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Introduction
[ 1o}

Problem basics

How to go to future lightlike infinity?

Gravitational waves are only well defined at future null infinity (#71).
This is where the observers of astrophysical events are located.

We want to extract the signal at # - how to get there?

TIMELIKE

It is useful to conformally compactify s
our space-time: we conformally rescale L
the physical metric g,

Guw = VG - (1)

The equations of motion in terms of
the rescaled metric g, obtain extra

“"LIGHTLIKE
%, INFINITY"

terms that diverge at % : -
2 § 3 X
Gy =81 Ty — a (VuVoQ =9, V'V,Q) — @gw(mmv Q. (2
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Problem basics

What to do?

To solve the problem the equations need to be regular and a gauge
has to be chosen. This can be done in two ways:

Regularize first - Friedrich’s conformal field equations approach
Here one maintains generality and develop a framework
where regularity can be shown. New variables are
introduced, which leads to a large system of equations.
The gauge can be specified afterwards.

Set gauge condition and then regularize
One can assume “inertial observers” at £+ and fixed
coordinate location for # T from the start. The
regularization procedures are adapted to the chosen
gauge and the final system is much simpler.

Our aim is a robust code for numerical work and thus we will take the
second approach.
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Hyperboloidal foliations

How to slice space-time?

In an initial value formulation we need to
slice our space-time.

Spacelike slices are widely used in
numerical simulations.

We need a slice that reaches .#+.
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Hyperboloidal foliations

How to slice space-time?

In an initial value formulation we need to
slice our space-time.

Spacelike slices are widely used in
numerical simulations.

We need a slice that reaches .#+.

e Use characteristic foliations.

e Match inner spacelike slices with
characteristic foliations.

e Use hyperboloidal foliations.

|
const

r = const Hyperboloidal foliations are spacelike slices
- that reach .7 .
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Hyperboloidal foliations

Family of hyperboloidal foliations

They can be described /
by the new coordinate ¢ S

[ |
related to the old ¢ by a /
height function

hF)=+va2+7 . (4)
— t =const
r = const
i~ i~
To reach .# T we compactify the radial coordinate, introducing the
new compactified r and the position of null infinity 7s:

r r2 — 12
il o=2""
"o 2ary (5)
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Implementation of set-gauge-then-regularize

To evolve the Einstein equations as an initial value formulation on a
hyperboloidal foliation first setting the gauge and then regularizing,
we have mainly two options:

Elliptic hyperbolic problem Purely hyperbolic problem

e constrained evolution e free evolution

X global equations, v easier to avoid singularities
hard to avoid singularities (using excision or punctures)

v easier to stabilize X instabilities

v/ can impose boundary X cannot impose boundary
conditions conditions (have to evolve)

X slower v faster

e Moncrief, Rinne, ... e Zenginoglu, Bardeen et al., ...
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Implementation
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Evolution variables

We use either the Generalized BSSN formulation or a similar
conformal version of the Z4 formulation of the Einstein equations.

The line element with our spherically symmetric metric variables is
ds® = —a2dt? + y 7! [’yrr(dr + BTdt)? + ypor? (d92 + sin? Odgzﬁ)} . (6)

Also the trace of the extrinsic curvatue K, a component A,.. of its
trace-free part and the contracted difference of Christoffel symbols A”.
And for the Z4 formulation its variables © and Z,.

We add a massless scalar field with evolution equation

v,

9V - 2"V, B

0, (7)

and its spherically symmetric variables are ® and Il = P.
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Implementation
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Gauge conditions

Scri-fixing condition

To fix the location of .# T the time vector has to flow along .# T,

that is, (%)a = an® + (3% has to become null at #+.
Q=0 (%)
Conditions: = ot "
an
AN _ 0
ot) \ot),.|, 7 Tt pe

(V') (V)| , = 0,
@)a(v“m'y -0 T

The final expression for 8" is

1% x Ve

(N

B8y =a axﬁTQ’
Vrr 7
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Gauge conditions

Generalized Bona-Masso slicing condition

The generalized Bona-Massé equation that we use takes the form
a=pB"a - f(a) (K — Ko) + Lo , (10)
where we have the freedom to choose the two functions Ky and Lg.

e The presence of K| is necessary to prevent the equation from
growing exponentially, as the extrinsic curvature K is negative
for flat space-time.

e The source function Lg is calculated from flat space-time initial
data on the hyperboloidal foliation.
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Gauge conditions

Generalized harmonic slicing condition

The generalized harmonic equation that we use takes the form
a=p"a —a®(K—-Ky) + Lo, (10)
where we have the freedom to choose the two functions Ky and Lg.

e The presence of K| is necessary to prevent the equation from
growing exponentially, as the extrinsic curvature K is negative
for flat space-time.

e The source function Lg is calculated from flat space-time initial
data on the hyperboloidal foliation.
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Evolution: v, Yrry Y00, ) Arv

Time=0.00
2.0 . ! - . :

1.5

1.0

0.5

Evolution variables
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-0.5

1.0 L L . ' .




Implementation
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Regularization

Analysis by subsystems

The conformal Einstein equations are 34+1 decomposed into a
GBSSN/conformal Z4 form and reduced to spherical symmetry.
However, the system is unstable when evolved numerically.

Divide the original system of equations (GBSSN) to find instabilities:

@ Single equations: useful for detecting exponential growths.
Make sure all terms like A = AA are controlled.

o To further simplify the (sub)systems of equations we can
eliminate ~,.,. using g9 as vy = 79_92.

® X Y09 A, A7 subsystem: is the largest hyperbolic subsystem that
can be constructed with these variables and it is stable.

® o K subsystem: exponential growth caused by a term K= %K
with A > 0. Solved with a variable transformation for K.
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Regularization

Constraint damping

Many of the final equations possess a damping term of the form
A
A=—-A. 11
- (11)

The values of A for each variable evaluated at .#* (r = rys) are:

X ;YTT‘ ’.}/99 Arr K AT OL

27 X 3
00 0 - -m o -

The variable A™ does not have a damping term — add it using the
constraint ) 5 , ,
Cr — AT + o . ’y'r;’ + 799 (12)
YrrT YooT Q’Yrr Y60 Yrr

and the system becomes stable!
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Equations

Spherically symmetric equations

2ax(K +20) By, x  287vgex  28"'x  487x N 26"xQ 2ax

. vt
Xo= AxA 3 3 3760 3 3r Q a0

,(13a)

volution



Implementation
[ ]

Equations

Spherically symmetric equations
20x(K +20) _ BTyx _ 28700x _ 287'x _ 4B"x | 287XxQ  20x (132)
3 3V 3706 3 3r Q af)

Br'yvlﬂr _ 277”r'ﬁr7é9 + 4y, 8"’ _ 47,7
3 3700 3 3r

x = BX'+

. 2
Vrr = —2Apra+

, (13b)
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Equations

Spherically symmetric equations

2ax(K +20) By, x  287vgex  28"'x  4B87x n 28"xQ 2ax

. _ T — —— (13a
X Bix+ 3 3 3766 3 3r Q o (182
287! 298" Y4 4y, B" Ay BT
B B Vrr  27rrB Vg0 o B Ay 7 (13b)
3 3’}/99 3 3r
A'rr r_/ L 2 r/ 2 ™
- Yoo Y008 Yy n B Voo 27008 " Yoo 8 7 (13c)

Yrr 3Yrr 3 3 3r
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Equations

Spherically symmetric equations

X

Yrr

Yoo

Flavan 2ax(K +20) BTy, x  287vgex  28"'x  4B87x | 28"xQ  2ax

, (13a)
3 3Yrr 3760 3 3r Q a)
2 T 2 L 4 T/ 4 ) T
- Aot B Vrr  29rrB e YrrBT Ay ’ (13b)
3 3760 3 3r
ATT @ ./ r_ ! 2 /I 2 ™
_ v00 V008" Yy 4 B 90 27008 n Yoo B , (13¢)
Yrr 3Yrr 3 3 3r
» 2 ” o //‘ a 17 2 a// o 17
= BTAL 4 ey — EXTer  OXT60 | ZXX L OX 4 4 (K 4 2(1 — Cal)©)]
3 3Yrr 300 3 3
720(Af,1, " 487 Ay _ 48" Ay 4 ax (7;,,,.)2 B 2ax ('yée)z « (Xl)2 B 2N x
Yrr 3 3r 272, 3759 6x 3r
420 (vw B 1) _AnBT, 24050 | A XY AT XYrrYee  20XY1
2\ Vo0 3Yrr 3700 3 3700 37007
L2000 e _ A0XVhe | X Vpn | X pe | 2x0! 20X axX'vin  aX'pe
YT 300t 3Yrr 3700 3r 3 6yrr 6700
ax’ n 4Z ;2oL 20xYgeSY . 4ax' QY n A BT 3aA,,
s S v _ _
3 L 3TX ERV) 3760 30 Q aQ
4axQ’  4axQ’  8Z,.axQ 16
X — X rax — —Tmax (<I>/)2 s (13d)
3Q 3rQ) 3Q 3
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Equations

Spherically symmetric equations

X = B+ 2ax(K+20)  B"v,.x  28"vpex  28"'x 4ﬂTX+2g3"st’  2ax (132)
3 3Yrr 3760 3 3r Q aQ)
e = —2Anat 2B 20rPe | dverBT e (13b)
3 3700 3 3r
Arr o r_ /! r /! 2 r/ 2 ™
vie = Yoo Yoo B Yy 4 B 90 27008 i Yoo B 7 (13¢0)
Yrr 3Yrr 3 3 3r
A 2 o /‘/‘ « " 2 l/,,/ a 1"
Ay = BTAL + SypraxA” — X0 | OXToo  IXE L OX 4 A, [K42(1 — Cza)6)]
3 3Yrr 3v00 3 3
72(1.43,7, + 48" Ay B 487 A 4 ax (7,:,,,.)2 B 2ax (7(/,9)2 o« (X/)2 _ 2N
o 3 3r 272, 372, 6x 3r
20x (“m B 1) CABTe 240850 | aATXY @A XV Yhe | 20X,
2\ o0 3Yrr 3700 3 3700 3v00T
L20X7 Y0 A0XTee | X¥Vpy | XY 2x0 200x"  oxvn, X
2
Yool 37061 3Yrr 3706 3r 3 6Yrr 6700
_ox! Ao 2oxu @ 20x7pp? | Aax @ AT Bady,
3r 37 37 370092 30 Q aQ
4axQ”’ 4axQ’ 8Z,axQ) 16 N2
- ——rax ()7 13d
RS} 3rQ2 30 5 mox (%) (13d)
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Equations

Spherically symmetric equations

28" xQY 2arx

x = Principal part + ... +7%4 terms+ (13a)
Q a$?
~Yrr = Principal part + ... , (13b)
Yoo = Principal part + ... |, (13c)
. . A, BTQ 3aA,,
A,, = Principal part +...+7%4 ‘rm'm.\‘JrT - 9 +Q terms+Matter terms , (13d)
a
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Equations

Spherically symmetric equations

28"xQ 2«
x = Principal part + ... +7%4 ‘r(érm:H»HiX _ox (13a)
Q a$?
~Yrr = Principal part + ... , (13b)
Yoo = Principal part + ... |, (13c)
. L A BT 3aA,,
A,. = Principal part +...+7%4 ‘rm'm.\‘JrT — 9 +Q terms+Matter terms , (13d)
a
" 2 ! 17 ’ 1!
K = K -X XKkt Saé” 2 'Y;TX _ XX 207x | X
Yrr 3 272, 297, YrrY00 Ve 2%rr
,f (1 — k2)a® ) 2Cz4cZrxe axvi, Q' axvheQ  3xa’Q ax'Q
Q Yrr 292,.Q Yrr Y002 Vrr§2 297
2Z,.axQ  [K+2(1 — Cz4.)0] B"Q 2(y(K+2(—))+2axf2/ axQ”’
Yrr§2 Q af) Y T$2 Yrr 2
3 Zax () 8x(Il— B d’)?
L 3o Sax (@) sn( " (13¢)
a?2Q? Y22 «

volution



Implementation
[ ]

Equations

Spherically symmetric equations
28" xQY _ 2arx

x = Principal part + ... +7%4 terms+ (13a)

Q a$?
~Yrr = Principal part + ... , (13b)
Yoo = Principal part + ... |, (13c)

. L A BT 3aA,,

A,. = Principal part +...+7%4 ‘rm'm.\‘JrT — 9 +Q terms+Matter terms , (13d)

a

. . KpTQ' 2aK
K = Principal part +...+74 t(‘rmsﬁ+T — Q +Q terms+Matter terms , (13e)
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Equations

Spherically symmetric equations

2
...+7Z4 terms+ —

BT xQ

2ax

x = Principal t s 13
X rincipal part + 9 -0 (13a)
~Yrr = Principal part + ... , (13b)
v0¢ = Principal part +... , (13c)
: . A BT 30A,,
Ar = Principal part +...+%Z4 Lcrms+T — Q + terms+Matter terms , (13d)
af
. o KB 2aK
K = Principal part + ... +74 terms+ 9 e +Q terms+Matter terms , (13e)
a
- o . EarATBT
A" = Principal part + ... 474 ‘r(‘rms-ﬁ—iQ-ﬁ-Q terms+Matter terms , (13f)
a
. L 3ap7Q
& = Principal part + ... — T+Q terms , (13g)
. Cz4.087Q 3Cz4c — 4)a® 2+ Ka)a®
® = Princ. + ...+ Zac ) + (3Cza Jox — F1(2+ ra)or + terms+Mat. , (13h)
Q af) Q
. . 207,  kiaZp 287,287 .
Z, = Principal part + ...+ — +Q terms+Matter terms , (131)
al) Q ay,rr 2
& = Principal part , (13j)
. L 3IIB"Q  3all
Il = Principal part +...+74 LOH“HFT — T+Q terms . (13k)
a

ané Vinu



Simulations
o

Simulation setup

The numerical code uses:
e Method of Lines

e 4th order Runge-Kutta time integrator
e Finite Differences of orders 2, 4, 6 or 8

o Kreiss-Oliger dissipation

e Staggered grid

The equations have been tested for:
o Gauge waves: vacuum solution with perturbation set on «.

e Scalar field: initial perturbation set on the scalar field.
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Results

Evolution: x, v, Vs,
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Simulations
(o] ]

Scalar field
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Conclusions

Summary

We set up the problem in spherical symmetry using the
conformally compactified equations on hyperboloidal foliations.

e The appropriate gauge conditions were set and, after finding out
the system was unstable, the equations were successfully
regularized.

e We have been able to evolve the scalar field coupled to the
Einstein equations, as well as to extract its signal at .# .

e Next steps: BHs, collapse of scalar field, use different gauge
conditions in the interior of the integration domain and on #.
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3+1 decomposed equations

9, Za

—2aK,p

k1(1 4+ k2)7qp©

o [R[D]ab — 2K Ky + Ko (K—2C 5, ©)+2D (4 Zyy —

Q
35ab [(olmQ _ azf)c'SlDCQ] 40Z(, Dy 2aDpDaQ 2074, Z°DeQ
N B 3
an? Q Q Q
FapDCaDeQ  aFap AR 2K,,0 | Q N Fab (K — 2C54.0)0 | Q

+
Q Q Q Q
Fab01a0192  3ap010. 9 . .
+-= 2 - = Fadma [Yop (S — p) — 254p]s
a20 af
a o _ 211 (2 + Ko)©
- {R[D] — R B 4+ K(K-2C,,.0)42Da2%— — L2 222 o Z2%Daa
2 Q
3 [(fhfl)z — a2D%0Dg, fl} 20AQ  2(K—2C154.0)0, Q
. 24c©)01 .
+ + + 8rap ,
an? Q Q
b K1Za 200Dy Q
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] ~Cpz40©Dgat 5
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- - +
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Q Q Q an
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a20?2 Q aQ
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