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Overview

Part I :  Introduction to nonequilibrium Green’s functions

  - Second quantization
  - Time-propagation and Keldysh contour
  - Feynman diagrams and the self-energy
  - Kadanoff-Baym equations 
  - Bethe-Salpeter and double excitations

Part 11:  Density functionals from many-body theory

  - Kohn-Sham equations and the action functional
  - Adiabatic connection in TDDFT
  - Conserving density functionals and the xc-kernel

( material inspired by
“ Nonequilibrium Many-Body Theory and the Keldysh Formalism”
  Gianluca Stefanucci and RvL, Cambridge University Press 
  to be published 2012/2013 )



Basic one-particle quantum mechanics
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|xn〉 (1)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (2)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (3)

P (α, t) = |〈α|Ψ(t)〉|2 (4)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (5)

|Ψ(t)〉 (6)

|α〉 (7)

x1 . . .xn (8)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (9)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (10)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (11)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (12)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (13)

|Φ〉 (14)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (15)

G<(x1t1,x2t2) = i〈Ψ1|Ψ2〉 = i〈Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (16)

t0 t1 t2 (17)

1

We measure a particle to be in interval 
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∆n (1)

|xn〉 (2)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (3)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (4)

P (α, t) = |〈α|Ψ(t)〉|2 (5)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (6)

|Ψ(t)〉 (7)

|α〉 (8)

x1 . . .xn (9)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (10)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (11)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (12)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (13)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (14)

|Φ〉 (15)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (16)

G<(x1t1,x2t2) = i〈Ψ1|Ψ2〉 = i〈Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (17)

1

Its corresponding state is denoted by

These states have the property
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∆n (1)

|xn〉 (2)

〈xn|xm〉 = δnm (3)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (4)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (5)

P (α, t) = |〈α|Ψ(t)〉|2 (6)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (7)

|Ψ(t)〉 (8)

|α〉 (9)

x1 . . .xn (10)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (11)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (12)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (13)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (14)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (15)

|Φ〉 (16)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (17)

1

and form a complete set
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∆n (1)

|xn〉 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (5)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (6)

P (α, t) = |〈α|Ψ(t)〉|2 (7)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (8)

|Ψ(t)〉 (9)

|α〉 (10)

x1 . . .xn (11)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (12)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (13)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (14)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (15)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (16)

|Φ〉 (17)

1

If the system is in state          then the probability to measure state             is
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∆n (1)

|xn〉 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (5)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (6)

P (α, t) = |〈α|Ψ(t)〉|2 (7)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (8)

|Ψ(t)〉 (9)

|α〉 (10)

x1 . . .xn (11)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (12)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (13)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (14)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (15)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (16)

|Φ〉 (17)

1
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|xn〉 (1)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (2)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (3)

P (α, t) = |〈α|Ψ(t)〉|2 (4)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (5)

|Ψ(t)〉 (6)

|α〉 (7)

x1 . . .xn (8)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (9)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (10)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (11)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (12)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (13)

|Φ〉 (14)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (15)

G<(x1t1,x2t2) = i〈Ψ1|Ψ2〉 = i〈Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (16)

t0 t1 t2 (17)

1
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∆n (1)

|xn〉 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)

P (α, t) = |〈α|Ψ(t)〉|2 (8)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (9)

|Ψ(t)〉 (10)

|α〉 (11)

x1 . . .xn (12)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (13)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (14)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ〉 (18)

1



Two particles

If we simultaneously measure a particle
in intervals       and        the state is
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∆n ∆m (1)

|xn〉 |xn xm〉 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)

P (α, t) = |〈α|Ψ(t)〉|2 (8)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (9)

|Ψ(t)〉 (10)

|α〉 (11)

x1 . . .xn (12)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (13)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (14)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ〉 (18)

1

Brief Article

The Author

January 1, 2012

∆n (1)

|xn〉 (2)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (3)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (4)

P (α, t) = |〈α|Ψ(t)〉|2 (5)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (6)

|Ψ(t)〉 (7)

|α〉 (8)

x1 . . .xn (9)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (10)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (11)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (12)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (13)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (14)

|Φ〉 (15)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (16)

G<(x1t1,x2t2) = i〈Ψ1|Ψ2〉 = i〈Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (17)

1
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∆n ∆m (1)

|xn〉 |xn xm〉 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)

P (α, t) = |〈α|Ψ(t)〉|2 (8)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (9)

|Ψ(t)〉 (10)

|α〉 (11)

x1 . . .xn (12)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (13)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (14)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ〉 (18)

1

The particles are indistinguishable
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∆n ∆m (1)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)

P (α, t) = |〈α|Ψ(t)〉|2 (8)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (9)

|Ψ(t)〉 (10)

|α〉 (11)

x1 . . .xn (12)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (13)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (14)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ〉 (18)

1

The states are normalized  
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∆n ∆m (1)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (4)

〈xn|xm〉 = δnm (5)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (6)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (7)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (8)

P (α, t) = |〈α|Ψ(t)〉|2 (9)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (10)

|Ψ(t)〉 (11)

|α〉 (12)

x1 . . .xn (13)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (14)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (15)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (16)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (17)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (18)

1

Let us consider fermions. Only the states with n > m are linearly independent and
we have 
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∆n ∆m (1)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (4)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (5)

〈xn|xm〉 = δnm (6)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (7)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (8)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (9)

P (α, t) = |〈α|Ψ(t)〉|2 (10)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (11)

|Ψ(t)〉 (12)

|α〉 (13)

x1 . . .xn (14)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (15)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (16)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (17)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (18)

1
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∆n ∆m (1)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (4)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (5)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (6)

〈xn|xm〉 = δnm (7)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (8)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (9)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (10)

P (α, t) = |〈α|Ψ(t)〉|2 (11)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (12)

|Ψ(t)〉 (13)

|α〉 (14)

x1 . . .xn (15)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (16)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (17)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (18)

1
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|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (1)

∆n ∆m (2)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (3)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (4)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (5)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (6)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (7)

〈xn|xm〉 = δnm (8)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (9)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (10)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (11)

P (α, t) = |〈α|Ψ(t)〉|2 (12)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (13)

|Ψ(t)〉 (14)

|α〉 (15)

x1 . . .xn (16)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (17)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (18)

1

For N fermions we have (with P a permutation)
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|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (1)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (2)

∆n ∆m (3)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (4)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (5)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (6)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (7)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (8)

〈xn|xm〉 = δnm (9)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (10)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (11)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (12)

P (α, t) = |〈α|Ψ(t)〉|2 (13)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (14)

|Ψ(t)〉 (15)

|α〉 (16)

x1 . . .xn (17)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (18)

1

 There is a unique operator            that generates the position basis. It is defined by
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ψ̂†(x) (1)

|x1〉 = ψ̂†(x1)|0〉 (2)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (3)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (4)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (5)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (8)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (9)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (10)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (11)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (12)

〈xn|xm〉 = δnm (13)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (16)

P (α, t) = |〈α|Ψ(t)〉|2 (17)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (18)

1
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ψ̂†(x) (1)

|x1〉 = ψ̂†(x1)|0〉 (2)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (3)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (4)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (5)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (8)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (9)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (10)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (11)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (12)

〈xn|xm〉 = δnm (13)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (16)

P (α, t) = |〈α|Ψ(t)〉|2 (17)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (18)

1

      is called creation operator
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ψ̂†(x) (1)

|x1〉 = ψ̂†(x1)|0〉 (2)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (3)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (4)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (5)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (8)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (9)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (10)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (11)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (12)

〈xn|xm〉 = δnm (13)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (16)

P (α, t) = |〈α|Ψ(t)〉|2 (17)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (18)

1
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0〉 = 0 (6)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (7)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (8)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (9)

(10)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (11)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (12)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1



It follows :
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ψ̂†(x) (1)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (2)

|x1〉 = ψ̂†(x1)|0〉 (3)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (4)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (5)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (6)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (7)

∆n ∆m (8)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (9)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (10)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (11)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (12)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (13)

〈xn|xm〉 = δnm (14)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (15)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (16)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (17)

P (α, t) = |〈α|Ψ(t)〉|2 (18)

1

The adjoint             of the creation operator therefore satisfies

and hence (check yourself!)
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ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (1)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (2)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (3)

ψ̂†(x) (4)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (5)

|x1〉 = ψ̂†(x1)|0〉 (6)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (7)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (8)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (9)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (10)

∆n ∆m (11)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (12)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (13)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (14)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (15)

1
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ψ̂(x)|0〉 = 0 (1)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (2)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (3)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (4)

(5)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (6)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (7)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1〉 = ψ̂†(x1)|0〉 (11)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (12)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (13)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (14)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

ψ̂(x)|0〉 = 0 (34)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (35)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (36)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (37)

(38)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (39)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . .yN 〉∗ = 〈y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1〉 (40)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (41)

ψ̂†(x) ψ̂(x) (42)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (43)

|x1〉 = ψ̂†(x1)|0〉 (44)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (45)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (46)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (47)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (48)

∆n ∆m (49)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (50)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (51)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (52)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (53)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (54)

〈xn|xm〉 = δnm (55)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (56)

3
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〈Φ|Ô†|χ〉 = 〈χ|Ô|Φ〉∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ# · G$
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G# · Σ$
]

(t1, t2)

i∂tG
#(t, τ) =

[

ΣR · G# + Σ# % GM
]

(t, τ)

−i∂tG
$(τ, t) =

[

G$ · ΣA + GM % Σ$
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f % g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c$(τ, t) = c(t0 − iτ, t)

c#(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)

1

Remember that the adjoint of an operator Ô is defined by 
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0〉 = 0 (4)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (5)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (6)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (7)

(8)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (9)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (10)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1〉 = ψ̂†(x1)|0〉 (14)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (15)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (16)

1
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0〉 = 0 (4)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (5)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (6)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (7)

(8)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (9)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (10)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1〉 = ψ̂†(x1)|0〉 (14)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (15)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (16)

1

It follows (with anti-commutator                                         ):
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ψ̂(x)|0〉 = 0 (1)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (2)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (3)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (4)

(5)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (6)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (7)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1〉 = ψ̂†(x1)|0〉 (11)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (12)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (13)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (14)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

The operator          is called annihilation operator

Brief Article

The Author

January 1, 2012

ψ̂(x)|0〉 = 0 (1)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (2)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (3)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (4)

(5)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (6)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (7)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1〉 = ψ̂†(x1)|0〉 (11)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (12)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (13)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (14)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

For example:



The density operator is defined by 
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0〉 = 0 (6)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (7)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (8)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (9)

(10)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (11)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (12)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0〉 = 0 (7)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (8)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (9)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (10)

(11)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (12)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (13)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

The expectation value
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n(x) = 〈Ψ|n̂(x)|Ψ〉 (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0〉 = 0 (8)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (9)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (10)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (11)

(12)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (13)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (14)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

is the particle density of the system in state 
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n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0〉 = 0 (8)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (9)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (10)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (11)

(12)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (13)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (14)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

and has the property

For example:
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ψ̂†(x) ψ̂(x)|y1y2〉 = ψ̂†(x) (δ(x − y2)|y1〉 − δ(x − y1)|y2〉)
= δ(x − y2)|y1x〉 − δ(x − y1)|y2x〉
= (δ(x − y1) + δ(x − y2))|y1y2〉

〈Φ|Ô†|χ〉 = 〈χ|Ô|Φ〉∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ# · G$
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G# · Σ$
]

(t1, t2)

i∂tG
#(t, τ) =

[

ΣR · G# + Σ# ' GM
]

(t, τ)

−i∂tG
$(τ, t) =

[

G$ · ΣA + GM ' Σ$
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ' g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ

dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c$(τ, t) = c(t0 − iτ, t)

c#(t, τ) = c(t, t0 − iτ)

1



The Hamiltonian 

The time-evolution of a N-particle system is given by the Schrödinger equation
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i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (1)

|Ψ(t0)〉 = |Ψ0〉 (2)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (3)

[A,B]+ = AB + BA (4)

x = r,σ (5)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (6)

n̂(x) = ψ̂†(x)ψ̂(x) (7)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (8)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (9)

ψ̂(x)|0〉 = 0 (10)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (11)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (12)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (13)

(14)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (15)

1
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i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (1)

|Ψ(t0)〉 = |Ψ0〉 (2)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (3)

[A,B]+ = AB + BA (4)

x = r,σ (5)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (6)

n̂(x) = ψ̂†(x)ψ̂(x) (7)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (8)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (9)

ψ̂(x)|0〉 = 0 (10)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (11)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (12)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (13)

(14)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (15)

1

Kinetic energy + external potential Two-particle interactions

It has one- and two-body parts
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Ĥ(t) = Ĥ0(t) + Ŵ (1)

Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (2)

Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (3)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(4)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (5)

Ŵ |x1 . . . xN 〉 =
1

2

N
∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)

|Ψ(t0)〉 = |Ψ0〉 (8)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (9)

[A,B]+ = AB + BA (10)

x = r,σ (11)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (12)

n̂(x) = ψ̂†(x)ψ̂(x) (13)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (14)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (15)

1

If we use a specific Hamiltonian we have to give its representation in a given basis.



For one particle in position basis we can, for example, define the Hamiltonian

The Schrödinger equation

in the position representation then has the form
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〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (1)

ĥ|n, t〉 = i∂t|n, t〉 (2)

ϕn(x, t) = 〈x|n, t〉 (3)

i∂tϕn(x, t) = 〈x|ĥ|n, t〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|n, t〉 (4)

=

(

−
1

2
∇2 + v(x, t)

)

ϕn(x, t) (5)

〈n|m〉 = δnm (6)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (7)

[

d̂n, d̂m

]

+
= δnm (8)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (9)

ĥ|n〉 = εn|n〉 ĥ (10)

d̂†n =

∫

dxϕn(x)ψ̂†(x) (11)

d̂n =

∫

dxϕ∗
n(x)ψ̂(x) (12)

|n〉 = d̂†n|0〉 (13)

〈x|n〉 = ϕn(x) (14)

h(x) = (15)

1
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〈x1 (1)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (2)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (3)

ψ(x, t) = 〈x|ψ(t)〉 (4)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (5)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (6)

〈n|m〉 = δnm (7)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (8)

[

d̂n, d̂m

]

+
= δnm (9)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (10)

ĥ|n〉 = εn|n〉 ĥ (11)

d̂†n =

∫

dxϕn(x)ψ̂†(x) (12)

d̂n =

∫

dxϕ∗
n(x)ψ̂(x) (13)
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Similarly for N particles we define the Hamiltonian by
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〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (1)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (2)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (3)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (4)

ψ(x, t) = 〈x|ψ(t)〉 (5)
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∫
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1

2
∇2 + v(x, t)
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〈x|x′〉〈x′|ψ(t)〉
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−
1

2
∇2 + v(x, t)

)
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[

d̂n, d̂m

]
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=
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d̂†n, d̂†m

]
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]
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|n〉 =
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or equivalently, for any state 
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1 . . .x′
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∑
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∇2
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〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (6)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (7)

ψ(x, t) = 〈x|ψ(t)〉 (8)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =
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=
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|Ψ〉 (1)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (2)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (3)

〈x1 . . .xN |Ĥ |Ψ〉 (4)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (5)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (6)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (7)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (8)

ψ(x, t) = 〈x|ψ(t)〉 (9)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (10)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (11)

〈n|m〉 = δnm (12)

1

Since the one- and two-body potentials are diagonal in the position representation 
it is easy to express them in second quantization

Many-body wave function



For the 2-particle interaction we have

Since the density operator has the property

Brief Article

The Author

January 1, 2012

[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0〉 = 0 (7)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (8)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (9)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (10)

(11)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (12)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (13)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

it follows that
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Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (1)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(2)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (3)

Ŵ |x1 . . . xN 〉 =
1

2

∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (4)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (5)

|Ψ(t0)〉 = |Ψ0〉 (6)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (7)

[A,B]+ = AB + BA (8)

x = r,σ (9)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (10)

n̂(x) = ψ̂†(x)ψ̂(x) (11)
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]

+
=

[

ψ̂†(x), ψ̂†(y)
]
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= 0 (12)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (13)
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Similarly for the one-body potential
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V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ〉 (4)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (5)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (6)

〈x1 . . .xN |Ĥ |Ψ〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (8)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (9)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (10)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (11)

ψ(x, t) = 〈x|ψ(t)〉 (12)
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V̂ (t)|x1 . . .xN 〉 =
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∑

j
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∫
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V̂ (t) =
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〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (5)

=
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N
∑

j

−
1

2
∇2

j + v(xj , t) +
1
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N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (6)

〈x1 . . .xN |Ĥ |Ψ〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (8)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (9)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (10)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (11)

ψ(x, t) = 〈x|ψ(t)〉 (12)

1

The kinetic energy operator is only slightly more difficult. Let’s illustrate it for
3 particles. Remember that

Ŵ |x1 . . . xN 〉 =
1

2

N
∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (33)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (34)

|Ψ(t0)〉 = |Ψ0〉 (35)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (36)

[A,B]+ = AB + BA (37)

x = r,σ (38)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (39)

n̂(x) = ψ̂†(x)ψ̂(x) (40)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (41)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (42)

ψ̂(x)|0〉 = 0 (43)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (44)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (45)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (46)

(47)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (48)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . .yN 〉∗ = 〈y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1〉 (49)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (50)

ψ̂†(x) ψ̂(x) (51)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (52)

3
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ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (1)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (2)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ〉 (6)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (8)

〈x1 . . .xN |Ĥ |Ψ〉 (9)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (10)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (11)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (12)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (13)

1
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ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (1)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (2)

V̂ (t)|x1 . . .xN 〉 =
N
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j

v(xj , t)|x1 . . .xN 〉 =
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dx n̂(x)v(x, t)|x1 . . .xN 〉 (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ〉 (6)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (8)

〈x1 . . .xN |Ĥ |Ψ〉 (9)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (10)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (11)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (12)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (13)

1



If we therefore define
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T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (1)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (2)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (3)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (4)

(5)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (6)

|Ψ〉 (7)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (8)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (9)

〈x1 . . .xN |Ĥ |Ψ〉 (10)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (11)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (12)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (13)

1

then since T is Hermitian
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〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (1)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (2)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (3)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (4)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (5)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (6)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (7)

(8)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (9)

|Ψ〉 (10)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (11)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (12)

〈x1 . . .xN |Ĥ |Ψ〉 (13)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (14)

1
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〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (1)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (2)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (3)

T̂ = −
1

2
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dx n̂(x)v(x, t)|x1 . . .xN 〉 (7)

(8)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (9)

|Ψ〉 (10)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (11)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (12)

〈x1 . . .xN |Ĥ |Ψ〉 (13)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (14)

1
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〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (1)
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1
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(

∇2
y1
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+ ∇2
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)
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= −
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1
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∫
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∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (7)

(8)

V̂ (t) =

∫
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〈x1 . . . xN |Ĥ|x′
1 . . .x′
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=
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N
∑
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−
1
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∇2

j + v(xj , t) +
1
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N
∑
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w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (12)
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
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N
∑
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−
1
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∇2
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w(xi,xj)


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Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (1)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (2)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (3)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (4)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (5)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (6)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (7)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (8)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (9)

(10)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (11)

|Ψ〉 (12)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (13)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (14)

1
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Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (1)

+
1

2

∫
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∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (4)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (5)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (6)
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V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (9)

(10)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (11)

|Ψ〉 (12)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (13)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (14)

1

yielding exactly the matrix element of the kinetic energy operator.  Hence



Often also a discrete representation is used by defining

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (66)

ψ(x, t) = 〈x|ψ(t)〉 (67)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

〈n|m〉 = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (73)

ĥ|n〉 = εn|n〉 ĥ (74)

â†n =

∫

dxϕn(x)ψ̂†(x) (75)

ân =

∫

dxϕ∗
n(x)ψ̂(x) (76)

|n〉 = â†n|0〉 (77)

〈x|n〉 = ϕn(x) (78)

h(x) = (79)

Ĥ0 =
N

∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

〈x|ĥ(t)|x′〉 = h(x)δ(x − x
′) (82)

Ĥ(t) = Ĥ0(t) + Ŵ (83)

Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (84)

7

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (66)

ψ(x, t) = 〈x|ψ(t)〉 (67)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)
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〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

〈n|m〉 = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

|n〉 =
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h(x) = (79)

Ĥ0 =
N

∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

〈x|ĥ(t)|x′〉 = h(x)δ(x − x
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1
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dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (84)
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where           is an orthonormal set of orbitals

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (66)

ψ(x, t) = 〈x|ψ(t)〉 (67)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

〈n|m〉 = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (73)

ϕn

ĥ|n〉 = εn|n〉 ĥ (74)

â†n =

∫

dxϕn(x)ψ̂†(x) (75)

ân =

∫

dxϕ∗
n(x)ψ̂(x) (76)

|n〉 = â†n|0〉 (77)

〈x|n〉 = ϕn(x) (78)

h(x) = (79)

Ĥ0 =
N∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

〈x|ĥ(t)|x′〉 = h(x)δ(x − x
′) (82)

Ĥ(t) = Ĥ0(t) + Ŵ (83)

Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (84)
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]

+
= 0 (71)
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1

2

∑

ijkl

vijkl â
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i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (1)

|Ψ(t0)〉 = |Ψ0〉 (2)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (3)

[A,B]+ = AB + BA (4)

x = r,σ (5)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (6)

n̂(x) = ψ̂†(x)ψ̂(x) (7)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (8)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (9)

ψ̂(x)|0〉 = 0 (10)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (11)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (12)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (13)

(14)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (15)

1

The next task is to solve the Schrödinger equation

If we divide [t0 , T ] into n intervals Δ then 
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|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (1)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (2)

T (3)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (4)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (5)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (6)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (7)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (8)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (9)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (10)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (11)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (12)

(13)

1
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|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (1)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (2)

T (3)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (4)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (5)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (6)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (7)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (8)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (9)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (10)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (11)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (12)

(13)

1

where         denotes time-ordering that orders the latest operator most left.
We used that operators commute under time-ordering
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T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(1)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(2)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (3)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (4)

T (5)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (6)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (7)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (8)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (9)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (10)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (11)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (12)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (13)

1

and hence, in particular

Brief Article

The Author

January 5, 2012

T
{
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|Ψ(t0)〉 (3)
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{
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j Ĥ(tj )∆
}

|Ψ(t0)〉 (4)

T (5)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (6)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (7)
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+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (9)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
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1
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e−iĤ(tn)∆ . . . e−iĤ(t0)∆
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|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (1)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(2)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(3)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (4)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (5)

T (6)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (7)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (8)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (9)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (10)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (11)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (12)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (13)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (14)

1

In the limit Δ => 0 then 

Time-evolution operator
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i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (1)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (2)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(3)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(4)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (5)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (6)

T (7)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (8)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (9)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (10)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (11)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (12)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (13)

1

It follows from the Schrödinger equation that 

Let us now calculate an expectation value of an operator Ô(t) :
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〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (1)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (2)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (3)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (4)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(5)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(6)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (7)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (8)

T (9)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (10)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (11)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (12)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (14)

1

where
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〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (1)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (2)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (3)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (4)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(5)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(6)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (7)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (8)

T (9)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (10)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (11)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (12)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (14)

1

defines the Heisenberg form of the operator Ô(t) 



It satisfies the equation (check yourself!)
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〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (1)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (2)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(3)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (4)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (5)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
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(6)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
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(7)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (8)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (9)

T (10)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (11)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (12)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (14)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (15)

1

For example,  you can check that 

Brief Article

The Author

January 5, 2012

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (1)

〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (2)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (3)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(4)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (5)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (6)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(7)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(8)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (9)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (10)

T (11)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (12)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (13)

1

It will be useful to extend the concept of expectation value to ensembles
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〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(1)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (2)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (3)

〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (4)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (5)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(6)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (7)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (8)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(9)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(10)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (11)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (12)

T (13)

1
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∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(6)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (7)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (8)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(9)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(10)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (11)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (12)

T (13)

1
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∑

n

wn = 1 (1)

wm ≥ 0 (2)

|Φm〉 (3)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (4)

〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(5)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (6)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (7)

〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (8)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (9)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(10)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (11)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (12)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(13)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(14)

1
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ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (9)
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}

(13)

T
{
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1

any complete orthonormal setwhere we defined                                    with



An important special case is
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wn =
e−βEn

Z
(1)

Z =
∑

n

e−βEn (2)

ĤM |Ψn〉 = En|Ψn〉 (3)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (4)

ĤM = Ĥ(t0) − µN̂ (5)
∑

n

wn = 1 (6)

wm ≥ 0 (7)

|Φm〉 (8)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (9)

〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(10)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (11)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (12)

〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (13)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (14)

1
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wn =
e−βEn

Z
(1)

Z =
∑

n

e−βEn (2)

ĤM |Ψn〉 = En|Ψn〉 (3)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =
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1

This corresponds to an initial system at inverse temperature β and chemical potential μ
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Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(1)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (2)

wn =
e−βEn

Z
(3)

Z =
∑

n

e−βEn (4)

ĤM |Ψn〉 = En|Ψn〉 (5)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (6)

ĤM = Ĥ(t0) − µN̂ (7)
∑

n

wn = 1 (8)

wm ≥ 0 (9)

|Φm〉 (10)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (11)

〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(12)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (13)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (14)

1

If we therefore define
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Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(1)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (2)

wn =
e−βEn

Z
(3)

Z =
∑

n

e−βEn (4)

ĤM |Ψn〉 = En|Ψn〉 (5)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (6)

ĤM = Ĥ(t0) − µN̂ (7)
∑

n

wn = 1 (8)

wm ≥ 0 (9)

|Φm〉 (10)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (11)

〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(12)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (13)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (14)

1

then we can write

=

−i
∞∑

k=0

1
k!

(
i
2

)k ∫

dx
∫

w(1, 1′) . . . w(k, k′) o(x, z)g2k+1(xz, 1, 1′, . . . ;x′z+, 1+, 1′+, . . .)|x=x′,z=t

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)

(17)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (18)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (19)

j = xjzj (20)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ
dz Ĥ0(z)

} (21)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

e−βĤM

ÔH0
(t)

n∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (22)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (23)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(24)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (25)

wn =
e−βEn

Z
(26)

wn =
e−βEn

∑

m e−βEm
(27)

4

Z =
∑

n

e−βEn (28)

ĤM |Ψn〉 = En|Ψn〉 (29)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| =
e−βĤM

Tr
{

e−βĤM
} (30)

ĤM = Ĥ(t0) − µN̂ (31)
∑

n

wn = 1 (32)

wm ≥ 0 (33)

|Φm〉 (34)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (35)

〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(36)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (37)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (38)

〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (39)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (40)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(41)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (42)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (43)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(44)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(45)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (46)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (47)

5



(L.V.Keldysh, Sov.Phys.JETP20, 1018 (1965)) 

Brief Article

The Author

January 6, 2012

〈Ô(t)〉 =
Tr T

{

e−i
R

γ
dz Ĥ(z)Ô(t)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (1)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(2)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (3)

wn =
e−βEn

Z
(4)

Z =
∑

n

e−βEn (5)

ĤM |Ψn〉 = En|Ψn〉 (6)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (7)

ĤM = Ĥ(t0) − µN̂ (8)
∑

n

wn = 1 (9)

wm ≥ 0 (10)

|Φm〉 (11)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (12)

〈ÔH(t)〉 =
∑

n

wn〈Ψn|ÔH(t)|Ψn〉 = Tr
{

ρ̂ ÔH(t)
}

(13)

1

Time contour

Time ordering is now defined along the Keldysh contour  
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〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (1)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ
dz Ĥ(z)Ô(t)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (2)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(3)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (4)

wn =
e−βEn

Z
(5)

Z =
∑

n

e−βEn (6)

ĤM |Ψn〉 = En|Ψn〉 (7)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (8)

ĤM = Ĥ(t0) − µN̂ (9)
∑

n

wn = 1 (10)

wm ≥ 0 (11)

|Φm〉 (12)

Tr Â =
∑

m

〈Φm|Â|Φm〉 (13)

1



Perturbation expansion
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Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (1)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ
dz Ĥ(z)Ô(t)

}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (2)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(3)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (4)

wn =
e−βEn

Z
(5)

Z =
∑

n

e−βEn (6)

ĤM |Ψn〉 = En|Ψn〉 (7)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (8)

ĤM = Ĥ(t0) − µN̂ (9)
∑

n

wn = 1 (10)

wm ≥ 0 (11)

1
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Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (1)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ
dz Ĥ(z)Ô(t)

}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (2)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(3)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (4)

wn =
e−βEn

Z
(5)

Z =
∑

n

e−βEn (6)

ĤM |Ψn〉 = En|Ψn〉 (7)

ρ̂ =
∑

n

e−βEn

Z
|Ψn〉〈Ψn| =

e−βĤM

Tr
{

e−βĤM
} (8)

ĤM = Ĥ(t0) − µN̂ (9)
∑

n

wn = 1 (10)

wm ≥ 0 (11)

1

The integrand has the form

We thus have to deal with time-ordered strings of an equal number of
creation and annihilation operators
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w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (1)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(2)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (3)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (4)

j = xjzj (5)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr
{

e−i
R

γ dz Ĥ0(z)
} (6)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (7)
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w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (1)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(2)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (3)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (4)

j = xjzj (5)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr
{

e−i
R

γ dz Ĥ0(z)
} (6)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (7)

1



We therefore define the general correlator

also known as the (noninteracting) n-particle Green’s function which has some
nice properties (as explained very soon) if we define the time-ordering for
field operators such that every interchange yields a minus sign
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j = xjzj (1)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr
{

e−i
R

γ
dz Ĥ0(z)

} (2)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (3)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (4)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(5)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (6)

wn =
e−βEn

Z
(7)

1

If we now let Ô(t) be a 1-body operator :
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Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (1)

j = xjzj (2)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
}

Tr
{

e−i
R

γ
dz Ĥ0(z)

} (3)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (4)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (5)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(6)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (7)

1
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G(1, 1′) =
1

i

Tr
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr
{

e−i
R

γ
dz Ĥ(z)

} (1)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (2)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(3)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (4)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (5)

j = xjzj (6)

gn(1 . . . n, 1′ . . . n′) =
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dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
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
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then we can expand its expectation value in terms of 
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∑
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w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

=

−i
∞
∑

k=0

1
k!

(

i
2

)k ∫

dx
∫

w(1, 1′) . . . w(k, k′) o(x, z)g2k+1(xz, 1, 1′, . . . ;x′z+, 1+, 1′+, . . .)|x=x′,z=t

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)

(14)
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
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}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
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Ĥ(t) z ∈ [t0,∞[
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〈Ô(t)〉 =
Tr T

{

e−i
R
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

n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{
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It is alternatively defined as
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γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)
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Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (7)

j = xjzj (8)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R
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It remains to find an explicit simple equation for 
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w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (5)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(6)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (7)
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(t)ŴH0

(z1) . . . ŴH0
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〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
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ĤM z ∈ [t0, t0 − iβ]

(20)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (21)

wn =
e−βEn

Z
(22)

2
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gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(1)

gk (2)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ
dz Ĥ(z)ψ̂(1)ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (3)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(4)

〈Â〉 = Tr ρ̂Â (5)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (6)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(7)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (8)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (9)

j = xjzj (10)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ
dz Ĥ0(z)

} (11)

1

where we denoted
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g(1, 1′) = g1(1, 1
′) (1)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(2)

gk (3)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (4)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(5)

〈Â〉 = Tr ρ̂Â (6)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (7)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(8)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (9)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (10)

j = xjzj (11)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (12)

1

The proof of this identity is easy:  Apply the operators
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i ∂zj − h(xj , zj) (1)

h(x, z) = −
1

2
∇2 + v(x, z) (2)

g(1, 1′) = g1(1, 1
′) (3)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(4)

gk (5)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (6)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(7)

〈Â〉 = Tr ρ̂Â (8)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (9)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(10)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (11)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (12)

j = xjzj (13)

1
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i ∂zj − h(xj , zj) (1)

h(x, z) = −
1

2
∇2 + v(x, z) (2)

g(1, 1′) = g1(1, 1
′) (3)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(4)

gk (5)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (6)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(7)

〈Â〉 = Tr ρ̂Â (8)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (9)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(10)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (11)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (12)

j = xjzj (13)

1

on both sides of the equation and check that both sides satisfies 
the same differential equation and boundary conditions



what you need is that
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)

i ∂zj − h(xj , zj) (4)

h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
′) (6)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

〈Â〉 = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)

i ∂zj − h(xj , zj) (4)

h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
′) (6)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

〈Â〉 = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)

i ∂zj − h(xj , zj) (4)

h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
′) (6)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

〈Â〉 = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1

which follow directly from the definition of these quantities (check yourself)
(it is now also clear why the field operators need to anti-commute under
the time-ordering operator)

The equations of motion for g(1,1’) are simple one-particle equations and
we can therefore easily solve them.

In combination with Wick’s theorem this leads to an explicit expression
for the interacting Green’s function as a perturbation series



Perturbation expansion for the Green’s function :

It is now only a technical matter to evaluate these terms

This leads to Feynman diagrams. Let us give an example an expand the 
numerator N(a,b) to first order

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

G(a, b) =

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

(i ∂z1 − h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣
∣
∣
∣
∣
∣
∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣
∣
∣
∣
∣
∣
∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

3
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N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(1)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (2)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (3)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (4)

i ∂zj − h(xj , zj) (5)

h(x, z) = −
1

2
∇2 + v(x, z) (6)

g(1, 1′) = g1(1, 1
′) (7)

1

Expanding the 3x3 determinant along the first column we find



It is not difficult to prove that the disconnected diagrams from the numerator
are cancelled by those of the denominator and we can further simplify to

where in the expansion of the determinant we retain only the connected (C) and 
topologically inequivalent (TI) terms

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

G(a, b) =

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

(i ∂z1 − h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣
∣
∣
∣
∣
∣
∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣
∣
∣
∣
∣
∣
∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

3



Self energy
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G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(1)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (2)

1

The expansion of G has the structure

where the self-energy is defined as the sum over irreducible diagrams
(i.e. can not be cut in two by cutting one g-line)

The Green’s function thus satisfies the equation



Skeletons

A skeleton diagram is a diagram without self-energy insertions, for example

The corresponding skeleton is therefore

By replacing ‘g’ by ‘G’ in the skeleton we sum over all self-energy insertions



It follows that
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Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

where we sum over all dressed irreducible skeletons in terms of G



We therefore find the Dyson equation
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Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[G](3, 4)G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

or, if we use the equation of motion for g : (i ∂z1
− h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ
dz Ĥ(z)ψ̂(1)ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(16)

=

−i
∞
∑

k=0

1
k!

(

i
2

)k ∫

dx
∫

w(1, 1′) . . . w(k, k′) o(x, z)g2k+1(xz, 1, 1′, . . . ;x′z+, 1+, 1′+, . . .)|x=x′,z=t

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)

(17)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (18)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (19)

j = xjzj (20)

2
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(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ
d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[G](3, 4)G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

1

This is a self-consistent equation of motion for the Green’s function that
needs to be solved with the boundary conditions

ELDA/GGA
xc [n] =

∫
d3rf(n,∇n,∇2n)

(i∂t +
1
2
∇2 − vs(rt))φi(rt) = 0

n(rt) =
N∑

i=1

|φi(rt)|2

vs(rt) = v(rt) + vH(rt) + vxc(rt)

Ĥ(t) = ĥ(t) + Ŵ

ĥ(t) =
N∑

i

h(rit)

h(rt) =
1
2
[−i∇+ A(rt)]2 + v(rt)− µ

ρ̂ =
e−βĤ0

Tr e−βĤ0

〈Ô〉 = Tr
{

ρ̂ Ô
}

〈Ô(t)〉 = Tr
{

ρ̂ ÔH(t)
}

ÔH(t) = Û(t0, t) Ô Û(t, t0)

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)

i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1

Û(t, t′) = T exp(−i

∫ t

t′
dτĤ(τ))

Û(t, t′) = TC exp(−i

∫ t

t′
dτĤ(τ))

Û(t0 − iβ, t0) = e−βĤ0

〈Ô(t)〉 =
Tr

{
Û(t0 − iβ, t0)Û(t0, t) Ô Û(t, t0)

}

Tr
{

Û(t0 − iβ, t0)
}

G(1, 2) = −i〈TC [ψ̂H(1)ψ̂†
H(2)]〉 = θ(t1, t2)G>(1, 2) + θ(t2, t1)G<(1, 2)

G>(1, 2) = −i〈ψ̂H(1)ψ̂†
H(2)〉

G<(1, 2) = i〈ψ̂†
H(2)ψ̂H(1)〉

G(x1t0 − iβ, 2) = −G(x1t0, 2)

G(1,x2t0) = −G(1,x2t0 − iβ)

G2(1, 2, 3, 4) = (−i)2〈TC [ψ̂H(1)ψ̂H(2)ψ̂†
H(3)ψ̂†

H(4)]〉

2



Particle/Hole propagators

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂z1
− h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(16)

2

If we denote                        then the Green’s function has the structure
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G(1, 2) = −i〈T
{

ψ̂H(1)ψ̂†
H(2)

}

〉 = θ(z1, z2)G>(1, 2) + θ(z1, z2)G<(1, 2)

(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ

d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[G](3, 4)G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

1

ELDA/GGA
xc [n] =

∫
d3rf(n,∇n,∇2n)

(i∂t +
1
2
∇2 − vs(rt))φi(rt) = 0

n(rt) =
N∑

i=1

|φi(rt)|2

vs(rt) = v(rt) + vH(rt) + vxc(rt)

Ĥ(t) = ĥ(t) + Ŵ

ĥ(t) =
N∑

i

h(rit)

h(rt) =
1
2
[−i∇+ A(rt)]2 + v(rt)− µ

ρ̂ =
e−βĤ0

Tr e−βĤ0

〈Ô〉 = Tr
{

ρ̂ Ô
}

〈Ô(t)〉 = Tr
{

ρ̂ ÔH(t)
}

ÔH(t) = Û(t0, t) Ô Û(t, t0)
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Û(t0 − iβ, t0)
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G(1, 2) = −i〈TC [ψ̂H(1)ψ̂†
H(2)]〉 = θ(t1, t2)G>(1, 2) + θ(t2, t1)G<(1, 2)

G>(1, 2) = −i〈ψ̂H(1)ψ̂†
H(2)〉

G<(1, 2) = i〈ψ̂†
H(2)ψ̂H(1)〉

G(x1t0 − iβ, 2) = −G(x1t0, 2)
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2

ELDA/GGA
xc [n] =

∫
d3rf(n,∇n,∇2n)

(i∂t +
1
2
∇2 − vs(rt))φi(rt) = 0
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N∑

i=1

|φi(rt)|2
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i

h(rit)
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〈Ô(t)〉 = Tr
{

ρ̂ ÔH(t)
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2

Propagation of a “particle” (added electron)

Propagation of a “hole” (removed electron)

Natural tool in quantum transport; electrons are continuously added and 
removed from the central system.

The same is, of course, true for photo-emission
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Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)
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∣

∣

∣

g(1; 1+) g(1; 1′+)
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∣

∣
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∣

∣
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∣

∣

∣
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∣
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∣

∣

∣
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∞
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Hartree-Fock type diagrams are instantaneous
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The self-energy has the structure

Putting the structure of the self-energy and the Green’s function in the 
equation of motion for the Green’s function we can undo the contour
integrals and derive real-time equations for the particle and hole propagators.
These are the Kadanoff-Baym equations



Collision or electron
correlation terms :
Memory kernels Initial correlations

(i∂t1 − h(1))G(1, 1′) = δ(1, 1′)− i

∫
d2 w(1, 2)G2(1, 2, 2+, 1′)

(−i∂t′1
− h(1))G(1, 1′) = δ(1, 1′)− i

∫
d2 w(1′, 2)G2(1, 2, 2+, 1′)

[i∂t1 − h(1)]G(1, 1′) = δ(1, 1′) +
∫

d2M(1, 2)G(2, 1′)

[−i∂t′1
− h(1′)]G(1, 1′) = δ(1, 1′) +

∫
d2G(1, 2)M(2, 1′)

M(1, 2) = i

∫
d3d4 G(1, 3)w(1+, 4)Γ(32; 4)− iδ(1, 2)

∫
d3 w(1, 3)G(3, 3+)

Γ(12; 3) = δ(1, 2)δ(1, 3) +
∫

d4d5d6d7
δM(1, 2)
δG(4, 5)

G(4, 6)G(7, 5)Γ(67; 3)

M(1, 2) = ΣHF (1, 2) + θ(t1, t2)Σ>(1, 2) + θ(t2, t1)Σ<(1, 2)

(i∂t1 − h(1))G<(1, 2)−
∫

dx3ΣHF (1,x3t1)G<(x3t1, 2)

=
∫ t1

t0

d3[Σ>(1, 3)− Σ<(1, 3)]G<(3, 2)−
∫ t2

t0

Σ<(1, 2)[G>(3, 2)−G<(3, 2)] +
∫ t0−iβ

t0

G<(1, 3)Σ>(3, 2)

M(1, 2) =
δΦ[G]

δG(2, 1)

δG(1, 2) =
∫

d3d4 G(1, 3)G(4, 2)Γ(34; 5)δv(5) =
∫

d5 Λ(12, 5)δv(5)

(i∂t1 − h)G<(1, 2)−ΣHF (t1) · G<(t1, t2)

=
∫ t1

t0

d3[Σ>(1, 3)− Σ<(1, 3)]G<(3, 2)−
∫ t2

t0

Σ<(1, 2)[G>(3, 2)−G<(3, 2)] +
∫ t0−iβ

t0

G<(1, 3)Σ>(3, 2)

3

Σ(2)
ij (t, t′) =

∑

klmnpq

Gkl(t, t
′)Gmn(t, t′)Gpq(t

′, t) viqmk(2vlnpj − vnlpj)

=

∫ t1

t0

d3[Σ>(1, 3) − Σ<(1, 3)]G<(3, 2) −
∫ t2

t0

d2Σ<(1, 3)[G>(3, 2) − G<(3, 2)]

13

Σ(2)
ij (t, t′) =

∑

klmnpq

Gkl(t, t
′)Gmn(t, t′)Gpq(t

′, t) viqmk(2vlnpj − vnlpj)

=

∫ t1

t0

d3[Σ>(1, 3) − Σ<(1, 3)]G<(3, 2) −
∫ t2

t0

d2Σ<(1, 3)[G>(3, 2) − G<(3, 2)]

+

∫ t0−iβ

t0

d3Σ#(1, 3)G$(3, 2)

13

Time-dependent 
external field

For example, for the hole propagator we have the equation

Kadanoff-Baym equations



Kadanoff-Baym equations:  practical solution

Ĥ(t) = −1
2

∫
dr ψ̂†(x)h(x, t)ψ̂(x)+

1
2

∫
dx dx′ ψ̂†(x)ψ̂†(x)w(r, r′)ψ̂(x′)ψ̂(x)

〈n(1)〉 = −iG(1, 1+)

〈j(1)〉 = −i

[
∇1

2i
− ∇1′

2i
+ A(1)

]
G(1, 1′)1′=1+

∂t1〈n(1)〉+∇1 · 〈j(1)〉 = 0

〈P(t1)〉 =
∫

dx1 〈j(1)〉

∂t1〈P(t1)〉 = −
∫

dx1 [〈n(1)〉E(1) + 〈j(1)〉 ×B(1)]

G(1, 2) =
∑

ij

ϕi(x1)Gij(t1, t2)ϕ∗
j (x2)

Gij(t1, t2) = −i〈TC âi,H(t1)â†
j,H(t2)〉

4

For practical solution the Green function is expanded into one-particle states

For the one-particle states we can, for instance, use the solutions 
to the Hartree-Fock or Kohn-Sham equations

The Kadanoff-Baym equations become equations for time-dependent
matrices
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f · g =

∫ ∞

t0

f(t)g(t)

f ! g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c#(τ, t) = c(t0 − iτ, t)

c$(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)
∫

γ

d2Σ(1, 2)G(2, 1′)

Σ(1, 2) = ΣHF(1, 2) + θ(z1, z2)Σ>(1, 2) + θ(z2, z1)Σ<(1, 2)

ΣHF(1, 2) ∼ δ(z1, z2)

︸︷︷︸

G(1, 2) = −i〈T
{

ψ̂H(1)ψ̂†
H(2)

}

〉 = θ(z1, z2)G>(1, 2) + θ(z1, z2)G<(1, 2)

(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ

d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

1
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(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ

d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

1

If we use the notation



then the full set of Kadanoff-Baym equations is compactly given as
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i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ! · G"
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G! · Σ"
]

(t1, t2)

i∂tG
!(t, τ) =

[

ΣR · G! + Σ! # GM
]

(t, τ)

−i∂tG
"(τ, t) =

[

G" · ΣA + GM # Σ"
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f # g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c"(τ, t) = c(t0 − iτ, t)

c!(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)
∫

γ

d2Σ(1, 2)G(2, 1′)

Σ(1, 2) = ΣHF(1, 2) + θ(z1, z2)Σ>(1, 2) + θ(z2, z1)Σ<(1, 2)

ΣHF(1, 2) ∼ δ(z1, z2)

1

where all products are matrix products and the retarded and advanced functions
are defined as
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kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ" · G#
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G" · Σ#
]

(t1, t2)

i∂tG
"(t, τ) =

[

ΣR · G" + Σ" $ GM
]

(t, τ)

−i∂tG
#(τ, t) =

[

G# · ΣA + GM $ Σ#
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)
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∫ β
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dτ f(τ)g(τ)
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c#(τ, t) = c(t0 − iτ, t)

c"(t, τ) = c(t, t0 − iτ)
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∫

γ

d2Σ(1, 2)G(2, 1′)

1
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kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ" · G#
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G" · Σ#
]

(t1, t2)

i∂tG
"(t, τ) =

[

ΣR · G" + Σ" $ GM
]

(t, τ)

−i∂tG
#(τ, t) =

[

G# · ΣA + GM $ Σ#
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f $ g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c#(τ, t) = c(t0 − iτ, t)

c"(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)
∫

γ

d2Σ(1, 2)G(2, 1′)

1
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Time propagation of the Kadanoff-Baym equations

Solve equilibrium case 
on the imaginary axis

Carry out time-stepping in the double-time 
plane ( possibly with external field applied)

(Nils Erik Dahlen, RvL,
Phys.Rev.Lett. 98, 153004 (2007),
A.Stan, N.E.Dahlen, RvL, 
J.Chem.Phys.130, 224101 (2009))



The conservation laws

Ĥ(t) = −1
2

∫
dr ψ̂†(x)h(x, t)ψ̂(x)+

1
2

∫
dx dx′ ψ̂†(x)ψ̂†(x)w(r, r′)ψ̂(x′)ψ̂(x)

〈n(1)〉 = −iG(1, 1+)

〈j(1)〉 = −i

[
∇1

2i
− ∇1′

2i
+ A(1)

]
G(1, 1′)1′=1+

∂t1〈n(1)〉+∇1 · 〈j(1)〉 = 0
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〈P(t1)〉 =
∫

dx1 〈j(1)〉

∂t1〈P(t1)〉 = −
∫

dx1 [〈n(1)〉E(1) + 〈j(1)〉 ×B(1)]
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From an approximate Green function we can calculate several observables

These observables are related by conservation laws such as
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Will these relations be satisfied if the ingredients are calculated 
from an approximate Green function ?

density

current density

momentum

number conservation

momentum
conservation



The conservation laws

Conservation laws, such as those of energy, momentum, angular 
momentum and particle number, are  automatically obeyed when we 
use so-called Phi-derivable approximations for the self-energy.

For Phi-derivable approximations the expectation values are 
independent from the way they are calculated 

= −i

∫

C
d3d4Gs(1, 4)Σx(4, 3)Gs(3, 1)

∫

C

d2χs(1, 2)vx(2) = −i

∫

C

d2Gs(1, 2)Gs(2, 1)vx(2)

∫

C

d2Gs(1, 2)Gs(2, 1)vx(2) =

∫

C

d3d4Gs(1, 4)Σx(4, 3)Gs(3, 1)

χAO(t, q1t1) = −i θ(t1−t2)
∑

n

(

〈Ψ0|ÂH(t)|Ψn〉〈Ψn|ÔH(q1t1)|Ψ0〉 − 〈Ψ0|ÔH(q1t1)|Ψn〉〈Ψn|ÂH(t)|Ψ0〉
)

〈Ψ0|ÂH(t)|Ψn〉 = e−iΩn(t−t0)〈Ψ0|Â|Ψn〉

Ωn = En − E0

χAO(t, q1t1) = −i θ(t1 − t2)
∑

n

e−iΩn(t−t′)〈Ψ0|Â|Ψn〉〈Ψn|Ô(q1)|Ψ0〉 + c.c.

θ(τ) = lim
η→0+

−1

2πi

∫ ∞

−∞
dω

e−iωτ

ω + iη

χAO(q1,ω) = lim
η→0+

∑

n

(

〈Ψ0|Â|Ψn〉〈Ψn|Ô(q1)|Ψ0〉

ω − Ωn + iη
−

〈Ψ0|Ô(q1)|Ψn〉〈Ψn|Â|Ψ0〉

ω + Ωn + iη

)

h(r, t) = −
1

2
∇2 + v(r, t) − µ

n(1) =
δÃ

δv(1)
=

Tr
{

Û(t0 − iβ, t0)Û(t0, t1)n̂(r1)Û (t1, t0)
}

Tr
{

Û(t0 − iβ, t0)
}

i∂tΓ1...n = [Ĥ(t),Γ1...n]

Γ[γ]

n(x, t) = γ(xx, t)

Γ[γ,Ψ0]

γ(xx
′, t) = −iG<(xt,x′t)

γ(x1,x2, t)

n(1) =
δÃ

δv(1)
=

Tr

Tr

iÃ[u] = − ln Tr {e−βĤ0} = βΩ

Σ(1, 2) =
δΦ

δG(2, 1)

11

( G.Baym,  Phys.Rev. 127, 1391 (1962))
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Conserving many-body approximations



The hydrogen molecule in a laser field
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1 equations

Exc[φi, εi]

Exc[G0]

G≶(1, 2) =
∑

ij

G≶
ij(t1, t2)φi(x1)φ∗

j (x2)

ni(t) = 〈â†
i,H(t)âi,H(t)〉 = Im G<

ii (t, t)
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ij
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ni(t) = 〈â†
i,H(t)âi,H(t)〉 = Im G<

ii (t, t)

〈â†
i,H(t2)âi,H(t1)〉 = Im G<

ii (t1, t2) ≈ ni(
t1 + t2

2
) cos(εi(t1 − t2))e−Γi|t1−t2|

Im G<
σgσg

(t1, t2)

Im G<
σuσu

(t1, t2)

1

Brief Article

The Author

April 7, 2005

1 equations

Exc[φi, εi]

Exc[G0]

G≶(1, 2) =
∑

ij

G≶
ij(t1, t2)φi(x1)φ∗j (x2)

ni(t) = 〈â†
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ij

G≶
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Im G<
σgσg
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Im G<
σuσu
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1

Equilibrium (no field applied)

Nonequilibrium (field applied)

4

vxc(1) =
δExc

δn(1)
=

∫
d2

n(2)(ḡ(1, 2)− 1)
|r1 − r2| +

1
2

∫
d2d3

n(2)n(3)
|r2 − r3|

δḡ(2, 3)
δn(1)

Kxc(1, 2) =
δvxc(1)
δn(2)

=
ḡ(1, 2)− 1
|r1 − r2| +

∫
d3

n(3)
|r1 − r3|

δḡ(1, 3)
δn(2)

+
∫

d3
n(3)

|r2 − r3|
δḡ(2, 3)
δn(1)

+
1
2

∫
d3d4

n(3)n(4)
|r3 − r4|

δ2ḡ(3, 4)
δn(3)n(4)

d(t) =
∫

d3r z n(rt)

n(rt) = −iG<(rt, rt)

αT (ω) =
1
T

∫ T

0
dt d(t) e−iωt

v(rt) = zE(t)

E(t) = E0δ(t− t0)

A<(t1, t2) =
∫

dx Im G<(xt1,xt2)

A<(t1 − t2) = N
∑

j

cos((EN,0 − EN−1,j)(t1 − t2))

τ = t2 − t2

T =
t1 + t2

2

f̃(T, τ) = f(T +
τ

2
, T − τ

2
)

v(rt) = E(t)z

E(t) = θ(t− t0)E0

A<(t1, t2)(E0 = 0)

A<(t1, t2)(E0)−A<(t1, t2)(0)
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On the time diagonal :
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HLC

HRCHCL

HRRHLL

HCC

HCRL R

C

FIG. 1: Sketch of the transport setup. The correlated cen-
tral region (C) is coupled to semi-infinite left (L) and right
(R) tight-binding leads via tunneling Hamiltonians HαC and
HCα, α = L, R.

ation and annihilation operators respectively. The one-
body part of the Hamiltonian hij(t) may have an arbi-
trary time-dependence, describing, e.g., a gate voltage or
pumping fields. The two-body part accounts for interac-
tions between the electrons where vijkl are, for example
in the case of a molecule, the standard two-electron inte-
grals of the Coulomb interaction. The lead Hamiltonians
have the form

Ĥα(t) = Uα(t)N̂α +
∑

ij,σ

hα
ij ĉ†iσα ĉjσα, (3)

where the creation and annihilation operators for the
leads are denoted by ĉ† and ĉ. Here N̂α =

∑

i,σ ĉ†iσαĉiσα

is the operator describing the number of particles in lead
α. The one-body part of the Hamiltonian hα

ij describes
metallic leads and can be calculated using a tight-binding
representation, or a real-space grid or any other conve-
nient basis set. We are interested in exposing the leads
to an external electric field which varies on a time-scale
much longer than the typical plasmon time-scale. Then,
the coarse-grained time evolution can be performed as-
suming a perfect instantaneous screening in the leads and
the homogeneous time-dependent field Uα(t) can be in-
terpreted as the sum of the external and the screening
field, i.e., the applied bias. This effectively means that
the leads are treated at a Hartree mean field level. We
finally consider the tunneling Hamiltonian ĤT

ĤT =
∑

ij,σα

Vi,jα[d̂†iσ ĉjσα + ĉ†jσαd̂iσ ] (4)

which describes the coupling of the leads to the interact-
ing central region. This completes the full description
of the Hamiltonian of the system. In the next section
we study the equations of motion for the corresponding
Green’s function.

B. Equation of motion for the Keldysh Green’s
function

We assume the system to be contacted and in equi-
librium at inverse temperature β before time t = t0 and
described by Hamiltonian Ĥ0. For times t > t0 the sys-
tem is driven out of equilibrium by an external bias and
we aim to study the time-evolution of the electron den-
sity, current, etc.. In order to describe the electron dy-
namics in this system we use Keldysh Green’s function
theory (for a review see Ref.60) which allows us to include
many-body effects in a diagrammatic way. The Keldysh
Green’s function is defined as the expectation value of
the contour-ordered product

Grs(z, z′) = −i
Tr

{

T [e−i
R

dz̄Ĥ(z̄)âr(z)â†
s(z

′)]
}

Tr
{

e−βĤ0

}

= −i〈T [âr(z)â†
s(z

′)]〉, (5)

where â and â† are either lead or central region operators
and the indices r and s are collective indices for position
and spin. The variable z is a time contour variable that
specifies the location of the operators on the time con-
tour. The operator T orders the operators along the
Keldysh contour displayed in Fig. 2, consisting of two
real time branches and the imaginary track running from
t0 to t0 − iβ. In the definition of the Green’s function
the trace is taken with respect to the many-body states
of the system.
All time-dependent one-particle properties can be calcu-
lated from G. For instance, the time-dependent density
matrix is given as

nrs(t) = −iGrs(t−, t+), (6)

where the times t± lie on the lower/upper branch of the
contour. The equations of motion for the Green’s func-
tion of the full system can be easily derived from the
definition Eq. (5) and read

i∂zG(z, z′) = δ(z, z′)1 + H(z)G(z, z′)

+

∫

dz̄ ΣMB(z, z̄)G(z̄, z′), (7)

−i∂z′G(z, z′) = δ(z, z′)1 + G(z, z′)H(z′)

+

∫

dz̄ G(z, z̄)ΣMB(z̄, z), (8)

where ΣMB is the many-body self-energy, H(z) is the
matrix representation of the one-body part of the full
Hamiltonian and the integration is performed over the
Keldysh-contour. This equation of motion needs to be
solved with the boundary conditions63,64

G(t0, z
′) = −G(t0 − iβ, z′),

G(z, t0) = −G(z, t0 − iβ),
(9)

which follow directly from the definition of the Green’s
function Eq. (5). Explicitly, the one-body Hamiltonian

BRIEF ARTICLE

THE AUTHOR

1. formulas

∫

d2Σ(1, 2)G(2, 1′) = −i

∫

d2w(1, 2)G2(1, 2, 2
+, 1′)

(i∂t1 − h(1))G(1, 2) = δ(1, 2) +

∫

d3Σ[G](1, 3)G(3, 2)

n =

∫

dω

2π

ΓL(ω)fL(ω) + ΓR(ω)fR(ω)

(ω − ε0 − nU − Λ(ω))2 + (Γ(ω)/2)2

Vg(t) = Vge
−ωgt

vijkl = vijδilδjk

vij =







U i = j

U
2|i−j| i "= j

µ

1

Quantum transport

Green’s functions are a natural tool in quantum transport; electrons are 
continuously added and removed from the central system.

(see e.g. P. Myöhänen et al, Phys.Rev.B80, 115107 (2009))



Time-dependent buildup of the I-V curves

Hartree-Fock second Born

electron correlations beyond mean-field wash out I-V features

9

times we denote the spectral function by A(ω) and it
is easy to show that A(ω) = TrC[A(ω)] where A(ω) is
defined in Eq. (35). This function displays peaks that
correspond to removal energies (below the chemical po-
tential) and electron addition energies (above the chem-
ical potential). The spectral functions of our system are
displayed in Fig. 7. At weak bias the HOMO-LUMO
gap in the HF approximation is fairly the same as the
equilibrium gap whereas the 2B and GW gaps collapse
causing both the HOMO and the LUMO to move in the
bias window. As a consequence the steady-state HF cur-
rent is notably smaller than the 2B and GW currents.
This effect has been previously observed by Thygesen41

and is confirmed by our time-dependent simulations.

A new scenario does, however, emerge in the strong
bias regime. The HF HOMO and LUMO levels move
into the bias window and lift the steady-state current
above the corresponding 2B and GW values. This can
be explained by observing that the peaks of the HF spec-
tral function A(ω) are very sharp compared to the rather
broadened structures in the 2B and GW approximations,
see Fig. 7. In the correlated case the HOMO and LUMO
levels can be exploited only partially by the electrons to
scatter from left to right and we thus observe a suppres-
sion of the current with respect to the HF case. From
a mathematical point of view the steady-state current is
roughly proportional to the integral of A(ω) over the bias
window which is larger in the HF approximation.

The time-evolution of the spectral function A(T, ω) as
a function of T is illustrated in Fig. 8 for the case of
the HF and the 2B approximation. For these results, the
ground state system was propagated without bias up to
T = 40 after which a bias was suddenly turned on. The
HF peaks remain rather sharp during the entire evolution
and the HOMO-LUMO levels come nearer to each other
at a constant speed. On the contrary, the broadening of
the 2B peaks remains small during the initial transient
regime (up to T = 70) to then increase dramatically. This
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FIG. 7: Spectral functions A(ω) for HF (uppermost plot), 2B
(middle plot) and GW (bottom plot) approximation with the
applied bias U = 0.8 (solid line) and U = 1.2 (dashed line).

FIG. 8: Real-time evolution of the spectral function A(T, ω)
for the HF (left panel) and the 2B approximation (right panel)
for an applied bias of U = 1.2. On the horizontal axis the time
T and the vertical axis the frequency ω.

FIG. 9: Transient right current IR(U, t) as a function of ap-
plied bias voltage and time in the HF (left panel) and 2B
(right panel) approximations.

behavior indicates that there is a critical charging time
after which an enhanced renormalization of quasiparticle
states takes place causing a substantial reshaping of the
equilibrium spectral function.

The time-dependent current at the right interface as a
function of applied voltage and time is shown in Fig. 9
for the HF and 2B approximation. The figures nicely il-
lustrate how steady state results are obtained from time-
dependent calculations: after the transients have died
out we see the formation of the characteristic I-V curves
familiar from steady state transport calculations. In the
HF approximation one clearly observes the typical stair-
case structure with steps that correspond to an applied
voltage that includes one more resonance in the bias win-
dow. These steps appear at bias voltages U = 0.9 and
U = 1.8. This result is corroborated by the left panel
of Fig. 10 in which we display the bias-dependent spec-
tral function for the HF approximation. Here we see a
sudden shift in the spectral peaks at these voltages. The
HF results thus bear a close resemblance to the standard
non-interacting results, the main difference being that
the HF position of the levels gets renormalized by the
applied bias.

We now turn our attention to the 2B approximation
in the right panel of Fig.9. We notice a clear step at
bias voltage of U = 0.7 but the broadening of the level
peaks due to quasiparticle collisions completely smears
out the second step and the current increases smoothly



Linear response and optical absorption: double excitations

Example: Bench-mark system:  6 site Hubbard ring with 2 electrons

Brief Article

The Author

May 25, 2011

Ĥ(t) = T̂ + V̂ (t) + Ŵ (1)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (2)

P (α, t) = |〈α|Ψ(t)〉|2 (3)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (4)

|Ψ(t)〉 (5)

|α〉 (6)

x1 . . .xn (7)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (8)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (9)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (10)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (11)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (12)

|Φ〉 (13)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (14)

G<(x1t1,x2t2) = i〈Ψ1|Ψ2〉 = i〈Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)

t0 t1 t2 (16)

wij = Uδij (17)

|Ψ1〉 =
∑

j

(18)

1

Brief Article

The Author

January 9, 2012

Ĥ(t) =
∑

ij

hij(t) â†i âj +
1

2

∑

ij

wij n̂in̂j

n̂i = â†i âi

ψ̂†(x) ψ̂(x)|y1y2〉 = ψ̂†(x) (δ(x − y2)|y1〉 − δ(x − y1)|y2〉)
= δ(x − y2)|y1x〉 − δ(x − y1)|y2x〉
= (δ(x − y1) + δ(x − y2))|y1y2〉

〈Φ|Ô†|χ〉 = 〈χ|Ô|Φ〉∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ# · G$
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G# · Σ$
]

(t1, t2)

i∂tG
#(t, τ) =

[

ΣR · G# + Σ# ' GM
]

(t, τ)

−i∂tG
$(τ, t) =

[

G$ · ΣA + GM ' Σ$
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ' g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

1

(Niko Säkkinen, M.Manninen, RvL, New.J.Phys. 2012)



Response functions

1 equations

vijkl ≈ δjkδilVij

Vij =

∫

dx

∫

dx′v(r − r′)|ϕi(x)|2|ϕj(x
′)|2

W̃ = W − v

W = v + vPW

W̃ = vPv + vPW̃

P = −iGG

χ = P + Pvχ

P = GGΓ =

δn(1) = −iδG(1, 1+) =

∫

d2χ(1, 2)δv(2)

W̃pqrs(t, t
′) =

∑

ijkl

vplisPijkl(t, t
′)vjqrk +

∑

ijkl

∫

dt1dt2 vplisPijkl(t1, t2)W̃jqrk(t2, t
′)

W̃Q1Q2
(t, t′) =

∑

Q3Q4

vQ1Q3
PQ3Q4

(t, t′)vQ4Q2
+

∑

Q3Q4

∫

dt1dt2 vQ1Q3
PQ3Q4

(t1, t2)W̃Q4Q2
(t2, t

′)

fQ(r) = φi(r)φ
∗
j (r)

Q = (ij)
∑

q1q2

U †
qq1

〈fq1
|fq2

〉Uq2q′ = σqδqq′

gq(r) =
1

√
σq

∑

q′

Uq′qfq′(r)

σq < ε

fGK
xc (r, r′,ω) = fhom

xc (n0(r),q = 0,ω) δ(r − r′)

Σ(2)
ij (t, t′) = 2Gij(t, t

′)
∑

pq

Gpq(t, t
′)Gqp(t

′, t)ViqVqj −
∑

pq

Giq(t, t
′)Gqp(t

′, t)Gpj(t, t
′)VipVqj

i∂tΨ(r1σ1, . . . , rNσN , t) = Ĥ(t)Ψ(r1σ1, . . . , rNσN , t)

Ĥ(t) = T̂ + V̂ (t) + Ŵ

Ψ(t = 0) = Ψ0

1

Let us see how an (in general nonequilibrium) system reacts to a small
additional perturbation. For instance

Let us define a generalized response function by

BRIEF ARTICLE

THE AUTHOR

1

(i∂t1 − h(1))δG(1, 2) − δv(1)G(1, 2) =

∫
d3(Σ(1, 3)δG(3, 2) + δΣ(1, 3)G(3, 2))

(i∂t1−h(1))δG(1, 2)−

∫
d3Σ(1, 3)δG(3, 2) = δv(1)G(1, 2)+

∫
d3d4d5

δΣ(1, 3)

δG(4, 5)
δG(4, 5)G(3, 2)

δG(2′, 2) =

∫
d1G(2′, 1)δv(1)G(1, 2) +

∫
d1d3d4d5G(2′ , 1)

δΣ(1, 3)

δG(4, 5)
δG(4, 5)G(3, 2)

δG(1, 1′) =

∫
d2Γ(11′; 2)δv(2)

Γ(2′2; 1) = G(2′, 1)G(1, 2) +

∫
d3d4d5d6G(2′ , 1)G(3, 2)

δΣ(6, 3)

δG(4, 5)
Γ(45; 1)

1

and try to find out its diagrammatic content.  We have
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= −〈Ψ(T )|δĤ(T )
δn(rt)

|Ψ(T )〉 = −〈Ψ(T )|δV̂ [n](T )
δn(rt)

|Ψ(T )〉

∂T Ψ(T ) = −iĤ(T )Ψ(T )

A0[n] =
∫ T

0
dt〈Ψ[n](t)|V̂ (t)|Ψ[n]〉 =

∫ T

0
dt

∫
drn(rt)v[n](rt)

Ã[v] = i ln〈Ψ0|Û(t0, t0)|Ψ0〉

δv(rt)
δn(r′t′)

=
δ2A0

δn(r′t′)δn(rt)
− i〈Ψ(T )| δ2Ψ(T )

δn(r′t′)δn(rt)
〉

−i〈 Ψ(T )
δn(r′t′)

|δΨ(T )
δn(rt)

〉

δv(rt)
δn(r′t′)

= −i
[
〈 δΨ(T )
δn(r′t′)

|δΨ(T )
δn(rt)

〉 − 〈δΨ(T )
δn(rt)

| δΨ(T )
δn(r′t′)

〉
]

= 2 Im 〈 δΨ(T )
δn(r′t′)

|δΨ(T )
δn(rt)

〉

δv(rt)
δn(r′t′)

=
δv(rt)
δn(r′t′)

− δv(r′t′)
δn(rt)

G−1
0 (1, 2) = (i∂t1 − h(1))δ(1, 2)

0 = i
δA

δG
=

δΦ
δG

+ G−1 − G−1
0

G−1
0 G = 1 + ΣG

iA[G] = Φ[G] − tr
{
ln(−G−1) + (G−1

0 G − 1)
}

Σ

δΣ

iA[vs] = Φ[Gs] − tr
{
ln(−G−1

s ) + (G−1
0 Gs − 1)

}

0 = iδA = tr
{

Σ[Gs] − G−1
s + G−1)

δGs

δvs
δvs

}

(i∂t1 − h(1))G(1, 2) = δ(1, 2) +
∫

d3 Σ(1, 3)G(3, 2)

A[vs] = A[Gs[vs]]

iA[vs] =

δA

δvs
= 0

3

vertex Λ
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Γ(45; 1)

1

Which gives

and finally
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1

which is diagrammatically given by (writing Γ = GG Λ)

Bethe-Salpeter kernel

Λ



Single and doubly excited states

TD Hartree-Fock
only singly excited states

TD 2B containing
doubly excited states

For instance at 2nd Born level we have the response kernel



6-site Hubbard, U=2, half-filling

ui(t) =
ζi(t)

λi(t)
(85)

‖v1(t) − v2(t)‖2 =
∞
∑

i=1

|
ζi(t)

λi(t)
|2 ≤

1

λ1(t)2

∞
∑

i=1

|ζi(t)|2 (86)

=
1

λ1(t)2
‖q[v1](t) − q[v0](t)‖2 (87)

D2 = sup
t∈[t0,T ]

1

λ1(t)2
(88)

‖F [v1] − F [v0]‖α = ‖v2 − v1‖α ≤ D‖q[v1] − q[v0]‖α (89)

F [u] = u (90)

F [v] = v (91)

‖F [u] − F [v]‖α ≤ a‖u − v‖α (92)
√

α = 2CD (93)

‖u − v‖α = ‖F [u] −F [v]‖α ≤
1

2
‖u − v‖α (94)

‖u − v‖α = 0 (95)

u = v (96)

Csup = sup
v

C[v,F [v]] (97)

√
α > CsupD (98)

a =
CsupD
√

α
(99)

‖vk+1 − vk‖α ≤ ak‖v1 − v0‖ (100)

vk → v (101)

vk = Fk[v0] (102)

L2(Ω) (103)

H1
0 (Ω, n) (104)

δni(t) = −iGii(t, t
+) =

∑

j

∫ t

t0

dt′ χij(t − t′)δvj(t
′) (105)

δvj(t) = λ δ1j δ(t − t0) (106)
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Doubly excited state


