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Introduction
Motivation.

Ya(x, t) — CAy(x,t) = XEQ,t>0,
{ m(x)ds(x,t) + d(x)d:(x, ) + k(x)d(x,t) = —pyr(x,t) ,x € 0Q,t >0,
W (x,1) = oi(x, 1) X €00, t>0,

@ Existence and Uniqueness of solution in appropriate space.
@ Strong stability of the solution.
@ Non Uniform Stability.

The acoustic boundary condition was first introduced in

@ J.T. Beale ,S.l. Rosencrans

Acoustic boundary conditions.
Bull. Amer.Math., Vol 80 (1974), pp. 1276-1278.
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Introduction
Motivation.

yi(x, 1) — CAy(x,1) =0 ,XeQ t>0,
y(x,t)=0 X ET,t>0,
m(X)éﬂ(Xa t) + d(X)dt(X7 t) + k(X)(S(X, t) = _,Oyt(X, t) , X € rO’ t> 07
Y (x,t) = 5(x, 1) X €T, t>0,
Polynomial stability:
’
E(t) < ?(E(t) + Eq (1)),

optimality wasn'’t discussed.
Method:Introducing a Lyaponouv functional.

@ J.E. Munoz Rivera, Y. Qin.
Polynomial decay for the energy with an acoustic boundary
condition.
Appl. Math.Lett., Vol 16 No. 2 (2003), pp. 249-256.
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Introduction
Motivation

What is the kind of energy decay of the generalization of that system?

Y (X, 1) — Y (X, 1) =0, 0<x<1,t>0,
y(0,1) = 0, t>0, (1)
yx(1,1) + (n(t), C)en = 0, t>0,
with the following initial conditions:
{ y(x,0) = yo(x), y1(x,0) = y1(x), 0<x<T1, @)
1(0) = no,

@ C e C"and B € My(C) such that R(B-,-) < 0.
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Well Posedness
Cauchy problem

Consider the energy space
H =V xL30,1) x C",
endowed with the inner product

1 1
(0, 2,m), (1, 20sm1))ay = /O Yy X+ /O 2Z,0x + (1 11 ),

with
V ={yeH'0,1): y(0) = 0}.
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Well Posedness
Maximal dissipativity

@ Cauchy problem:
u=Au, u(0)= up, (3)

D(A) = {(yaz777) € H2(031) NVxVxC': yX(1) = _(77’ C)(C”}v

(o720
Alz]| = Yxx V| z] €D(A).
(n) Bn+ Cz(1) n

@ A is m-dissipative and

%E(t) = R(AU, U) = R(Bn,n) <0,

using Lummer-Phillips A generates a Cy-semigroup.
@ A has a Compact resolvent.
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Asymptotic stability

Characteristic equation

@ The characteristic equation satisfied by A € o(.A):

AM—B —Csinh A
CalV) = det( C*M  cosh A ) =0

@ Each A\ € 0(A) \ o(B) satisfies:
cosh A + ((Al— B)~'C, c)cn sinh A = 0, 4)
with the associated eigenvector

a(sinh(Ax), Asinh(\x), (Al — B)~"CAsinh \).
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Let B* be the adjoint matrix of B with respect to (-, -)cn, write

B=By+R

@ By = B5E skew-adjoint.
e R= B+B self-adjoint.
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Asymptotic stability

Let B* be the adjoint matrix of B with respect to (-, -)cn, write

B=By+R
@ By = B5E skew-adjoint.
e R= B+B self-adjoint.
Define

() (e ) )
e Alz]= Vxx , | z| € D(A) = D(A).
" Bon + Cz(1) n

@ P:C" — W: the projection map from C" onto W = (ker R)*.
Remark: d
—E(tH)=(R .
5 E(1) = (An,n)
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Asymptotic stability

Asymptotic+Non Exp.stability of .4

Suppose
(A1) o(A)No(By) C {ikm : k € Z},
(A2) The eigenvector v, of By associated with ikw € o(By) satisfies
Py # 0,
(As) P ((inl = Bo)"'C) # 0,Vip € a(A)\o(By).
then
@ o(A)NiR = (), hence A is asymptotically stable.
@ Pn, #0,forall iy € o(A).

Proposition
The system (3) is not uniformly stable in the energy space H.

Proof. (A — A)(y,z,1m)" = (0,0, Rn)", compact perturbation of a
conservative problem.
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Polynomial Energy decay
Decomposition of solution

@ Let u be a solution of the original system

{%u(l‘) = Au(t), t>0,
u0) = o,
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Polynomial Energy decay
Decomposition of solution

@ Let u be a solution of the original system

{%u(l‘) = Au(t), t>0,
u0) = o,

@ Let uy be the solution of the conservative problem,

Qu(t) = Auw(t), t>0,
{Zﬂ(é) . ()
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Polynomial Energy decay
Decomposition of solution

@ Let u be a solution of the original system

{%u(l‘) = Au(t), t>0,
u0) = o,

@ Let uy be the solution of the conservative problem,

{ %U‘] (t) = AU1 (t)7 t> 07 (5)
ui(0) = up.
@ Up = U — uy fulfills

{%Uz(o = Aw(t)+ (), t>0,
UQ(O) = 0,

where f = (0,0, Rn) with n the last component of u.
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Polynomial Energy decay

An a priori estimate+Interpolation inequality

Proposition
Forall T > 0, there exists ¢ > 0 depending on T such that

T

)
/ (— Ry (). m(D)dt < / (—Ri(t).n(t)et. (6)
0 0

R.T.P Y
E(t) < ———luolBeay-
(1 + t)m+1

Method: A Priori Estimate (6)+ Observability Inequality,

)
E0)— E(T) = | (~Ru(t).n(t)at > ¢l tolair-n)

Moreover, using
Interpolation inequality: Huouil“ < HUOHD(A_S)HUOHSD(A),
we deduce polynomial stability.
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Polynomial Energy decay
A priori estimate

Proof.

0

(Ue(t), Ua2(t))n = /ot (eA(tS) (RO( )) ,Uz(t)) ds
ns 2

0
— /t<( 0 ),eA(’S)UQ(t)) ds
o \ \An(s) 2

= [ (Auts)-pr(e Do) 0

lua()12, 5 (J3(~Rn(s),n(s))ds)* (J; lIpa(e™ A ua(1)) 2q05) " .
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Asymptotic behavior of the spectrum of A

Assume that there exists p € NU {0} such that P(BJC) # 0. Let

m = min{p € NU{0} : P(BJC) # 0}. (7)
= \/ﬁ(isin(px), —psin(ux), —(ipl — By) ™' Cpusin ).

The expansions of p (with i, € (km, (k 4+ 1)m), N(uk), and Py, :

k4 T ICIZ  |ICl? L (BC.O) (1
e 2 Km 2k27'( ik27'('2 k2 ;

N(uk) = k7% + o(k?),
1 ( P(BJOC) 1
_ K 0
P = (=1)" 55 (km—H?Tm—H to <km+1 >> :
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Polynomial Energy decay
An Observability Inequality

Now we suppose that

all X € o(A)No(By) C {inm: n € Z} are simple eigenvalues of By. (8)

Proposition

Assume (7) and (8) and let uy = (y4,z1,1m1)" be the solution of the
conservative problem (5) with initial datum uy € D(A). If A1, Az, and As
hold, then there exists T > 0 and ¢ > 0 depending on T such that

)
| 1P (0l > clplBin-n) ©)

v
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Polynomial Energy decay

An Observability Inequality

proof. Since (¢o.n)nc/ is a Hilbert basis of H, write ug = Zu(()”)¢07n.

nel
ui(t) = Z u(()n) ei”"tqbo,n Py (t) = Z u(()n)eiuntpngn)'
nel nel
For ny € N large enough, 3kp, s.tV|n| > ng, pin € [Knm, knyq 7] with

n 1 P(B;'C) 1
P771 - (_1)nim—1 (k,T+17Tm+1 to kr,;n—H

Set~o = min {5, min{yin1 — pun = || < Mo} }. AS pkit — puke > 70 > 0,
AT > 27y > 0 and ¢(T) such that

;
/ IPn1(t)]2dt = )| u{” Pni"|2.(Ingham’s inequality)
0

nel

T B |U
AR SN I R D=
n

[n|<ng [n|>mo
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Polynomial Energy decay
The polynomial stability

Theorem

Let u be a solution of the problem (3) with initial datum uy € D(A). Let
the assumptions A1, Ao, A3 be satisfied. Assume moreover (8) and the
existence of m as defined by equation (7), then we obtain the following
polynomial energy decay:

M
E(t) < ———luolBay;

(1 e t)m+1

for some M > 0.
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Polynomial Energy decay
Polynomial stability

Proof. Set £1(0) = J (||uol|3, + |Aupl|3,). We have

)
E(T)~ £0) = [ (Rn.n)t < ~Kuol-oen

(m+2) Em+2(0)

Using ||uo||D(A = HUOHHM > Erig) We get
D(A)
Em+2((k+ 1T)
E((k+1)T) < E(kT) — K ,
(( )T) < E(KT) £ (kT)

dividing by E1(0),

ekr1 < ek — CeZ’LQ,Vk >0,

with e, = ’é(’zg)) Hence

ek < L,Vk > 0.

T (A4 k)m
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Optimality of the energy decay rate
Spectrum of A

@ The number of eigenvalues of .4 counted with multiplicities is
equal to that of A in the square C, = [—nm, nr] x [—-nm, nx}], for n
large enough.

@ All the eigenvalues of A have finite algebraic multiplicities.
Moreover, the eigenvalues with large enough moduli are
algebraically simple.

Proposition

Let )\ be an eigenvalue of A with |\| large enough. Then X satisfies the
following expansion for some k large enough,

_ = ICI> lICI? | (BC,C)\ | (RC,C) 1
A_’(’“”r?L kr 2k ke )T kEee T O\ke )

(10)

.
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Optimality of the energy decay rate
Optimality of the energy decay rate

Proposition

Assume that
o(A)Nao(By) C {ikm: k€ Z} ando(A)Na(B) = ¢, (11)

then the system of generalized eigenvectors of A forms a Riesz basis
of H.

Define 1 1
w(Up) = sup{a € R: E(t) = §||u(t)\|2 S
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Optimality of the energy decay rate
Optimality of the energy decay rate

Proposition

IfR(Ak) ~ — 75, with § > 2(m + 1), then

.1
inf U) = ——.
uoeD(A)w( 0) m-+ 1

@ If m = 0 we obtain optimal polynomial energy decay given by
E(t) < ¢l Awolf3,-

e Ifm=1, (RC,C) =0, and (B?C, C) = 0 then the polynomial
energy decay rate is optimal.

Zainab Abbas (LAMAV) Polynomial energy decay 3 September 2013-Benasque 21/26



Example
Example

Consider
yir(X, 1) — yax(X, 1) =0, 0<x<1,t>0,
y(0,1t) = 0, t>0,
Yx(1, 1) +ne(t) =0, t>0,
nu(t) + bime(t) + bon(t) — y¢(1,t) = 0, t>0,

0 1 0
n=2 B= (—bo _b1>andC_ (1)
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Example
Example

X X4 _ _ bo O>
, = by XX , or M= )
(()- (). = owes e m orm= (¢
. (0 -1 /(0 1\ . (0 ©
5 _<bo —b1)’B°_(—bo 0>’R_<0 —b1>'

P((\ — By)~'C) # 0,V € o(A) \ o(By).
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Example
Example

@ If 42 = by # k?n? for all k € Z, then

C ¢ ker(ipl — Bo)*.

() §)-eo

thus o(A) N o (By) = ¢.
@ If by = k2n? for some k € N*, then o(By) = {+ikr}. Computing
the associated eigenvectors we get

1 0
ek = ( e ) 309 Plockn) = (4 ) #0

Indeed, computing
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Example
Example

@ As m = 0 (since PC # 0), the system satisfies the following
optimal polynomial decay

E(1) < 1wl

@ Suppose that for the same B we choose the system with

C= (;) then we obtain % as an optimal polynomial decay rate.
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