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Basic Setup

@ E = (semistable) elliptic curve defined over a number field F'.
@ Let 91 = conductor(E).

@ Assume (for simplicity) that 91 is square-free.

@ Let K/F a quadratic extension.

@ Assume (for simplicity) that disc(K/F') is coprime to 91.

@ For each prime p of K, a,(E) = 1+ |p| — #E(Fp).

L(B/K,s) = T (1 = aplpl=*) ™" x T (1 = apylp == + IpI*>) "

poN P

Modularity conjecture —-

» Analytic continuation of L(E/K, s) to C.
» Functional equation relating s <» 2 — s.
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Birch and Swinnerton-Dyer

Conjecture (BSD, rough version)

OI‘dszl L(E/K, S) = I“kZ E(K)

@ So L(E/K,1) =0 = 3Pk € E(K) of infinite order.
@ The sign of the functional equation of L(F/K, s) should be:

sign(E, K) = (—1)#{v[Meor:w notsplitin K}

@ Sosign(E,K) = -1+ BSD “= " E(K) has points of infinite order.
@ From here on, assume that sign(E, K) = —1.
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Classical Example: Heegner Points

@ Jwhen F is totally real and K/F is totally complex (CM extension).
@ Suppose F'=Q and E/Q.
@ X, (N)/Q modular curve with a morphism Jac(Xo(N)) — E.
@ Xo(N)(C) = To(N)\5.
@ Jcycles on Jac(X,(NV)) attached to K, giving points on E(K2°).
® E~»wpe HYTo(N),Qy).
@ Foreach T e KnN#$, set:
Jr = / wp € C.

[e.e]

> Well-defined up to A = { [, wg [ 7 € Hi(Xo(N),Z)}.
@ Set P. = Pweierstrass(Jr) € E(C).

Theorem (Shimura)
P, € E(H;), where H, /K is a class field attached to .

@ Gross-Zagier: Try /i (Pr) € E(K) nontorsion <= ran(E, K) = 1.
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Darmon’s Dream

@ Drop hypothesis of K/F being CM.

» Simplest case: F' = Q, K real quadratic.

@ However:

» There are no points on X,(N) attached to K.

» For F' not totally real, even the curve X, (V) is missing.

@ Nevertheless, Darmon points exist!

» (We just can’t prove it, so far.)
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Goals

In this talk we will:
@ Explain what Darmon Points are,
@ Give hints on how we calculate them, and

‘ ‘ The fun of the subject seems to me to be in the examples.
B. Gross, in a letter to B. Birch, 1982 , ,

© Show some fun examples!
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More Notation

S(K,Moop) = {v | Noop : v not splitin K}.

Recall that we assume that #S (K, 9loor) is odd.
Fix a place w € S(K, Noor).
Let B be a quaternion algebra over F' with

Ram(B) = S(K,Noor) \ {w}.

» Let © be the discriminant of B.
m = product of the primes in F diving 91 and which are split in K.
Let R (m) be an Eichler order of level m inside B.
Fix an embedding

Lw: Rog(m) — MQ(OFM)
SetT' = v, (RF (m)[1/w]}) C SLa(Fy).
n:=#{v|oop: K®Qp F, 2 F, x F,}.
» K/FisCM <= n=0.



Non-archimedean History

Definition
s =#S(K,Noop) = {v | Noop: v not splitin K}
n = #oop \ S(K,00r) = {v | cop: vsplitin K}

@ H. Darmon (1999): F =Q,n=1and s = 1.

» Darmon-Green (2001): m trivial, Riemann products.
» Darmon-Pollack (2002): m trivial, overconvergent.
» Guitart-M. (2012): Allowed for m arbitrary.

@ M. Trifkovic (2006): F' imag. quadratic (n = 1) and s = 1.
» Trifkovic (2006): F' euclidean, m trivial.
» Guitart-M. (2013): F' arbitrary, m arbitrary.

@ M. Greenberg (2008):F totally real,» > 1 and s > 1.
» Guitart-M. (2013): n = 1.
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Archimedean History

Definition
s = #S(K,Noor) = {v | Noop: v not splitin K}
n = #oop \ S(K,00r) = {v | cop: v splitin K}

@ H. Darmon (2000): F totally real and s = 1.

» Darmon-Logan (2007): F real quadratic and norm-euclidean, n = 1,
m trivial.

» Guitart-M. (2011): F real quadratic and arbitrary, n = 1, m trivial.

» Guitart-M. (2012): F' real quadratic and arbitrary, n = 1, m arbitrary.

@ J. Gartner (2010): F totally real, s > 1.
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Integration Pairing

@ Letw € S(K,NMoop).
o Let £, = the w-adic upper half plane. That is:

» The Poincaré upper half plane if w is infinite,
» The p-adic upper-half plane if w = p is finite.

@ $,, comes equipped with an analytic structure (complex- or rigid-).
@ If w is infinite, there is a natural pairing

Qg x Div' 9, — C = K,
which sends

(w, (12) = (12)) — /Tzw e C=K,.

@ Analogously, Coleman integration gives a natural pairing

Q5. x Div? 9, — K.
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Rigid one-forms and measures

The assignment
dz

—w = du(t
p /Pl(@)z_jE (t)

induces an isomorphism Measo (P! (Q,), Z) = Qf .

@ Inverse given by w — [U — u(U) = res 4y w].

Theorem (Teitelbaum)

— L) du(t).
/ o /ﬂﬂ(@p (t—ﬁ) o
Proof sketch.

2 e dz t— 1
w= du(t) = / log ( ) du(t).
/7:1 /7.1 /]pl(@p) z—t P1(Qp) t—m
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The p-adic upper half plane
If the residues of w are all integers, have a multiplicative refinement:

f o=l

71 Uueu

tU — Ty wU)
( ) € K, where u(U) = resyw

@ Bruhat-Tits tree of
GL2(Qp) with p = 2.
@ $, having the
Bruhat-Tits as retract.
@ Annuli A(U) forif a
covering of size p~3
@ {y is any pointin
U C PHQp).

=LA
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(Co)homology

@ S(K,Moo) and w determine an S-arithmetic group T'.
> e.9. S(K,Moo) = {p} gives SLa(Z[:]).

1
p
@ Attach to F a unique class (up to sign):

[®p] € H (r, Q}%Z) .

> Q}%Z = rigid-analytic differentials having integral residues.
» Uses Hecke action and Shapiro’s lemma.

@ Attach to each embedding ¢: Ok — RE(m) a homology class:
[©4] € Hy, (T, Div’ $,,) .

@ Integration yields an element

J¢ :f<q)E,@w> S KZ;
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Uniformization
Jw :][<<I’E,@¢> S K;j

@ J, is well-defined up to a lattice L C K.

@ Itis conjectured (and in some cases proven) that this lattice is
commensurable to the (Weierstrass or Tate) lattice (qg) of E.

» Jisogeny 3: KX/L — KX /d%.
@ When w is infinite, there is a complex-analytic map

¢ = Pygierstrass : C — E(C).
@ When w is finite, Tate uniformization provides a rigid-analytic map
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Conjecture

@ Define P, = ®(5(Jy)) € E(Kuy).

Conjecture (Darmon, ...)

The local point P,, belongs to E(K?2).
Moreover P, is torsion if and only if L'(E/K, 1) = 0.

@ The conjecture predicts the exact number field over which P, is
defined.

@ It also includes a Shimura reciprocity law, mimicking the behavior of
Heegner points.
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A special case

@ We will restrict to the non-archimedean setting, w = p.
@ Suppose also that F, = Q,, i.e. p is splitin F.

» But recall the running assumption: p is inert in K.

@ Suppose also that n = 1. This includes the cases:
@ F totally real and K/F almost totally complex.
* e.g. FF = Q and K real quadratic. (Darmon)
@ F almost totally real and K/ F totally imaginary.

* e.g. F' quadratic imaginary. (Trifkovic)
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Cohomology

@ Jacquet-Langlands correspondence gives:
. A
dimg (Hl (Fé’(pm),@)p_ﬁew> =1

A
@ Letyp € (Hl(Fg(Pm),Z)p—new) g
» Well-defined up to sign.

@ Shapiro’s isomorphism gives ', € H'(T, coindED(pm) 7).
0
@ Choose an “harmonic” system of representatives, to pull back to

dp € HY(T',HC(Z)),

2
. T . r
» Here HC(Z) = ker (comdrg)(pm) Z — (comdrg(m) Z) ) .
@ Finally, use isomorphisms
HC(Z) = Measo(P'(Q,), Z) = Qg 5.
H 1
@ Obtain @p € H'(T,Qy 7).



Homology

@ Lety: O — Ry(m) be an embedding of an order O of K.
» ...which is optimal: ¥)(O) = Ro(m) Ny (K).
@ Consider the group

O? = {u S OX§ NmK/F(u) = 1}

» rank(O;) = rank(O*) — rank(Op) = 1.
@ Let u € Of be a non-torsion unit, and let v, = ¥ (u).
@ v acts on §), via K* — By — By, = SLy(Q,) with fixed points
T¢, Tw.
@ Consider ©,, = [y, ®7y] in Hi(T, Div $,).
@ Have the exact sequence

Hy(T, Div° §,) — = H,(T, Div $,) —<& Hy (T, Z)
@w - > éw P deg é¢

@ Lemma: deg O, is torsion.
» Can pull back (a multiple of) ©, to ©,, € H; (T, Div’ §,).
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Overconvergent Integration (I)

@ D = { locally-analytic Z,-valued distributions on Z,, }.

@ Yy(p) = {(Z Z) € Mx(Zy) | p | c,dEZg,ad—bc;éO}.

@ v=(2%) e X(p) actson v € D by:

/Zp h(t)d(yv) = /z,, h (Z;ig) dv.

@ Can define U, operator on HY ('Y (pm), D).

Theorem (Pollack-Pollack)

Letp € H'(I'§ (pm), Zy) be such that Uyp = o with o € Z. Then there
is a unique lift ® € H'(TY (pm), D) such that U,® = a®.
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Overconvergent Integration (ll)
Theorem (Pollack-Pollack)

Let o € H'(I'§ (pm), Zy) be such that Uyp = o with o € ZX. Then there

is a unique lift ® € H'(TY (pm), D) such that U,® = a®.

@ Recall we have pp € H(I', Measy(P1(Q,), Z2)).
@ The cocycle @’ given by:

(@) (h(t)) = /Z W(t)dpp (1), € TP(pM).

is a lift of o which is also an U,,-eigenclass.
@ So ¢’ = @, and obtain a way to integrate.

@ We can extend this in order to:

@ Evaluate at y € T (not just T (pm)).
@ Integrate over all of P1(Q,) (not just Z,,).
© Compute multiplicative integrals.
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Implementation

@ We have written SAGE code to compute non-archimedean Darmon
points when n = 1.

@ Depend on:

@ Overconvergent method for F = Q and © = 1 (R.Pollack).
@ Finding a presentation for units of orders in B (J.Voight, A.Page).

* Currently depends on MAGMA.

@ Overconvergent methods (adapted to © # 1).

» Efficient (polynomial time) integration algorithm.
» Apart from checking the conjecture, can use the method to actually
finding the points.

@ Need more geometric ideas to treat n > 1.
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Examples
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p =5, Curve 15A1

E: y’+ay+y=2>+2%—10z—10
di | b | P
13 |1 (—V13+1,2V13 — 4)
28 | 1 (=157 + 43, 150\/‘ 402)
37 |1 —3V37T+ 3,2 —- )
731 (—3 v + 5; %22 73 ~ %)
88 | 1 (-3, 32v22+3)
97 | 1 (=207 + 122, 313, /97 — 189)
133 | 1 (133,52,/133 — 20)

1923 1781 / 121

172 ! 1885 (—@5’8%922192175 +/ ) 4056815
193 | 1 (W 193 + 288 7 3456 193 + T 3456 )
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p = 3, Curve 21A1

E: V+ay=a3—4z-1

di ‘ h \ P
8 |1 (—9v2+11,45v2 — 64
29 |1 (—%\/29+3—§,16—?g\/29—ﬁ5)
44 |1 (- V11— 22, 28V/11 + 230)
37 /Ea ., 184 555  /Ea 5633
53 |1 (_ﬁ 53"'@?% 53 2197)
92 | 1 (%_37 127131265 23 — 5
1959 242 295809 162481
137 | 1 ( 11424691 137 + %‘ég’ 2450(1)86 137 _1%41157)(52886)
149 | 1 V149 4 2362 E08 /149 — 191722)
79135143 /— 977125081 143051 7486313 /197 _ 9297639417941
197 | 1 ( 200961032 V 197 + 099610327 1075630366936 ¥ 197 —537815183468)
D | h hp(x)
2 61851 191026 403782 /or | 3256777
65 2 ‘ x +(6241 65 — 6241 ) T 6241 5+ 6241
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11, Curve 33A1

E

y2+xy=x3+x2—11x

dx | h | P
13 |1 (-ivis+3,ivis- 1)
22 11
28 | 1 (7, 55 7 - 7)
61 | 1 —1V61+ 3, V61— 11)
_ 53330 sv5 . 324687 51208315 _ 200996167
[CRN ( 20928 V73 “fggas » “78sseza V5 — “7sss624 )
76 | 1 (—2, V19 + 1)
109 | 1 (_%1/*10 94 1485 5577 /705 — %)
51842 2065147 25921
172 |1 (_ 21025 3048625 V43 + 21025)
59488 109252 _ 20744
184 | 1 (21509’ 3176523 V4 21609)
4663533349261 1048806825770477
193 11 (678412148664608 V193 + 578412148664608
147778057920931299317 /755 | 80862934493092416035541
T2494688311813553741184 12494688311813553741184
EEED e
T4 (288 /g _ osar 5082 /g . 16819
40 2 ==+ (1681 - ) ~ Y681 V10 + Tgs1
85 9 z2 4+ (%,(1;?\/7* 1022) T — égf\/%Jr 1356419
4, (169016003453 ,7F _ 1621540207320 .3
145 | 4 ==+ ( 83168215321 V14 83168215321 )””
_ 1534717557538 18972823204799 ) 2 | ( 5533405190489 66553066916820
+ ( 83168215321 V145 + glﬁgﬁg@zg&? =" + Salosalsaal ¥ 145 — ¥53T68215321 )
+ — “83Tes215321 V145 + Tg3168215321

Marc Masdeu

25/31

August 25, 2013



p = 13, Curve 78A1

@ 78=2-3-13,we take p =13 and D = 6.

E: y*+ay=ax>+2%>—192+ 685

dic P
5 1-48-(-2,12v5+ 1)
149 | 1-48- (1558, —5040/119 —779)
720 155
197 1-48- (310, 729,/197 — 158)
293 1-48- (40, —-15v/293 — 20)
317 | 1-48-(382,—4201/317 — 191)
437 1-48- (8, 7200,/437 — 493)
461 | 1-48-(232,—-165v461 — 116)
509 | 148 (—525, —27991/509 + 5i5)

so7 | 145 (1 sl a0
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p = 11, Curve 110A1

@ 110=2-5-11, we take p = 11 and D = 10.

2 2
E: vy —I—:Uy-l—y:x3+a: + 10z — 45.
dx P
13 2-30- (42 — V13, -2 + B104/13)
1532132 1541157 _ 289481483
173 2-30 9025’ _ 18050 1714750 173)
9237 92.30. (190966548837842073867 _ 10722443619184119320 . /53~
1016648659658412649 1016648659658412649 )
_ 3505500193011437142853283857140 | 235448460130564520901320372200 237)
8049997913829845411423756107 8049997913829845411423756107
977 9. 30 (A6317716623881 " 5871104165657 __ 20912769335230055243 277)
12553387541776°  25106775083552  44477606117965542076
203 2.30. (7088486530742 _ 10060321188545 591566427769149607 293)
2071834657801 ° 5943669315602  10246297476835603402
373 2.30- (298780258398 7'360867442397 _ 19368019551426449 373)
62087183029 > 124174367858  30940899762281434

Marc Masdeu Darmon Points: an overview

August 25, 2013 27/31



p = 5, Curve 110A1

@ 110=2-5-11,wetake p=5and D = 22.

E: Y +ay+y=ax>+22+ 10z — 45.

dx p
13 2-12- (4,2v13 - 3)
173 2.12- 1532132’ _ 289481483 173 — 1541157
5585462179 53751973226309 6779230291
237 2-12- (11937681127 T 71439858894528 237 — 2387536224)
277 —
203 | 2.12- (7088486530742 ___591566427769149607 203 — 10060321188543)
2971834657801 10246297476835603402 5943669315602
373 2.12. (298780258398 19368919551426449 373 — 360867442327)
62087183929 ’ 30940899762281434 124174367858
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p =19, Curve 114A1

@ 114 =2-3-19, we take p =19 and D = 6.

di P
6 38 18 36
29 1-72-(—ﬁ\/291—g,—ﬁ\/129+m)
o3 L 7%4.8§_ 5311?_%33 53/—+ E) 3481
173 1-72- (_ 13689 3203226 173 + 27378)
1647149414400 43248475603556
269 L-72- (23887470525361 269 — 23887470525361

2359447648611379200  / 268177497417024307564
116749558330761905641 269 + 116749558330761905641

293 1.-72. (21289143620808 4567039561444642548 203 — 10644571810404

4902225525409 ’ 10854002829131490673 4902225525409
317 172 (=2, - 2V317T+ £)
341 1-72- (3449809443179 3600393040902501011 341 — 3449809443179
499880896975 ’ 3935597293546963250 999761793950
413 1-72- (2, 52413 — 59)
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Thank you !

Bibliography and slides at:

http://www.math.columbia.edu/~masdeu/
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