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Decomposition of electronic and nuclear motion

Ψ(r, R, t) = ΦR(r, t)χ(R, t)

el:
[
ĤBO(r, R) + Û

coup
en − ε(R, t)

]
ΦR(r, t) = ih̄∂tΦR(r, t)

nucl:

[
1

2M

(
P̂ +A(R, t)

)2
+ ε(R, t)

]
χ(R, t) = ih̄∂tχ(R, t)

Ûcoup
en =

(−ih̄∇R −A(R, t))
2

2M
+

(
−ih̄∇Rχ

χ
+A(R, t)

)
−ih̄∇R −A(R, t)

M

ε(R, t) = 〈ΦR(t)| ĤBO |ΦR(t)〉+
h̄2

2M
〈∇RΦR(t)| ∇RΦR(t)〉−

A2(R, t)

2M

A(R, t) = 〈ΦR(t)| −ih̄∇RΦR(t)〉

(Abedi, Maitra and Gross, PRL 2010)
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The adiabatic basis

electronic wave-function ΦR(r, t) on BO states

ΦR(r, t) =
∑
k

ck(R, t)ϕ
(k)
R (r)

electronic equation (still exact!)

ċk(R, t) = f
(
cj(R, t), c

′
j(R, t), c

′′
j (R, t)

)
∀ j

non-adiabatic couplings

d
(1)
jk (R) =

〈
ϕ

(j)
R

∣∣∣ ∇Rϕ(k)
R

〉
, d

(2)
jk (R) =

〈
∇Rϕ

(j)
R

∣∣∣ ∇Rϕ(k)
R

〉
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In the adiabatic basis...

ε(R, t) =
h̄2

2M

[∑
k

∣∣c ′k∣∣2 +∑
k,l

c∗kcld
(2)
kl +

∑
k,l

c∗kc
′
ld

(1)
lk + c∗k

′cld
(1)
kl

]

+
∑
k

|ck|
2 ε

(k)
BO −

A2

2M

A(R, t) = −ih̄
∑
k

c∗kc
′
k − ih̄

∑
k,l

c∗kcld
(1)
kl
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The classical approximation

what does it mean?

limit h̄→ 0 of quantum mechanics?

infinitely localized density?

small mass ratio
mq

Mcl
� 1?

or ...

HERE:

1 |χ(R, t)|2 = δ (R− Rc(t)): BUT careful!!! R, t→ Rc(t)

2
−ih̄∇Rχ

χ
= ?
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first semi-classics (Van Vleck, PNAS 1928)

χ(R, t) = exp

[
i

h̄
S(R, t)

]
' G(R, t) exp

[
i

h̄
S0(R, t)

]
with S = S0 + h̄S1 +O(h̄2) and G(R, t) = exp [iS1(R, t)]

−ih̄∇Rχ(R, t)
χ(R, t)

= ∇RS0(R, t) − ih̄
∇RG(R, t)
G(R, t)

then classical limit h̄→ 0 (S0 is the classical action)

∇RS0 = P

proof: derive HJE at the zero-th order in h̄ from TDSE

(Goldstein, Classical mechanics)
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The classical approximation

what does it mean?

limit h̄→ 0 of quantum mechanics?

infinitely localized density?

small mass ratio
mq

Mcl
� 1?

or ...

HERE:

1 |χ(R, t)|2 = δ (R− Rc(t)): BUT careful!!! R, t→ Rc(t)

2
−ih̄∇Rχ

χ
= P

3 c ′j(R, t), c
′′
j (R, t) = 0 ∀ j
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Mixed quantum-classical evolution

electronic equation

ċk(t) = −
i

h̄

[
ε
(k)
BO(R) −

(
V
(R)
eff (R, P) + iV

(I)
eff(R)

)]
ck(t)

−
∑
j

cj(t)Dkj(R, P)

nuclear Hamiltonian

HN(R, P) =
P2

2M
+ V

(R)
eff (R, P)
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Mixed quantum-classical evolution

effective potential Veff(R, P) = V
(R)
eff (R, P) + iV

(I)
eff(R)

∑
j

|cj(t)|
2 ε

(j)
BO(R) +

1

M
P ·A(R, t) + h̄2

M

∑
j<l

<
(
c∗j (t)cl(t)

)
d
(2)
jl (R)

−
h̄2

M

∑
j<l

=
(
c∗j (t)cl(t)

)
∇R · d

(1)
jl (R)

effective non-adiabatic couplings Dkj(R, P)

P

M
· d(1)kj (R) −

ih̄

2M

(
∇R · d

(1)
kj (R) − d

(2)
kj (R)

)
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Quantum vs MQC evolution

Model Hamiltonian (Shin and Metiu, JCP 1995)

Ĥ(r, R) = −
1

2

∂2

∂r2
−
1

2M

∂2

∂R2
+

1∣∣L
2
− R

∣∣+ 1∣∣L
2
+ R

∣∣−erf |R−r|

Rf

|R − r|
−
erf

|r−L
2 |

Rl∣∣r − L
2

∣∣ −
erf

|r+L
2 |

Rr∣∣r + L
2

∣∣
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Quantum vs MQC evolution
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Some observations

no ad-hoc reaction of the classical system to quantum
transitions

effective non-adiabatic coupling Dkj(R, P) approximates the
exact electron-nuclear coupling

velocity-dependent term in the classical nuclear
Hamiltonian coupled to the vector potential

electronic evolution is norm-conserving

nuclear potential V
(R)
eff (R, P) is known!

only one trajectory is needed
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Populations of adiabatic states

Ψ(r, R, t) =
∑
k

Fk(R, t)ϕ
(k)
R (r) with Fk(R, t) = ck(R, t)χ(R, t)

remember: |χ(R, t)|2 = δ (R− Rc(t))
therefore∣∣cexactk (t)

∣∣2 = ∫
dR |Fk(R, t)|

2 =

∫
dR |ck(R, t)|

2 δ (R− Rc(t))

= |ck(Rc(t))|
2 = |ck(t)|

2
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Vector potential

EXACT!

A(R, t) = −ih̄
∑
k

c∗k(R, t)c
′
k(R, t) − ih̄

∑
k,l

c∗k(R, t)cl(R, t)d
(1)
kl (R)

APPROXIMATED?

A(R, t) = −ih̄
∑
k,l

c∗k(R, t)cl(R, t)d
(1)
kl (R)

NO, STILL EXACT! because of the choice of the gauge

〈ΦR(t)| ∂tΦR(t)〉 = 0 = Ṙ
∑
k

c∗k(R, t)c
′
k(R, t)
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Scalar potential

EXACT!

〈∇RΦR(t)| ∇RΦR(t)〉 =
∑
k

∣∣c ′k(R, t)∣∣2 +∑
k,l

c∗k(R, t)cl(R, t)d
(2)
kl (R)

+
∑
k,l

c∗k(R, t)c
′
l(R, t)d

(1)
lk (R) + c

∗
k
′(R, t)cl(R, t)d

(1)
kl (R)

APPROXIMATED?

〈∇RΦR(t)| ∇RΦR(t)〉 =
∑
k,l

c∗k(R, t)cl(R, t)d
(2)
kl (R)

YES!
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