
♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❋r♦♠ ❉❛r♠♦♥ ♣♦✐♥ts t♦ ❉❛r♠♦♥ ❝②❝❧❡s

▼✳ ❆✳ ❙❡✈❡s♦

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ✏❋❡❞❡r✐❣♦ ❊♥r✐q✉❡s✑

❯♥✐✈❡rs✐t② ♦❢ ▼✐❧❛♥

✷✵✶✸ ❊✛❡❝t✐✈❡ ▼❡t❤♦❞s ❢♦r ❉❛r♠♦♥ P♦✐♥ts

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

▲❡t ● ❜❡ ❛ Γ✵✲t②♣❡ ❝♦♥❣r✉❡♥❝❡ s✉❜❣r♦✉♣ ✐♥ ❇× ✭t❤❡ ✐♥❞❡✜♥✐t❡
q✉❛t❡r♥✐♦♥ ❛❧❣❡❜r❛ ♦❢ ❞✐s❝r✐♠✐♥❛♥t ❉ > ✶ ❢♦r s✐♠♣❧✐❝✐t②✮ ♦❢ ❧❡✈❡❧ ◆●

❛♥❞ ❧❡t H (● ) = H ❉ (● ) ❜❡ t❤❡ ❍❡❝❦❡ ❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② t❤❡
♦♣❡r❛t♦rs ❚❧ ✇❤❡r❡ ❧ ∤ ◆●❉✱ ❯❧ ❛♥❞ ❲❧ ✇❤❡r❡ ❧ | ◆● ✱ ❲❧ ✇❤❡r❡
❧ | ❉ ❛♥❞ ❲∞✳ ❇② ❛ ❣♦♦❞ ❍❡❝❦❡ ♦♣❡r❛t♦r ✇❡ ♠❡❛♥ ❛ ❚❧ ❢♦r s♦♠❡
❧ ∤ ◆●❉✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❉❡✜♥✐t✐♦♥ ✶

▲❡t ▼ ❜❡ ❛ H (● )✲♠♦❞✉❧❡✳ ❲❡ s❛② t❤❛t ▼ ❛❞♠✐ts ❛♥
❧ ✲❊✐s❡♥st❡✐♥✴❈✉s♣✐❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭♦❢ ✇❡✐❣❤t ❦✮ ✇❤❡♥❡✈❡r t❤❡r❡
❡①✐sts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H (● )✲♠♦❞✉❧❡s ▼ =▼❡

❧ ⊕▼❝
❧ s✉❝❤ t❤❛t

t❧ := ❚❧ − ❧❦−✶−✶ ✈❛♥✐s❤❡s ♦♥ ▼❡
❧ ❛♥❞ ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ ▼❝

❧ ❢♦r s♦♠❡
❧ ∤ ◆●❉✳
❲❡ s❛② t❤❛t ✐t ❛❞♠✐st ❛♥ ❊✐s❡♥st❡✐♥✴❈✉s♣✐❞❛❧ ✭♦❢ ✇❡✐❣❤t ❦✮
❞❡❝♦♠♣♦s✐t✐♦♥ ✐❢ ✐t ❛❞♠✐ts ❛♥ ❧ ✲❊✐s❡♥st❡✐♥✴❈✉s♣✐❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥
❢♦r ❡✈❡r② ❧ ∤ ◆●❉ ✇✐t❤ ▼❡

❧✶
=▼❡

❧✷
❛♥❞ ▼❝

❧✶
=▼❝

❧✷
❢♦r ❡✈❡r②

❧✶, ❧✷ ∤ ◆●❉✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ✇r✐t❡ ▼ =▼❡ ⊕▼❝ ✇❤❡r❡ ▼❡ =▼❡
❧

❛♥❞ ▼❝ =▼❝
❧ ✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ❦ ✇✐❧❧ ❛❧✇❛②s ❜❡ ✜①❡❞ ❛♥❞✱ ✇❤❡♥ t❤❡ ❧ ✐♥
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❧ ✲❊✐s❡♥st❡✐♥✴❈✉s♣✐❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✐♠♣❧✐❝✐t✱
✇❡ s✐♠♣❧② ✇r✐t❡ ▼❡ =▼❡

❧ ❛♥❞ ▼❝ =▼❝
❧ ✳
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♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❈♦♥s✐❞❡r t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

✵→ ❈❤❛r (E ,Z)→ ❈✵ (E ,Z)
δs→ ❈ (V ,Z)→ ✵✱ ✭✶✮

✇❤❡r❡ δs (❝)(✈) := ∑s(❡)=✈ ❝ (❡)✱ ✇❤✐❝❤ ✐♥❞✉❝❡s✱ t❛❦✐♥❣
Γ✲❝♦❤♦♠♦❧♦❣② ❛♥❞ ❛♣♣❧②✐♥❣ ❙❤❛♣✐r♦✬s ▲❡♠♠❛✱ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

✵→ ❊ → ❍✶ (Γ,❈❤❛r (E ,Z))→ ❍✶
(
Γ✵

(
♣◆+

)
,Z

)♣−♥❡✇
→ ✵

✇❤❡r❡ ✇❡ ❞❡✜♥❡

❊ := coker
(

δs : ❈✵ (E ,Z)Γ → ❈ (V ,Z)Γ
)
✱

❍✶
(
Γ✵

(
♣◆+

)
,Z

)♣−♥❡✇
:= ker(δs)⊂ ❍✶ (Γ,❈✵ (E ,Z)) ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❚❤❡ ♥♦t❛t✐♦♥ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
❍✶ (Γ✵ (♣◆

+) ,Z)
♣−♥❡✇

✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♣✲♥❡✇ ♣❛rt ♦❢
❍✶ (Γ✵ (♣◆

+) ,Z)✱ ❜❡❝❛✉s❡ δs ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡❣❡♥❡r❛❝② ♠❛♣s
✉♣ t♦ ❙❤❛♣✐r♦✬s ✐s♦♠♦r♣❤✐s♠✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

▲❡♠♠❛ ✷

❈♦♥s✐❞❡r t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

✵→ ❊ → ❍✶ (Γ,❈❤❛r (E ,Z))→ ❍✶
(
Γ✵

(
♣◆+

)
,Z

)♣−♥❡✇
→ ✵

❲❡ ❤❛✈❡ t❤❛t t❧ = ✵ ♦♥ ❊ ≃ Z
(♣+✶)Z ⊕Z ❢♦r ❡✈❡r② ❧ ∤ ♣◆+ ✇❤✐❧❡

t❧ : ❍
✶ (Γ✵ (♣◆

+) ,Z)
♣−♥❡✇

→ ❍✶ (Γ✵ (♣◆
+) ,Z)

♣−♥❡✇
✐s ✐♥❥❡❝t✐✈❡ ♦♥

❍✶ (Γ✵ (♣◆
+) ,Z)

♣−♥❡✇
≃ Z❣ ✳ ❚❤❡r❡ ❡①✐sts

❊ ⊕❍ ⊂ ❍✶ (Γ,❈❤❛r (E ,Z)) s✉❝❤ t❤❛t t❧ : ❍ → ❍ ✐s ✐♥❥❡❝t✐✈❡ ❡✈❡r②

❧ ∤ ♣◆+❉✱ ❍ →֒ ❍✶ (Γ✵ (♣◆
+) ,Z)

♣−♥❡✇
✐s Z✲❢r❡❡ ❛♥❞ ✇✐t❤ t♦rs✐♦♥

❝♦❦❡r♥❡❧ ✐♥❞✉❝✐♥❣

Q❍ = ❍✶ (Γ,❈❤❛r (E ,Q))❝ =Q⊗Z❍
∼
→ ❍✶

(
Γ✵

(
♣◆+

)
,Q

)♣−♥❡✇
✳
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♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❙❡t H ✉r
♣ :=Q✉r

♣ −Q♣ ❛♥❞ ❧❡t Div(H♣)(❦♣)⊂Div
(
H ✉r

♣

)
❜❡ t❤❡

s✉❜❣r♦✉♣ ♦❢ ❞✐✈✐s♦rs t❤❛t ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ●Q✉r
♣ /❦♣ ✳

❲❡ ❞❡✜♥❡ Div✵ (H♣)(❦♣)⊂Div✵
(
H ✉r

♣

)
❜② ♠❡❛♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

❡①❛❝t s❡q✉❡♥❝❡

✵→ Div✵ (H♣)(❦♣)→ Div(H♣)(❦♣)
deg
→ Z→ ✵✳ ✭✷✮

❍❡r❡ ✇❡ r❡♠❛r❦ t❤❛t Div(H♣)(Q♣)⊂ Div(H♣)(❦♣) ❛♥❞ t❤❡r❡ ✐s ❛
❞❡❣r❡❡ ♦♥❡ ❞✐✈✐s♦r ✐♥ Div(H♣)(Q♣)✱ s♦ t❤❛t t❤❡ ❛❜♦✈❡ deg ✐s
s✉r❥❡❝t✐✈❡✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❲❡ ✜① ❢r♦♠ ♥♦✇ ♦♥ ❛♥②

❍ →֒ ❍✶
(
Γ✵

(
♣◆+

)
,Z

)♣−♥❡✇

❛s ❣r❛♥t❡❞ ❜② ▲❡♠♠❛ ✷✳ ▲❡t ❈
(
P✶ (Q♣) ,❑

×
♣

)
❜❡ t❤❡ s♣❛❝❡ ♦❢

❝♦♥t✐♥✉♦✉s ❑♣✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ P✶ (Q♣)✳ ❚❤❡♥ ✇❡ ♠❛② ❞❡✜♥❡ ❛
♣❛✐r✐♥❣

❈
(
P
✶ (Q♣) ,❑

×
♣

)
⊗❈❤❛r (E ,Z)→ ❑×

♣

❜② t❤❡ r✉❧❡

Φ(❢ ,❝) := ❧✐♠
T✵⊂T

(
∏❡∈∂T✵

❢ (t❡)
❝(❡)

)
✱ ✭✸✮

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

✇❤❡r❡ T✵ ⊂ T r✉♥s ♦✈❡r ❛❧❧ t❤❡ ♥❡t ♦❢ ✜♥✐t❡ s✉❜tr❡❡s ♦❢ T ✱ ∂T✵

❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❜♦✉♥❞❛r② ❡❞❣❡s ♦❢ T✵ ♦r✐❡♥t❡❞ t♦✇❛r❞s
∂T = P✶ (Q♣) ❛♥❞ t❡ ∈ ❯❡ ✱ ✇❤❡r❡ ❯❡ ⊂ P✶ (Q♣) ✐s t❤❡ ♦♣❡♥
❝♦♠♣❛❝t s✉❜s❡t ❛tt❛❝❤❡❞ t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❡♥❞s st❛rt✐♥❣
❢r♦♠ ❡✳ ❍❡r❡ ✇❡ r❡♠❛r❦ t❤❛t✱ ❣✐✈❡♥ ❛ ❝❤♦✐❝❡ {t❡}❡∈E

✱ t❤❡ ❛❜♦✈❡
❧✐♠✐t ❡①✐sts t❤❛♥❦s t♦ t❤❡ ❜♦✉♥❞❡ss ♦❢ ❝ ∈ ❈❤❛r (E ,Z)⊂ ❈❜

❤❛r (E ,Z)
❛♥❞ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ {t❡}❡∈E

✳ ❚❤✐s ♣❛✐r✐♥❣ ✐s
❡❛s✐❧② ❝❤❡❝❦❡❞ t♦ ❜❡ ●▲✷ (Q♣)✲✐♥✈❛r✐❛♥t✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

◆❡①t ✇❡ r❡♠❛r❦ t❤❛t ✇❡ ♠❛② ❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠

Div✵ (H♣)(❦♣) ⊗ ❈❤❛r (E ,Z)
Φ
→ ❑×

♣

θ ↓ ‖ ‖

❈
(
P✶ (Q♣) ,❑

×
♣

)
⊗ ❈❤❛r (E ,Z)

Φ
→ ❑×

♣

↓ ‖ ‖

❈
(
P✶ (Q♣) ,❑

×
♣

)
/❑×

♣ ⊗ ❈❤❛r (E ,Z)
Φ
→ ❑×

♣ ✱

✭✹✮

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

✇❤❡r❡ θ ✐s ♦❜t❛✐♥❡❞ ❜② ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠❛♣

θ : Div
(
H

✉r
♣

)
→ ❈

(
P
✶ (Q♣) ,❑♣

×
)
✱ θτ✷,τ✶ (t) :=

t− τ✷
t− τ✶

✳

❚❤❡ ❢❛❝t t❤❛t t❤❡ ♣❛✐r✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞ r♦✇ ✐♥❞✉❝❡s ✉♥✐q✉❡❧② ❛
♣❛✐r✐♥❣ ✐♥ t❤❡ t❤✐rt r♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ❡❧❡♠♥ts
♦❢ ❈❤❛r (E ,Z)✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ♣❛✐r✐♥❣ ✐s ●▲✷ (Q♣)✲✐♥✈❛r✐❛♥t✳
❙✐♥❝❡ t❤❡ ❝♦♠♣♦s✐t❡ Div(H♣)(❦♣)→ ❈

(
P✶ (Q♣) ,❑

×
♣

)
/❑×

♣ ✐s
●▲✷ (Q♣)✲✐♥✈❛r✐❛♥t ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣❛✐r✐♥❣ ✐♥ t❤❡ ✜rst r♦✇ ✐s
●▲✷ (Q♣)✲✐♥✈❛r✐❛♥t t♦♦✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❲❡ ❞❡❞✉❝❡ ❛ ❍❡❝❦❡ ❡q✉✐✈❛r✐❛♥t ♠❛♣

Φ❍ :❍✶ (Γ,Div(H♣)(❦♣))
Φ
→❍♦♠

(
❍✶ (Γ,❈❤❛r (E ,Z)) ,❑×

♣

)
→❚❍ (❑♣) ✱

✇❤❡r❡ ❚❍

(
❑×
♣

)
:= ❍♦♠

(
❍,❑×

♣

)
❛♥❞ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜②

❍ ⊂ ❍✶ (Γ,❈❤❛r (E ,Z))✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡ ❍ ✐s Z✲❢r❡❡✱ ❚❍ ✐s ✐♥❞❡❡❞
❛ r✐❣✐❞ ❛♥❛❧②t✐❝ t♦r✉s✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ❛❝t✐♦♥ ♦❢
T := H ❉ (Γ✵ (♣◆

+))
♣−♥❡✇

✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❈♦♠♣♦s✐♥❣ ✇✐t❤ log✵ : ❑
×
♣ → ❑♣ ❛♥❞ ord♣ : ❑

×
♣ → ❑♣ ✇❡ ♦❜t❛✐♥✱

s❡tt✐♥❣ logλ := log✵−λord♣ ❢♦r ❡✈❡r② λ ∈ P✶ (❑♣) ✇✐t❤ λ 6= ✵ ❛♥❞
log∞ :=ord♣✱

❍✶ (Γ,Div(H♣)(❦♣))
↓ Φ

❍♦♠
(
❍✶ (Γ,❈❤❛r (E ,Z)) ,❑×

♣

)
→ ❚❍ (❑♣)

↓ logλ ↓ logλ

❍♦♠
(
❍✶ (Γ,❈❤❛r (E ,Z)) ,❑♣

)
→ ❍♦♠ (❍,❑♣)

‖ ‖
❍♦♠❑♣

(
❍✶ (Γ,❈❤❛r (E ,❑♣)) ,❑♣

)
→ ❍♦♠❑♣

(
❍❑♣

,❑♣

)

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❲❡ ❛❧s♦ r❡♠❛r❦ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥

❍♦♠❑♣

(
❍✶ (Γ,❈❤❛r (E ,❑♣)) ,❑♣

)
→ ❍♦♠❑♣

(
❍✶ (Γ,❈❤❛r (E ,❑♣))

❝ ,❑♣

)

= ❍♦♠❑♣

(
❍❑♣

,❑♣

)
✱

✇❤❡r❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ♦✉r ❝❤♦✐❝❡ ♦❢ ❍ ✐♥ ✈✐❡✇ ♦❢
▲❡♠♠❛ ✷ ❛♥❞ ✐s ✐♥❞✉❝❡❞ ❜② ❍ ⊂ ❍✶ (Γ,❈❤❛r (E ,Z))✳ ❖❢ ❝♦✉rs❡✱ ❜②
▲❡♠♠❛ ✷✱

❍✶ (Γ,❈❤❛r (E ,❑♣))
❝ = ❍✶

(
Γ✵

(
♣◆+

)
,Z

)♣−♥❡✇
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❲❡ ❞❡✜♥❡

logλ (Φ❍) : ❍✶ (Γ,Div(H♣)(❦♣))
logλ (Φ)
→

❍♦♠❑♣

(
❍✶ (Γ,❈❤❛r (E ,❑♣)) ,❑♣

)
→ ❍♦♠❑♣

(
❍❑♣

,❑♣

)

❛s t❤❡ ♠♦r♣❤✐s♠s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✳
❚❤❡② ❛r❡ ✇❤❛t ✇❡ ✇✐❧❧ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❤✐❣❤❡r ✇❡✐❣❤t ❝❛s❡✳

■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠s s✉❝❤ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦
r❡❞❡✜♥❡ t❤❡s❡ ♠❛♣s ✐♥ ❛ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ✇❛②✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❉❡✜♥✐t✐♦♥ ✸

▲❡t A♥ := A♥(P
✶(Q♣),❑♣) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❑♣✲✈❛❧✉❡❞ ❧♦❝❛❧❧②

❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦♥ P✶(Q♣) ✇✐t❤ ❛ ♣♦❧❡ ♦❢ ♦r❞❡r ❛t ♠♦st ♥ ❛t ∞✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛♥ ❡❧❡♠❡♥t ❢ ∈ A♥ ✐s ❛ ❧♦❝❛❧❧② ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥
❢ :Q♣ → ❑♣ ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r ◆ s✉❝❤ t❤❛t ❢ ✐s
❧♦❝❛❧❧② ❛♥❛❧②t✐❝ ♦♥ {③ ∈Q♣ : ♦r❞♣(①)≥ ◆} ❛♥❞ ❛❞♠✐ts ❛ ❝♦♥✈❡r❣❡♥t
❡①♣❛♥s✐♦♥

❢ (③) = ❛♥③
♥+❛♥−✶③

♥−✶+ ...+❛✵+ ∑
r≥✶

❛−r③
−r

♦♥ {③ ∈Q♣ : ♦r❞♣(③)< ◆}✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❚❤❡ s♣❛❝❡ A♥(P
✶(Q♣),❑♣) ❝❛rr✐❡s ❛ r✐❣❤t ❛❝t✐♦♥ ♦❢ GL✷(Q♣)

❞❡✜♥❡❞ ❜② t❤❡ r✉❧❡ ❢ · γ = (❝①+❞)♥

❞❡t(γ)♥/✷
· ❢ ( ❛①+❜

❝①+❞ )✱ ❢♦r ❛♥②

❢ ∈ A♥(P
✶(Q♣),❑♣) ❛♥❞ γ = ( ❛ ❜

❝ ❞ ) ∈ GL✷(Q♣)✳ ◆♦t❡ t❤❛t P❦(❑♣)
✐s ❛ ♥❛t✉r❛❧ GL✷(Q♣)✲s✉❜♠♦❞✉❧❡ ♦❢ ✐t✱ ✇❤❡r❡ P♥ := P♥(❑♣) ✐s t❤❡
s♣❛❝❡ ♦❢ ❑♣✲✈❛❧✉❡❞ ♣♦❧②♥♦♠✐❛❧s ♦♥ ♦❢ ❞❡❣r❡❡ ≤ ♥✳
❲❡ ❤❛✈❡

✵→ P♥ → A♥ → A♥/P♥ → ✵

❛♥❞ ❞❡✜♥❡ D♥ := D♥(P
✶(Q♣),❑♣) ❛♥❞ D✵

♥ := D✵
♥ (P

✶(Q♣),❑♣) ❜②
t❛❦✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ❑♣✲❞✉❛❧s✿

✵→ D
✵
♥ → D♥ → ❱♥ → ✵

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

P✉t ♥ := ❦−✷ ❢r♦♠ ♥♦✇ ♦♥✳

❉❡✜♥✐t✐♦♥ ✹

D
✵,❜
♥ := D✵

♥ (P
✶(Q♣),❑♣)

❜ ✐s t❤❡ s✉❜s❡t ♦❢ t❤♦s❡ µ ∈ D✵
❦ ❢♦r ✇❤✐❝❤

t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t ❆ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ✐ ≥ ✵✱ ❥ ≥ ✵✱ ❛♥❞ ❛❧❧ ❛ ∈ Z♣✱

|µ((①−❛)✐ |❛+♣❥Z♣)| ≤ ♣❆−❥(✐−✶−❦/✷)✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❚❤❡r❡ ✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠ ♦❢ GL✷(Q♣)✲♠♦❞✉❧❡s

r : D✵
♥ (P

✶(Q♣),❑♣) ։ ❈❤❛r (E ,❱♥(❑♣))✱

r(µ)(❡)(P) =
∫

❯❡

P(t)❞µ(t) := µ(P ·χ❯❡
)

r❡str✐❝t✐♥❣ t♦ ❛♥ ✐♥❝❧✉s✐♦♥

D
✵
♥ (P

✶(Q♣),❑♣)
❜ →֒ ❈❤❛r (E ,❱♥(❑♣))

❛♥❞ ✇❡ s❡t ❈❤❛r (E ,❱♥(❑♣))
❜ := r

(
D✵
♥ (P

✶(Q♣),❑♣)
❜
)
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

◆♦t✐❝✐♥❣ t❤❛t ✇❡ ❤❛✈❡

logλ (θτ✷,τ✶) = logλ

(
t− τ✷
t− τ✶

)
=: θ

logλ
τ✷,τ✶ (t) ∈ A✵(P

✶(Q♣),❑♣)

✇❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣✉❡ ♦❢ (✹)

Div✵ (H♣)(❦♣)⊗P♥ (❑♣) ⊗ D✵
♥ (P

✶(Q♣),❑♣)
❜ Φlogλ

→ ❑×
♣

θ logλ ↓ ‖ ‖

A♥(P
✶(Q♣),❑♣) ⊗ D✵

♥ (P
✶(Q♣),❑♣)

❜ Φlogλ
→ ❑×

♣

↓ ‖ ‖

A♥(P
✶(Q♣),❑♣)/P♥ (❑♣) ⊗ D✵

♥ (P
✶(Q♣),❑♣)

❜ Φlogλ
→ ❑×

♣ ✱

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

✇❤❡r❡ θ logλ ✐s ♦❜t❛✐♥❡❞ ❜② ❑♣✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠❛♣

θ logλ : Div
(
H

✉r
♣

)
⊗P♥ (❑♣)→ A♥(P

✶(Q♣),❑♣)✱

θ
logλ

τ✷,τ✶,P
(t) := logλ

(
t− τ✷
t− τ✶

)
P (t) ✳

❆ s✐♠✐❧❛r r❡♠❛r❦ ❛s ✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡tt✐♥❣ ✐♠♣❧✐❡s t❤❡
●▲✷ (Q♣)✲✐♥✈❛r✐❛♥❝❡✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❚❤❡ ❦❡② ❢❛❝t ❛❧❧♦✇✐♥❣ ✉s t♦ ❡①t❡♥❞ t❤❡ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥ t❤❡♦r② t♦
t❤❡ ❤✐❣❤❡r ✇❡✐❣❤t s❡tt✐♥❣ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✺

❚❤❡ ❛❜♦✈❡ ♠❛♣ r ✐♥❞✉❝❡s ❛♥ ❍❡❝❦❡ ❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r♣❤✐s♠

❍✶
(
Γ,D✵

♥ (P
✶(Q♣),❑♣)

❜
)

∼
→ ❍✶ (Γ,❈❤❛r (E ,❱♥(❑♣))) ✳

❇② ♠❡❛♥s ♦❢ ❚❤❡♦r❡♠ ✺ t❤❡ ♣❛✐r✐♥❣ Φlogλ ✐♥❞✉❝❡s ❛ ❍❡❝❦❡
❡q✉✐✈❛r✐❛♥t ♠♦r♣❤✐s♠✿

Φ
logλ
❝ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

) Φlogλ
→

❍♦♠❑♣

(
❍✶ (Γ,❈❤❛r (E ,❱♥(❑♣))) ,❑♣

)
→❍

∨
❦ (❑♣) ✱

✇❤❡r❡ ✇❡ s❡t ❍∨
❦ (❑♣) := ❍♦♠❑♣

(
❍✶ (Γ,❈❤❛r (E ,❱♥(❑♣))

❝) ,❑♣

)
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❚❤❡ ❝❧❛✐♠❡❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻

❲❤❡♥ ❦ = ✷ ✇❡ ❤❛✈❡ logλ (Φ) = Φlogλ ◦ ✐ ❛♥❞ logλ (Φ❍) = Φ
logλ
❝ ◦ ✐ ✱

✇❤❡r❡

✐ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)

)
→ ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗❑♣

)
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

Pr♦♦❢✳

✭❙❦❡t❝❤✮ ■❢ µ ∈ D✵
❦ (P

✶(Q♣),❑♣)
❜ ❛♥❞ ❢ ∈ A❦(P

✶(Q♣),❑♣) t❤❡♥

µ (❢ ) = ❧✐♠
T✵⊂T

(
∑❡∈∂T✵

r (µ)(❡) ❢ (t❡)
)

✇❤❡r❡ t❡ 6= ∞ ❢♦r ❡✈❡r② ❡ ∈ E ✳ ❋✉rt❤❡♠♦r❡✱
D✵

❦ (P
✶(Q♣),❑♣)

❜ ∼
→ ❈❤❛r (E ,❑♣)

❜ ⊃ ❈❤❛r (E ,Z)✳ ❍❡♥❝❡✱ ✐❢
r (µ) = ❝ ∈ ❈❤❛r (E ,Z) ✇✐t❤ µ ∈ D✵

❦ (P
✶(Q♣),❑♣)

❜ ❛♥❞
❢ ∈ ❈

(
P✶ (Q♣) ,❑

×
♣

)
✐s s✉❝❤ t❤❛t logλ (❢ ) ∈ A❦(P

✶(Q♣),❑♣)✱ t❤❡♥

logλΦ(❢ ,❝)
(✸)
= logλ

(
❧✐♠

T✵⊂T

(
∏❡∈∂T✵

❢ (t❡)
❝(❡)

))

= ❧✐♠
T✵⊂T

(
∑❡∈∂T✵

r (µ)(❡) logλ (❢ (t❡))
)
= µ (logλ (❢ )) ✳

❚❤❡ ❝❧❛✐♠ ✐s t❤❡♥ ❡❛s✐❧② ❞❡❞✉❝❡❞✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❈♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠s

Φ❍,∂ : ❍✷ (Γ,Z)
∂
→ ❍✶

(
Γ,Div✵ (H♣)(❦♣)

) Φ❍→ ❚❍ (❑♣) ✱

Φ
logλ

❝,∂ : ❍✷ (Γ,P♥ (❑♣))
∂
→ ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

)
→❍

∨
❦ (❑♣) ✱

✇❤❡r❡ ∂ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ (✷)✳

❚❤❡♦r❡♠ ✼

❚❤❡ ♠♦r♣❤✐s♠ Φord
❝,∂ : ❍✷ (Γ,P♥ (❑♣))→❍∨

❦ (❑♣) ✐s s✉r❥❡❝t✐✈❡ ❛♥❞

✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❍✷ (Γ,P♥ (❑♣))
❝ ∼
→❍∨

❦ (❑♣)✳ ❚❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ L ∈ TQ♣ s✉❝❤ t❤❛t

Φ
log✵
❝,∂ = L ◦Φord

❝,∂ =Φord
❝,∂ ◦L ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❉❡✜♥❡

Φlog
❝ :=−Φlog0

❝ ⊕Φord
❝ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

)
→❉❦ (❑♣) ✱

❉❦ (❑♣) :=❍
∨
❦ (❑♣)

✷ ✱ Φ❝,∂ := Φ❝ ◦∂ ✳

❲❡ ❛❧s♦ s❡t

▲❍ := Im
(
Φ❍,∂

)
⊂❚❍ (Q♣) ✭✇❤❡♥ ❦ = ✷✮✱

❋ := Im
(
Φ❝,∂

)
⊂❉❦ (Q♣) =:❉❦ ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❈♦r♦❧❧❛r② ✽

■❢ ❦ = ✷✱ t❤❡♥ ▲❍ ⊂❚❍ (Q♣) =: ❍♦♠
(
❍,Q×

♣

)
✐s ❛ ❍❡❝❦❡ st❛❜❧❡ ❛♥❞

Z✲❢r❡❡ s✉❜❣r♦✉♣ ❛♥❞ ord(▲❍)⊂ ❍♦♠ (❍,Q♣) ✐s ❛ Z✲❧❛tt✐❝❡✳ ■♥
♣❛rt✐❝✉❧❛r ❆❍ (❑♣) :=❚❍ (❑♣)/▲❍ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ r✐❣✐❞ ❛♥❛❧②t✐❝

❛❜❡❧✐❛♥ ✈❛r✐❡t② ❆❍/Q♣ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② T✳
❋♦r ❛♥ ❛r❜✐tr❛r② ❦ ✇❡ ❤❛✈❡ ❉❦ =❉

+
❦ ⊕❉−

❦ ✇❤❡r❡ ❉±
❦ ❤❛s ❛ ♥❛t✉r❛❧

str✉❝t✉r❡ ♦❢ TQ♣
✲♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ str✉❝t✉r❡ ♦✈❡r Q♣ ✇✐t❤

❋♦♥t❛✐♥❡✲▼❛③✉r L ✲✐♥✈❛r✐❛♥t L ± s✉❝❤ t❤❛t L = L +⊕L − ❛♥❞

❉✷ ✐s t❤❡ TQ♣
✲♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ❛tt❛❝❤❡❞ t♦ t❤❡ ●Q♣

r❡♣r❡s❡♥t❛t✐♦♥ ❱♣ (❆❍)✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❋♦r ❛r❜✐tr❛r② ❦ ✱ t❤❡ str✉❝t✉r❡ ♦❢ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦♥ ❉±
❦ ✐s ❣✐✈❡♥

✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❋ ⊂❉❦ ✐s t❤❡ ♦♥❧② ♥♦♥✲tr✐✈✐❛❧ st❡♣ ✐♥ t❤❡
✜❧tr❛t✐♦♥✳ ❍❡♥❝❡ ✇❡ ♠❛② ❝♦♥s✐❞❡r

Φ
log

❝ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

) Φ
log
❝→ ❉❦ →

❉❦

❋
✳

◆♦t❡ ❛❧s♦ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ✐s♦♠♦r♣❤✐s♠ ❉❦

❋

∼
→❍∨

❦ (❑♣)
♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❛t✐✈❡✿

❉❦ (❑♣) = ❍∨
❦ (❑♣)⊕❍

∨
❦ (❑♣) → ❉❦

❋

(① ,②) 7→ −(①+L ②) ↓ ↓
❍∨
❦ (❑♣) = ❍∨

❦ (❑♣) ✳

✭✺✮

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✿

❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

) Φ
log
❝→ ❉❦ → ❉❦

❋

‖ ↓ ‖↓

❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

) Φ
log✵
❝ −LΦord

❝→ ❍∨
❦ (❑♣) = ❍∨

❦ (❑♣)

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❲❤❡♥ ❦ = ✷✱ ✇r✐t✐♥❣
✐ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)

)
→ ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗❑♣

)
✇❡ ❞❡❞✉❝❡✱

t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✻✱ t❤❛t Φ❝ ◦ ✐ ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤

(
Φ

log✵
❝ −L ◦Φord

❝

)
◦ ✐ = (log✵ (Φ❍)◦ ✐)− (L ◦ord(Φ❍)◦ ✐)

= log❆❍ ◦Φ❍ ◦ ✐ ✱ ✭✻✮

✇❤❡r❡

log❆❍ := log✵−L ◦ord(Φ❍) : ❆❍ (❑♣)→ ❍♦♠❑♣

(
❍❑♣ ,❑♣

)

✐s t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❆❍ (❑♣)✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ s✐♥❣❧❡ ♦✉t ♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦♣✐❡s ❉±
❦ ✱ ✇❤✐❝❤ ✐s

♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ ❲∞✳ ❚❤✐s ✐s t❤❡ ♠❛♥✐❢❡st❛t✐♦♥✱
✐♥ t❤❡ ✇❡✐❣❤t ✷ s❡tt✐♥❣✱ ♦❢ ❛ ❞❡❣r❡❡ ✷ ✐s♦❣❡♥② ❆❍ → ❆

+
❍ ×❆−

❍ ✳

❚❤❡♦r❡♠ ✾

❚❤❡ ❛❜♦✈❡ ❞❡✜♥❡❞ L ✲✐♥✈❛r✐❛♥t L ± ✐s ❡q✉❛❧ t♦ t❤❡ ❋♦♥t❛✐♥✲▼❛③✉r

L ✲✐♥✈❛r✐❛♥t ❛tt❛❝❤❡❞ t♦ t❤❡ Q♣✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥

❱❦ := ❱❦ (Γ✵ (♣◆
+))

♣−♥❡✇
✳ ■♥ ♣❛rt✐❝✉❧❛r✱ L + = L −✳

❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✾ ♦♥❡ ♠❛② ✜♥❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢
♠♦♥♦❞r♦♠② ♠♦❞✉❧❡s ❉±

❦ ≃ ❉❦ (Γ✵ (♣◆
+))

♣−♥❡✇
=: ❉❦ ✱ ✇❤❡r❡

❉❦ (Γ✵ (♣◆
+))

♣−♥❡✇
✐s t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ❛tt❛❝❤❡❞ t♦

❱❦ (Γ✵ (♣◆
+))

♣−♥❡✇
✳ ■t ❢♦❧❧♦✇s t❤❛t ✇❡ ❤❛✈❡

Φ
log

❝ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

) Φ
log
❝→ ❉❦ →

❉❦

❋
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❙✐♥❝❡ ❍✶ (Γ,P♥ (❑♣)) = ✵✱ ✇❡ ❤❛✈❡ ❢r♦♠ (✷)

❍✶

(
Div✵ (H♣)(❦♣)⊗P♥ (❑♣)

)

∂ (❍✷ (Γ,P♥ (❑♣)))

∼
→ ❍✶ (Γ,Div(H♣)(❦♣))

❛♥❞✱ ♥♦t✐❝✐♥❣ t❤❛t Φ❝ (∂ (❍✷ (Γ,P♥ (❑♣)))) = ❋ ❜② ❝♦♥str✉❝t✐♦♥✱ ✇❡
♠❛② ❝♦♥s✐❞❡r

❆❏ log
❝ : ❍✶ (Γ,Div(H♣)(❦♣))→

❉❦

❋

✐♥❞✉❝❡❞ ❜② Φ❝ ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

■♥ t❤❡ ✇❡✐❣❤t ✷ ❝❛s❡ ❚❤❡♦r❡♠ ✾ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛♥ ✐s♦❣❡♥②
❆
±
❍ → ❆=: ❆(Γ✵ (♣◆

+))
♣−♥❡✇

✭✐♥❞✉❝✐♥❣ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡s✮✳ ❍❡r❡ ❍✶ (Γ,Z) ✐s ❛ ✜♥✐t❡
❣r♦✉♣ ❜❡❝❛✉s❡ ✐t ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ ❍✶ (Γ,❑♣) = ✵✱ s❛② ♦❢
♦r❞❡r ❤✳ ■t ❢♦❧❧♦✇s t❤❛t ✇❡ ❤❛✈❡

❤ :❍✶ (Γ,Div(H♣)(❦♣))
❤̃
→

❍✶

(
Div✵ (H♣)(❦♣)

)

∂ (❍✷ (Γ,Z))
⊂❍✶ (Γ,Div(H♣)(❦♣))

❛♥❞ ✇❡ ♠❛② ❞❡✜♥❡

❆❏❝,❤ :❍✶ (Γ,Div(H♣)(❦♣))
❤
→

❍✶

(
Div✵ (H♣)(❦♣)

)

∂ (❍✷ (Γ,Z))
→❆

±
❍ (❑♣)→❆(❑♣)

❜❡❝❛✉s❡ Φ❍ (∂ (❍✷ (Γ,Z))) = ▲❍ ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

▲❡t ❑/Q ❜❡ ❛ q✉❛❞r❛t✐❝ ✜❡❧❞ s✉❝❤ t❤❛t ✇❡ ♠❛② ✇r✐t❡ ♣◆ = ♣◆+◆−

✇❤❡r❡ (♣◆,❉❑ ) = ✶✱ t❤❡ ♣r✐♠❡s ❞✐✈✐❞✐♥❣ ◆+ ❛r❡ s♣❧✐t ✐♥ ❑ ✱ t❤♦s❡
❞✐✈✐❞✐♥❣ ♣◆− ❛r❡ ✐♥❡rt ✐♥ ❑ ❛♥❞ ♣◆− ✐s sq✉❛r❡❢r❡❡ ❛♥❞ ❞✐✈✐s✐❜❧❡ ❜②
❛♥ ♦❞❞ ♥✉♠❡r ♦❢ ♣r✐♠❡s✳ ❚❤❡♥ ▲(❢ /❑ ,s) ✈❛♥✐s❤ ❛t t❤❡ ❝❡♥tr❛❧
❝r✐t✐❝❧ ♣♦✐♥t ❢♦r ❛ ♥❡✇ ✇❡✐❣❤t ❦ ♠♦❞✉❧❛r ❢♦r♠ ♦❢ ❧❡✈❡❧ Γ✵ (♣◆)✱
✇❤♦s❡ ♣✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♠❛② ❜❡ r❡❛❧✐③❡❞ ✐♥ t❤❡ ❙❤✐♠✉r❛ ❝✉r✈❡
♦❢ ❞✐s❝t✐♠✐♥❛♥t ❉ = ◆− t❛❦✐♥❣ ❛ Γ✵ (♣◆

+)✲❧❡✈❡❧ str✉❝t✉r❡✳

■t ✐s ♣♦ss✐❜❧❡ ❞❡✜♥❡ ❛ ♣❡r✐♦❞ ♠❛♣s

Γ\E
(
O❑ ,❘✵

(
♣◆+

))
→ ❍✶ (Γ,Div(H♣)(❦♣)) ✱

Γ\E
(
O❑ ,❘✵

(
♣◆+

))
→ ❍✶

(
Div✵ (H♣)(❦♣)⊗P❦ (❑♣)

)

❝♦♠♣❛t✐❜❧❡ ✇✐t❤
✐ : ❍✶

(
Γ,Div✵ (H♣)(❦♣)

)
→ ❍✶

(
Γ,Div✵ (H♣)(❦♣)⊗❑♣

)
✐♥ t❤❡

✇❡✐❣❤t ✷ ❝❛s❡✳ ❍❡r❡ ✇❡ r❡♠❛r❦ t❤❛t E (O❑ ,❘✵ (♣◆
+)) 6= φ t❤❛♥❦s

t♦ ♦✉r ❛ss✉♠♣t✐♦♥s✳
❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❲❡ ❞❡✜♥❡✱ s❡tt✐♥❣ E := E (O❑ ,❘✵ (♣◆
+))✱

P❑ := ∑Ψ∈E
❆❏❝,❤ (Ψ) ∈ ❆(❑♣)

❛♥❞

log(②❑ ) := ∑Ψ∈E
❆❏ log

❝ (Ψ) ∈
❉❦

❋
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❘❡❝❛❧❧ t❤❛t✱ ✇r✐t✐♥❣ ❳ ❢♦r t❤❡ ❢r❡❡ ❣r♦✉♣ ♦❢ ❞❡❣r❡❡ ③❡r♦ ❞✐✈✐s♦rs
s✉♣♣♦rt❡❞ ❛t t❤❡ s✉♣❡rs✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❳♣◆+,◆− ✱

✇❡ ❤❛✈❡ ❆(❑♣) =
❍♦♠(❳ ,❑×

♣ )
❳ ✳ ❲❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✿

Q⊗❆±
❍ (❑ ) → Q⊗❆(❑ ) →֒ ❙❡❧♣ (❑ ,❱✷)
∩ ∩ ↓

Q⊗❆±
❍ (❑♣) → Q⊗❆(❑♣) → ❍✶

❢ (❑♣,❱✷)
‖↓ log

❆
±
❍

‖↓ log❆ ‖↓ log

❍
∨,±
❦ (❑♣) = ❍♦♠❑♣ (❍

±,❑♣)
∼
→ ❍♦♠❑♣ (❳ ,❑♣) = ❉✷

❋ ✱

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

✇❤❡r❡ log:= exp−✶ ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❇❧♦❝❤✲❑❛t♦ ❡①♣♦♥❡♥t✐❛❧
♠❛♣✱ ✇❤✐❝❤ ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t♦ ❜❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ t❤✐s ❝❛s❡✱ ❛♥❞
✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❑✉♠♠❡r ♠♦r♣❤✐s♠s✳ ❍❡r❡ t❤❡ ✐❞❡♥t✐❢❝❛t✐♦♥
❍♦♠❑♣

(❳ ,❑♣) =
❉✷
❋ ❝❛♥ ❜❡ ❝❤♦♦s❡♥ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

❍
∨,±
❦ (❑♣) =

❉
±
❦

❋ ❛♣♣❡❛r✐♥❣ ✐♥ (✺)✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✺✳ ❚❤❡♥ (✻)
✐♠♣❧✐❡s t❤❛t

log❆ (P❑ ) = ∑Ψ∈E
log❆

(
❆❏❝,❤ (Ψ)

)

= ∑Ψ∈E

(
Φ

log✵
❝ −LΦord

❝

)(
❆❏❝,❤ (Ψ)

)

= ❤∑Ψ∈E

(
Φ

log✵
❝ −LΦord

❝

)
(❆❏❝ (Ψ))≃ ❤∑Ψ∈E

Φ❝ (Ψ)

= ❤log(②❑ ) ✳

❍❡♥❝❡ ✇❡ ❞❡✜♥❡✱ ❢♦r ❛♥ ❛r❜✐tr❛r② ❦ ✱

②❑ := exp(log(②❑ )) ∈ ❍✶
❢ (❑♣,❱❦) ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❈❖◆❏❊❈❚❯❘❊✳ ❲❡ ❤❛✈❡ t❤❛t ②❑ ✭r❡s♣✳ P❑ ✇❤❡♥ ❦ = ✷✮ ❝♦♠❡s
❢r♦♠ ❛ ❣❧♦❜❛❧ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss ✐♥ ❙❡❧♣ (❑ ,❱❦) ✭r❡s♣✳ ❛ ❣❧♦❜❛❧ ♣♦✐♥t
✐♥ ❆(❑ )✮✳ ❚❤❡ ❣❧♦❜❛❧ ❝❧❛ss❡s ❢r♦♠ ✇❤✐❝❤ t❤❡ ♣♦✐♥ts✴❝②❝❧❡s ❝♦♠❡
✧s❤♦✉❧❞ ❡①♣❧❛✐♥ ❧♦✇ r❛♥❦ ✐♥st❛♥❝❡s ♦❢ t❤❡ ❇✐r❝❤ ❛♥❞
❙✇✐♥♥❡rt♦♥✲❉②❡r ❝♦♥❥❡❝t✉r❡✧✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥
❚❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥

♣✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
❉❛r♠♦♥ ♣♦✐♥ts✴❝②❝❧❡s

❆s ❛♥ ❡✈✐❞❡♥❝❡ t♦✇❛r❞s t❤✐s ❝♦♥❥❡❝t✉r❡ ✇❡ ♠❛② st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✳ ▲❡t ❲◆ ❜❡ t❤❡ ❆t❦✐♥✲▲❡❤♥❡r ✐♥✈♦❧✉t✐♦♥ ❛❝t✐♥❣ ♦♥ t❤❡ s♣❛❝❡
♦❢ ♠♦❞✉❧❛r ❢♦r♠s ❛♥❞ ❞❡✜♥❡ ❆✇◆ ✱ ❱ ✇◆

❦ ❛♥❞ ❉✇◆
❦ ❛s t❤❡ q✉♦t✐❡♥ts

✇❤❡r❡ ❲◆ = ✇◆ ✳

❚❤❡♦r❡♠ ✶✵

❖♥ t❤❡ q✉♦t✐❡♥t ❉✇◆
❦ s✉❝❤ t❤❛t ✇◆ = (−✶)❦/✷ ✇❡ ❤❛✈❡ t❤❛t ②✇◆❑

✭r❡s♣✳ P✇◆❑ ✇❤❡♥ ❦ = ✷✮ ❝♦♠❡s ❢r♦♠ ❛ ❣❧♦❜❛❧ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss ✐♥

❙❡❧♣ (❑ ,❱✷) ✭r❡s♣✳ ❛ ❣❧♦❜❛❧ ♣♦✐♥t ✐♥ Q⊗❆(❑ )✮✳

❘❡♠❛r❦ ✶✶

❲❡ r❡♠❛r❦ t❤❛t t❤❡ ✇❡✐❣❤t ❦ = ✷ ❝❛s❡ ❢♦❧❧♦✇s ❢♦r♠ t❤❡ st❛t❡♠❡♥t

❛❜♦✉t ②✇◆❑ ✱ ✐♥ ❧✐❣❤t ♦❢ log❆ (P❑ ) = ❤log(②❑ ) ❛♥❞ t❤❡ ♣r♦♦❢ r❡❧❛t✐✈❡

t♦ ②✇◆❑ ✱ s❤♦✇✐♥❣ t❤❛t t❤✐s ❝❧❛ss ❝♦♠❡s ❢r♦♠ ❛ ❣❧♦❜❛❧ ❝②❝❧❡ ❛♥❞

t❤❡r❡❢♦r❡ ❛♥ ❡❧❡♠❡♥t ♦❢ Q⊗❆(❑ )✳ ❲❡ ✇✐❧❧ r❡t✉r♥ ♦♥ t❤✐s ❢❛❝t ✐♥

t❤❡ s✉❜s❡q✉❡♥t ♣r♦♣♦s❛❧s✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

✳✳✳❛♥❞ r❡❧❛t❡❞ Pr♦♣♦s❛❧s

▼✳ ❆✳ ❙❡✈❡s♦

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ✏❋❡❞❡r✐❣♦ ❊♥r✐q✉❡s✑

❯♥✐✈❡rs✐t② ♦❢ ▼✐❧❛♥

✷✵✶✸ ❊✛❡❝t✐✈❡ ▼❡t❤♦❞s ❢♦r ❉❛r♠♦♥ P♦✐♥ts

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❋✐rst Pr♦♣♦s❛❧

▲❡t ❚ ❜❡ ❛ Z♣✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♥ ♦❢ ●❑ s✉❝❤ t❤❛t ❱ :=Q♣⊗Z♣ ❚

✐s s❡♠✐st❛❜❧❡ ❛♥❞ ❞❡✜♥❡ ❆ :=
Q♣

Z♣
⊗Z♣ ❚ ✱ s♦ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t

s❡q✉❡♥❝❡

✵→ ❚
ι
→ ❱

π
→ ❆→ ✵✳

❋♦r ❡✈❡r② ♣❧❛❝❡ ✈ ♦❢ ❑ ✇❡ ❞❡✜♥❡ ❍✶
st (❑✈ ,❱ ) ❜② ♠❡❛♥s ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❡①❛❝t s❡q✉❡♥❝❡

✵→ ❍✶
st (❑✈ ,❱ )→ ❍✶ (❑✈ ,❱ )→

{
❍✶ (❑✉r

✈ ,❱ ) ✐❢ ♣ ∤ ✈ ✱
❍✶

(
❑✈ ,❇st ⊗Q♣

❱
)

✐❢ ♣ | ✈ ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❡ ❛❧s♦ ❞❡✜♥❡

❙❡❧ (❑ ,❱ ) := ❦❡r

(
❍✶ (❑ ,❱ )

res✈→ ∏✈

❍✶ (❑✈ ,❱ )

❍✶
st (❑✈ ,❱ )

)
✳

❈♦♥s✐❞❡r t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

❍✶ (❑✈ ,❚ )
ι
→ ❍✶ (❑✈ ,❱ )

π
→ ❍✶ (❑✈ ,❆)

❛♥❞ ❞❡✜♥❡

❍✶
st (❑✈ ,❚ ) : = ι

−✶
(
❍✶ (❑✈ ,❱ )

)
⊂ ❍✶ (❑✈ ,❚ ) ✱

❍✶
st (❑✈ ,❆) : = π

(
❍✶ (❑✈ ,❱ )

)
⊂ ❍✶ (❑✈ ,❆) ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

◆❡①t ✇❡ ❞❡✜♥❡

❙❡❧ (❑ ,❚ ) : = ❦❡r

(
❍✶ (❑ ,❚ )

res✈→ ∏✈

❍✶ (❑✈ ,❚ )

❍✶
st (❑✈ ,❚ )

)
✱

❙❡❧ (❑ ,❆) : = ❦❡r

(
❍✶ (❑ ,❆)

res✈→ ∏✈

❍✶ (❑✈ ,❆)

❍✶
st (❑✈ ,❆)

)
✳

❚❤❡♥ ✇❡ ✜♥❞ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡✿

❙❡❧ (❑ ,❚ )→ ❙❡❧ (❑ ,❱ )→ ❙❡❧ (❑ ,❆) ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♠❛② ❛♣♣❧②✐♥❣ t❤✐s ❝♦♥str✉❝t✐♦♥ t♦ ❚ = ❚❦ ✳ ■♥ t❤❡

✇❡✐❣❤t ✷ s❡tt✐♥❣ ✇❡ ✜♥❞ P❑ ∈ ❆(❑♣) ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡❧❡♠❡♥t ♦❢

Z♣⊗Z❆(❑♣) ❛♥❞ t❤❡♥ ❛ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss ❝❑ ∈ ❍
✶
st (❑✈ ,❚ )✳

■s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❝❑ ∈ ❍
✶
st (❑✈ ,❚❦) s✉❝❤

t❤❛t ι (❝❑ ) = ②❑ ∈ ❍
✶
st (❑✈ ,❱❦)❄

❆♥ ✐♥t❡❣r❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥ t❤❡♦r② s❤♦✉❧❞ ❜❡

♥❡❡❞❡❞✳

❆❧s♦✱ ❛♥ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤♦s❡ r❡♣r❡s❡♥t❛t✐♦♥ ❚ s✉❝❤ t❤❛t ❱

✐s ❛ ♠♦♥♦❞r♦♠② ♠♦❞✉❧❡ s❤♦✉❧❞ ❜❡ ♥❡❡❞❡❞ ❜② ♠❡❛♥s ♦❢ ❛♥

✧✐♥t❡❣r❛❧ ❋♦♥t❛✐♥❡ t❤❡♦r②✧✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❤❡♥ ❚♣ = ❚❦ ✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❝♦♠❡s ❢r♦♠ ❛ ❣❡♦♠❡tr✐❝ s❡tt✐♥❣✳

■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ ❛ ❢❛♠✐❧② ❚❧ ♦❢ Z❧ ✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✇❤✐❝❤

♠❛♥✐❢❡st ❛ ❝♦❤❡r❡♥❝❡✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ r❡❛❧✐③❛t✐♦♥s ♦❢ ❛

♠♦t✐✈❡ ✭❡✈❡♥t✉❛❧❧② ❡①❝❡♣t ❢♦r ❛ ✜♥✐t❡ s❡t ♦❢ ♣r✐♠❡s✮✳ ❚❤❡r❡ ✐s ❛ s❡t

♦❢ ♣r✐♠❡s ❙ s✉❝❤ t❤❛t ❚❧ ✐s ✉♥r❛♠✐✜❡❞ ❛t ❙ ∪{❧} ❛♥❞✱ ✇r✐t✐♥❣ ❋rq
❢♦r t❤❡ ❣r♦♠❡tr✐❝ ❋r♦❜❡♥✐✉s ❛t q /∈ ❙ ∪{❧}✱

▲q (❚ ,s) := det
(
✶−❋rqq

−s : ❱❧

)−✶

✐s s✉❝❤ t❤❛t det(✶−❋r✈❳ : ❱❧ ) ∈Q❧ [❳ ] ❤❛s r❛t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts ❛♥❞

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❧ /∈ ❙ ✳ ■♥ t❤❡ ✇❡✐❣❤t ✷ s❡tt✐♥❣

P❑ ∈ ❆(❑♣)→ ❍✶
st (❑♣,❚❧ )

❢♦r ❛♥t ❧ ✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ✐♥ t❤❡ ❤✐❣❤❡r ✇❡✐❣❤t s❡tt✐♥❣ r❡♣❧❛❝✐♥❣

P❑ ❜② t❤❡ ❍❡❡❣♥❡r ❝②❝❧❡✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❤❛t ❛❜♦✉t t❤❡ ♠✐sss✐♥❣ ❧ ✲❛❞✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ ❉❛r♠♦♥

❝②❝❧❡s❄ ❆s ✇❡ r❡♠❛r❦❡❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❛t✐♦♥❛❧✐t② st❛t❡♠❡♥ts

♣r♦❞✉❝❡s ❛ ❣❧♦❜❛❧ ❝②❝❧❡ ✐♥ ❈❍∗Q ♠❛♣♣✐♥❣ t♦ ②❑ ✳ ❍❡♥❝❡✱ ✉♣ t♦

t❤❡ ✜♥✐t❡ ♣r✐♠❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦♥❡ ❝♦✉❧❞ t❛❦❡

t❤❡ ❧ ✲❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❉❛r♠♦♥ ❝②❝❧❡ ❛s t❤♦s❡ ❞❡✜♥❡❞ ❜② t❤✐s

❝②❝❧❡❀ ❜✉t ❤❡r❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ r❡✜♥❡❞ t❤❡♦r② ❛❧❧♦✇✐♥❣ ❛♥

❛ ♣r✐♦r✐ ❞❡✜♥✐t✐♦♥ ✇❤✐❝❤ ❛♣♣❧✐❡s t♦ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ②Ψs✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✐❢ t❤✐s ❣✐✈❡s t❤❡ ❝♦rr❡❝t

❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ✇❡✐❣❤t ✷ s❡tt✐♥❣✦

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❙❡❝♦♥❞ Pr♦♣♦s❛❧

▲❡t ❇ ❜❡ t❤❡ q✉❛t❡r♥✐♦♥ ❛❧❣❡❜r❛ ♦❢ ❞✐s❝r✐♠✐♥❛♥t ❉✱ ❞❡✜♥✐t❡ ♦r

✐♥❞❡✜♥✐t❡✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❇×✲r❡♣r❡s❡♥t❛t✐♦♥s ❱ ❇
❦ ✇✐t❤ ❝♦❡✣❝✐❡♥ts

✐♥ Q s✉❝❤ t❤❛t ❋ ⊗Q❱
❇
❦ = ❱❦ (❋ ) ❢♦r ❡✈❡r② s♣❧✐tt✐♥❣ ✜❡❧❞✳ ❚❤❡②

❝❛♥ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ ✐♥✈❛r✐❛♥t Z✲❧❛tt✐❝❡s ▲❦ ✳ ❙✉♣♣♦s❡ ♣ ✐s ❛ ♣r✐♠❡

❛♥❞ ◆+ ✐s ❛ ✐♥t❡❣❡r ✇✐t❤ (♣◆+,❉) = (♣,◆+) = ✶✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❆ss✉♠❡ ♥♦✇ t❤❛t ❇ ✐s ❞❡✜♥✐t❡ ❛♥❞ ❧❡t Γ⊂ ❇×♣ = ●▲✷ (Q♣) ❜❡ ❛♥

❛r✐t❤♠❡t✐❝ ❣r♦✉♣ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ Γ✵ (◆
+)✲❧❡✈❡❧ str✉❝t✉r❡ ❛♥❞ ♥♦

✐♥t❡❣r❛❧ ❝♦♥❞✐t✐♦♥ ❛t ♣✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ t❛❦❡

❑✵ (◆
+)⊂ ❇×

(
A❢ ,♣

)
✱ s❡t Γ̃ := ✐♣ (❑✵ (◆

+)∩❇×)⊂ ❇×♣ ❛♥❞ t❤❡♥

t❛❦❡ t❤❡ ♥♦r♠ ♦♥❡ ❡❧❡♠❡♥ts Γ✳
❙✉♣♣♦s❡ t❤❛t ❑✵ (◆

+) ✐s s♠❛❧❧ ❡♥♦✉❣❤t✱ s♦ t❤❛t Γ ❛❝ts ♦♥ t❤❡

❇r✉❤❛t✲❚✐ts tr❡❡ ✇✐t❤♦✉t ✜①❡❞ ♣♦✐♥ts✳ ❆❢t❡r ✐♥✈❡rt✐♥❣ ♣ ✇❡ ✜① ❛

♥♦♥✲❞❡❣❡♥❡r❛t❡ Γ✲✐♥✈❛r✐❛♥t ♣❛✐r✐♥❣

(·, ·) : ▲❦ ⊗▲❦ → Z [✶/♣]

✇❤✐❝❤ ♥❛t✉r❛❧❧② ✐♥❞✉❝❡s ♥♦♥✲❞❡❣❡♥❡r❛t❡s ♣❛✐r✐♥❣s

(·, ·)
E
: ❈✵ (E ,▲❦)

Γ⊗❈✵ (E ,▲❦)
Γ→ Z [✶/♣] ✱

(·, ·)
V
: ❈ (V ,▲❦)

Γ⊗❈ (V ,▲❦)
Γ→ Z [✶/♣] ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❡ ♥♦t❡ t❤❛t ✇❡ ❤❛✈❡✿

❈✵ (E ,▲❦)
Γ↔ ✇❡✐❣❤t ❦ ❛♥❞ Γ✵

(
♣◆+

)
✲❧❡✈❡❧ ♠♦❞✉❧❛r ❢♦r♠s ♦♥ ❇ ✱

❈ (V ,▲❦)
Γ↔ t✇♦ ❝♦♣✐❡s ♦❢ ✇❡✐❣❤t ❦ ❛♥❞ Γ✵

(
◆+

)
✲❧❡✈❡❧ ♠♦❞✉❧❛r

❢♦r♠s ♦♥ ❇ ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❡ ❤❛✈❡ ❡①❛❝t s❡q✉❡♥❝❡s

✵ → ▲❦ → ❈ (V ,▲❦)
❞
→ ❈✵ (E ,▲❦)→ ✵✱

✵ → ❈❤❛r (E ,▲❦)→ ❈✵ (E ,▲❦)
δ
→ ❈ (V ,▲❦)→ ✵✱

✇❤❡r❡ ❞ (❝)(❡) := ❝ (t (❡))− ❝ (s (❡)) ❛♥❞ δ (❝)(✈) := ∑s(❡)=✈ ❝ (❡)✳
❚❤❡② ✐♥❞✉❝❡s

❈ (V ,▲❦)
Γ ❞
→ ❈✵ (E ,▲❦)

Γ ❛♥❞ ❈✵ (E ,▲❦)
Γ δ
→ ❈ (V ,▲❦)

Γ

✇❤✐❝❤ ❛r❡ ❛❞❥♦✐♥t✿

(① ,❞②)
E
= (δ① ,②)

V
✱ ① ∈ ❈✵ (E ,▲❦) ❛♥❞ ② ∈ ❈ (V ,▲❦) ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❉❡✜♥❡

∆E : = ❞δ : ❈ (E ,▲❦)→ ❈ (E ,▲❦) ✱

∆V : = δ❞ : ❈ (V ,▲❦)→ ❈ (V ,▲❦) ✳

❚❤❡② ✐♥❞✉❝❡

∆Γ
E : ❈ (E ,▲❦)

Γ→ ❈ (E ,▲❦)
Γ ✱

∆Γ
V : ❈ (V ,▲❦)

Γ→ ❈ (V ,▲❦)
Γ

s✉❝❤ t❤❛t

❈❤❛r (E ,▲❦)
Γ = ker

(
∆Γ

E

)
❛♥❞ ▲Γ❦ = ker

(
∆Γ

V

)
✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❋♦❧❧♦✇✐♥❣ ❏♦r❞❛♥ ❛♥❞ ▲✐✈♥é✱ ❞❡✜♥❡

ΦV (▲❦) :=
ker

(
∆Γ

V

)⊥

Im
(
∆Γ

V

) =

(
▲Γ❦

)⊥

(δ❞)(❈ (V ,▲❦))
✳

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡

✵→ ▲Γ❦ → ❈ (V ,▲❦)
Γ ❞
→ ❈✵ (E ,▲❦)

Γ ∂
→ ❍✶ (Γ,▲❦)→ ✵✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❡ ❞❡✜♥❡

ΦE (▲❦) : =
❍✶ (Γ,▲❦)

∂
(
ker

(
∆Γ

E

)) =
❍✶ (Γ,▲❦)

∂

(
❈❤❛r (E ,▲❦)

Γ
)

∼
←

❈✵ (E ,▲❦)
Γ

❈❤❛r (E ,▲❦)
Γ+❞

(
❈ (V ,▲❦)

Γ
) ✳

❙✉♣♣♦s❡ ❦ = ✷ ❛♥❞ ❧❡t Φ ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢

t❤❡ ◆ér♦♥ ♠♦❞❡❧ ♦❢ t❤❡ P✐❝❛r❞ ✈❛r✐❡t② ♦❢ t❤❡ ▼✉♠❢♦r❞ ❝✉r✈❡

❛tt❛❝❤❡❞ t♦ Γ✳ ❚❤❡♥

ΦV (▲❦)≃ Φ≃ ΦE (▲❦)

❜② ❘❛②♥❛✉❞ ❛♥❞ ●r♦t❤❡♥❞✐❡❝❦ r❡s♣❡❝t✐✈❡❧②✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

◆♦t❡ t❤❛t✱ ✐❢ ① ∈ ❈✵ (E ,▲❦)
Γ ❛♥❞ ② ∈ ker

(
∆Γ

V

)
✱ t❤❡♥

(δ① ,②)
V
= (① ,❞②)

E
= ✵✱ s♦ t❤❛t

δ : ❈✵ (E ,▲❦)
Γ→ ker

(
∆Γ

V

)⊥
⊂ ❈ (V ,▲❦)

Γ ✳

❇② ❞❡✜♥✐t✐♦♥ δ

(
❈❤❛r (E ,▲❦)

Γ
)
= ✵ ❛♥❞

δ

(
❞
(
❈ (V ,▲❦)

Γ
))

= Im
(
∆Γ

V

)
✳ ■t ❢♦❧❧♦✇s t❤❛t δ ✐♥❞✉❝❡s

δ : ΦE (▲❦)→ ΦV (▲❦) ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

■t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡r❡ ✐s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

✵→ ΦE (▲❦)
δ
→ ΦV (▲❦)→

(
▲Γ❦

)⊥

δ

(
❈✵ (E ,▲❦)

Γ
) → ✵.

■t ✐s ♣r♦✈❡❞ ❜② ❏♦r❞❛♥ ❛♥❞ ▲✐✈♥é t❤❛t t❤❡ ΦE (▲❦) ❞❡t❡❝ts

❝♦♥❣r✉❡♥❝❡s ❜❡t✇❡❡♥ ♣✲♥❡✇ ❛♥❞ ♣✲♦❧❞ ♠♦❞✉❧❛r ❢♦r♠s✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❧ ✲❛❞✐❝ s❤❡❛❢ L❦,❧ ❛tt❛❝❤❡❞ t♦

▲❦ ✭♦♥ t❤❡ ▼✉♠❢♦r❞ ❝✉r✈❡ ❛tt❛❝❤❡❞ t♦ Γ✮ ❛♥❞ t❤❡ t❤❡♦r② ♦❢

✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡

❧ ✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ t❤❛t ✇❡

❞❡♥♦t❡ ❜② Φ
(
L❦,❧

)
✱ ❡①t❡♥❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ✇❡✐❣t❤ ✷ ❝❛s❡✳

■s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛♥ ❡①♣❧✐❝✐t ✐❞❡♥t✐✜❝❛t✐♦♥

Φ
(
L❦,❧

)
≃ ΦV (▲❦)❧ ♦r Φ

(
L❦,❧

)
≃ ΦE (▲❦)❄ ✭▼✳ ❈❤✐❞❛✬s

s✉❣❣❡st✐♦♥✿ ❧♦♦❦ ❛t ❍✳ ❈❛r❛②♦❧✬s ♣❛♣❡r ✧❙✉r ❧❡s r❡♣rés❡♥t❛t✐♦♥s

❧ ✲❛❞✐q✉❡s ❛ss♦❝✐é❡s ❛✉① ❢♦r♠s ♠♦❞✉❧❛✐r❡s ❞❡ ❍✐❧❜❡rt✧✮✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ❇ ✐s ✐♥❞❡✜♥✐t❡ ✭♥♦♥✲s♣❧✐t t♦ ❛✈♦✐❞ s♦♠❡

✧❊✐s❡♥st❡✐♥ t②♣❡✧ ❝♦♥s✐❞❡r❛t✐♦♥✮✳ ❲❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡✱ ✇✐t❤ Γ ❛s ✐♥

t❤❡ ♣r❡✈✐♦✉s t❛❧❦ ✭❧❡t ◆ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ♥♦ ❡❧❧✐♣t✐❝ ♣♦✐♥ts

❛♣♣❡❛rs✮✱

❍✶ (Γ,❈✵ (E ,▲❦))≃ ❍
✶
(
Γ✵

(
♣◆+

)
,▲❦

)
✱

❍✶ (Γ,❈ (V ,▲❦))≃ ❍
✶
(
Γ✵

(
◆+

)
,▲❦

)✷
✳

❚❤❡♥ ✇❡ ♠❛② r❡♣❧❛❝❡ (·, ·)
E

❛♥❞ (·, ·)
V

❛❜♦✈❡ ❜② t❤❡ ❝✉♣ ♣r♦❞✉❝ts

✐♥❞✉❝❡❞ ❜② (·, ·)✿ ✉♥❢♦rt✉♥❛t❡❧② ❞ ❛♥❞ δ ❛r❡ ♥♦t ❛❞❥♦✐♥t ❡❛❝❤ ♦t❤❡r✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ΦE (▲❦) ❞♦❡s ♥♦t r❡q✉✐r❡ t❛❦✐♥❣ ♦rt❤♦❣♦♥❛❧

❝♦♠♣❧❡♠❡♥t ❛♥❞ ❤❛s ❛ ❢♦r♠❛❧ ❛♥❛❧♦❣✉❡✿

ΦE (▲❦) : =
❍

✷
(Γ,▲❦)

∂ (❍✶ (Γ,❈❤❛r (E ,▲❦)))

∼
←

❍✶ (Γ,❈✵ (E ,▲❦))

❍✶ (Γ,❈❤❛r (E ,▲❦))+❞ (❍✶ (Γ,❈ (V ,▲❦)))
✳

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✏s❤✐❢t❡❞✑ ❡①❛❝t s❡q✉❡♥❝❡✿

✵→❍✶ (Γ,▲❦)→❍✶ (Γ,❈ (V ,▲❦))
❞
→❍✶ (Γ,❈✵ (E ,▲❦))

∂
→❍

✷
(Γ,▲❦)→ ✵✱

✇❤❡r❡ ❍
✷
(Γ,▲❦) ❞❡♥♦t❡s t❤❡ ✐♠❛❣❡ ♦❢ ∂ ✳

❆✉t❤♦r✱ ❆♥♦t❤❡r ❙❤♦rt P❛♣❡r ❚✐t❧❡



❋✐rst ♣r♦♣♦s❛❧
❙❡❝♦♥❞ ♣r♦♣♦s❛❧

❲❡ r❡♠❛r❦ t❤❛t✱ s❡tt✐♥❣

ΦV (▲❦) :=
❍✶ (Γ,❈ (V ,▲❦))

(δ❞)(❍✶ (Γ,❈ (V ,▲❦)))

✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡✱ ✐♥❞✉❝❡❞ ❜② δ ✱

✵→ ΦE (▲❦)→ ΦV (▲❦)→
❍✶ (Γ,❈ (V ,▲❦))

δ (❍✶ (Γ,❈✵ (E ,▲❦)))
→ ✵✳

❚❤❡♥ ΦV (▲❦) ✐s ✇❡❧❧ ❦♥♦✇♥ t♦ ❞❡t❡❝t ♣r✐♠❡s ♦❢ ❝♦♥❣r✉❡♥❝❡✳

▲❡t L❦,❧ ❜❡ t❤❡ ❧ ✲❛❞✐❝ s❤❡❛❢ ❛tt❛❝❤❡❞ t♦ ▲❦ ♦♥ t❤❡ ✐♥❞❡✜♥✐t❡

❙❤✐♠✉r❛ ❝✉r✈❡ ❛tt❛❝❤❡❞ t♦ Γ✵ (♣◆
+)✳ ❈❛♥ ✇❡ ✐❞❡♥t✐❢②

Φ
(
L❦,❧

)
≃ ΦV (▲❦)❧ ♦r Φ

(
L❦,❧

)
≃ ΦE (▲❦) ♦r

Φ
(
L❦,❧

)
≃ Φ? (▲❦)❧❄
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