

e For any J, p, q there exists an MPS verifying J —m = %.

e Background: characterization of symmetries of quantum states using
MPS and a generalization of the study of periodic MPS.

e In the thermodynamic limit, different injective M PS are orthogonal
flooreainey
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Technical details

e In the thermodynamic limit, different injective MPS are orthogonal
to one another.

Given two 1nJectlve MPS, |¢A) and |¢B> then |||¢A|| |||¢B>|| =1 up to an
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Technical details

e For any J, p, q there exists an MPS verifying J —m = %.

e Background: characterization of symmetries of quantum states using
MPS and a generalization of the study of periodic MPS.

e In the thermodynamic limit, different injective M PS are orthogonal
to one another.
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Technical details

o If |¢) = > A\r|th) where |¢),.) are different injective MPS, then py, is
“close” to @,|\.|°p,, being p, the reduced density matrix of |1),.).

Given an MPS of the form [)) = >""_, A;|¢),) such that the |¢),.) are different
‘injective MP5, then there exists a constant ¢ such that for all L, the reduced
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Technical details

e When is it true that |[¢) =Y "_, A\.[1))?




Technical details

e When is it true that |[¢) =Y "_, A\.[1))?

Consider any MPS [1p4) € C?®Y which has only one block in its canonical
form with D x D matrices { A;} and such that [E4 has p eigenvalues of modulus
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Technical details

e When is it true that |[¢) =Y "_, A\.[1))?
We must take into account that:

— A condition on the number of blocks implies a restriction on p(J —
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Technical details

Let p be the smallest integer such that, after blocking p sites together, |¢)
has a block-diagonal representation with injective blocks. Then p(J — m) = ¢,
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Technical details

e When is it true that |[¢) =Y "_, A\.[1))?
We must take into account that:

— A condition on the number of blocks implies a restriction on p(J —
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Technical details

Let m be any rational number and p € N such that there exist two quantum
states of (local spin J and) pN and (N + 1)p particles respectively, for some N,
having both of them magnetization per particle m. Then p(J — m) = ¢ with ¢
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Technical details

e When is it true that |[¢) =Y "_, A\.[1))?
We must take into account that:

— A condition on the number of blocks implies a restriction on p(J —
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Technical details

Let us assume that J —m = 1 with ged(p, ¢) = 1 in a U(1) symmetric MPS,
then the MPS has only p-periodic blocks with p a multiple of p. Moreover,
states belonging to blocks of different periods are ditferent.
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Sketch of the proof

Hypotheses
), J,m, J —m =
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Technical details

o If |¢) = > A\r|th) where |¢),.) are different injective MPS, then py, is
“close” to @,|\.|°p,, being p, the reduced density matrix of |1),.).

Given an MPS of the form [)) = >""_, A;|¢),) such that the |¢),.) are different
‘injective MP5, then there exists a constant ¢ such that for all L, the reduced
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Sketch of the proof

Hypotheses

|¢>,J,m,J—m:§

4.0

b= kp, pis a multlple of D




Technical details

Given an MPS of the form |¢)) = >""_. A\.|1,-) such that the |¢,.) are different
injective MPS, then there exists a constant ¢ such that for all L, the reduced
density matrix of L sites, pr,, is in trace distance e ¢V =L) close to @, |\|%py,
being p, the reduced density matrix of |i,.).
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Large fractionalization
requires large entanglement

Let |1} be a spin J, U(1) invariant MPS with magnetization per particle m
verifying J — m = % (p and g relatively prime).

Then there exists a multiple of p, which we denote by p, such that the entropy
of the reduced density matrix of any region of size L = kp (Vk) verifies
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Large of a Impossibility of being well-approximated by the GS
quantum number of a local Hamiltonian / long-range interactions




Large interaction length
implies large entanglement

Given an MPS [y 4) such that, for a = %, we can upper-bound the a-Renyi
entropy by

4 | d
Sa(pi) < 5 log e + E(Llogd —log L) — log i

where p4 is the reduced density matrix of a region of a certain size L, there
exists another MPS | fi> with the following properties:
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Large interaction length
implies large entanglement

Given an MPS [y 4) such that, for a = %, we can upper-bound the a-Renyi
entropy by
S()41 —I—l(lelL)ld
PA 5 0g € 10 0g 0g 0g4

where p4 is the reduced density matrix of a region of a certain size L, there
ex1sts another MPS |¢ A) with the followmg propertles
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Technical details

o [Ya) = D . ., tr[Ay ... A llir...ip) then the normalized reduced
density matrix (L particles) is

o

Z tr[A;f.L ---A}L-lAAil Sl I o M oA

i1, i
Cl1,.---3JLC




Technical details

o [Ya) = D . ., tr[Ay ... A llir...ip) then the normalized reduced
density matrix (L particles) is

ok Z tr[A;f.L ---A}L-lAAil RE S || P oot Wy e o0 ]

i1, i
CJl1,y---9JLC

.,‘,noA.mze,‘d,en&’»..a, atrix after projecting the Kraus operator
= SRITT AT LTSl ) B g N SR AN e Y SN [ L e A O Sl b L e Y e WPy Al e

a1

W Py L
e Rt
B o

— .




Technical details

o [Ya) = D . ., tr[Ay ... A llir...ip) then the normalized reduced
density matrix (L particles) is
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Technical details

e Given a density operator p. If 0 < a < 1, then

log(e(D)) < i (Sa(p) — log & ) :

Q 1l — «

where (D) = >°." ., A; with A; the nonincreasingly ordered eigenval-
ues of p and S%(p), the Renyi entropy of p, is given by S%(p) =
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Technical details

e Given a density operator p. If 0 < a < 1, then

log(e(D)) < i (Sa(p) — log & ) :

Q 1l — «

o

where €(D) = » .~ p.; A; with A; the nonincreasingly ordered eigenval-
ues of p and S%(p), the Renyi entropy of p, is given by S%(p) =

—log(Tr p%)
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Technical details

e Given a density operator p. If 0 < a < 1, then

log(e(D)) < i (Sa(p) — log & ) :

Q 1l — «
©.@)

where €(D) = » .~ p.; A; with A; the nonincreasingly ordered eigenval-
ues of p and S%(p), the Renyi entropy of p, is given by S%(p) =

| L_%log(Tr pe).
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Sketch of the proof

z 3 a given MPS, D < d(£—1)/2

14 — p3ll < €

\; ordered eigenvalues of pf
1t; ordered eigenvalues of A

i pi < i g = 0

i=D4+1 i=D4+1

reached injectivity in L — 1 sites
unique GS gapped frust-free Hamiltonian
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Technical details
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Large interaction length
implies large entanglement

Given an MPS [y 4) such that, for a = %, we can upper-bound the a-Renyi
entropy by
S()41 —I—l(lelL)ld
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where p4 is the reduced density matrix of a region of a certain size L, there
ex1sts another MPS |¢ A) with the followmg propertles
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Summary

® A large fractionalization in the
magnetization requires large
entanglement in a quantum
system.

® The absence of a local model
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