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Control of underwater vehicles in potential fluids

We consider a rigid body S ⊂ R3 with two planes of symmetry,
surrounded by a fluid, and which is controlled by controls fluid
flows, which represent turbines or thrusters.

Bow thruster Longitudinal propeller

Figure : Example of the a bow thruster and longitudinal propeller
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Control of underwater vehicles in potential fluids
Tiny Submersible Could Search for Life in Europa’s Ocean

Movie sequence of a miniature submarine exploring under the ice. Credit:

Jonas Jonsson, Angstrom Space Technology Centre of Uppsala University
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Control of underwater vehicles in potential fluids
Prototype miniature submersible
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Fig. 1. Schematics of the lateral line system in a fish.
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Fig. 2. Block diagram of vehicle control with pressure feedforward.

profile for efficient high-speed traveling [19]–[21]. It is worth
mentioning that the feedforward control design described in
this paper generally applies to all vehicles, yet it especially
suits the need for improving maneuver accuracy on this
particular type of underwater vehicles.
To investigate the advantages of the pressure feedfor-

ward configuration, trajectory tracking of the vehicle in the
horizontal plane is simulated in comparison to a system
without the feedforward element. In this paper, the vehicle’s
profile is simplified as an elliptic cylinder for construc-
tion of a two-dimensional hydrodynamic model to yield a
reference pressure distribution. It should be noted that the
reference distribution may not truthfully reflect the fluid
dynamics around the vehicle, but nonetheless serves as a
valid model for the purpose of demonstrating the design with
low computational cost. More importantly, the algorithm for
force estimation is constructed to be linear in the pressure
signals, which is a desirable feature considering the limited
computational capacity onboard the vehicle.

II. DYNAMIC MODEL

A. Kinematics

A coordinate system in the body-fixed reference frame is
defined as shown in Fig. 3b. For motion in the horizontal
plane, there are three degrees of freedom, namely, transla-
tional motions along x and y directions (surge and sway),
and rotational motion about z axis (yaw). At a time instant t,
the vehicle’s velocity is designated as vector ν(t) ∈ R3. The
earth-fixed reference frame is considered to be inertial, in
which the earth-fixed coordinate system is defined. Position
and orientation of the vehicle can be described in the earth-
fixed frame as vector η(t) ∈ R3. The velocity of the vehicle
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(b) Schematic drawing

Fig. 3. Vehicle prototype utilizing cephalopod inspired vortex ring thrusters.

in the earth-fixed reference frame can be obtained by the
following transformation:

η̇ = J(η)ν , (1)

where J(η) ∈ R3×3 represents the transformation matrix.

B. Kinetic Model
The dynamic equation for the vehicle can be written in

the body-fixed frame as [15]

τ = M ν̇ + C(ν)ν + fD + fN , (2)

where τ (t) ∈ R3 denotes the vector of control forces
and moments from the actuators; matrices M ∈ R3×3 and
C(ν) ∈ R3×3 denote the inertial terms and the Coriolis and
centripetal terms, respectively; fD(t) ∈ R3 represents the
vector of hydrodynamic damping forces and moments; and
fN (t) ∈ R3 represents unmodeled forces and moments.
According to the feedforward configuration, the propulsive

force τ (t) combines the feedforward element f̂D(t) with a
feedback signal τ B(t) ∈ R3 from any control design,

τ = τB + f̂D . (3)

Defining f̃D(t) ∈ R3 to be the mismatch between the
vector fD(t) and its estimation f̂D(t):

f̃D = fD − f̂D . (4)

Then, the equation of motion becomes

τB = M ν̇ + C(ν)ν + f̃D + fN , (5)

which presumably reduces the scale of uncertainties in the
system as compared with that in (2).

C. Hydrodynamic Model
In the horizontal plane, the outline of the vehicle is

roughly represented by an ellipse. A hydrodynamic model
is developed using potential flow theory to provide a refer-
ence pressure distribution over the elliptic profile; thus, the
performance of the proposed pressure sensing system can be
evaluated in simulation.
The major and minor semi-axes of the ellipse are

a = 0.395 m , b = 0.076 m . (6)

It is assumed that the flow is irrotational, incompressible, and
inviscid. The Kutta condition is applied at the rear end of the
ellipse to account for the sharp corner where the propeller is
located.

Prototype of a miniature submarine. Credit: Yiming Xu, Zheng Ren, and

Kamran Mohseni, University of Florida
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Control of underwater vehicles in potential fluids
Example of submarine
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Control of underwater vehicles in potential fluids
Example of controls
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System under investigation, Ω(t) = R3 \ S(t)

Euler





∂u

∂t
+ (u · ∇)u +∇p = 0, x ∈ Ω(t)

div u = 0, x ∈ Ω(t)
u · n̂ = (h′ + ω × (x − h)) · n̂ + w(t, x), x ∈ ∂Ω(t)

lim
|x |→+∞

u(t, x) = 0,

Newton





mh′′ =

∫

∂Ω(t)

pn̂ dσ,

d

dt
(QJ0Q

∗ω) =

∫

∂Ω(t)

(x − h)× pn̂ dσ,

Q ′ = S(ω)Q, S(ω)y = ω × y ∀y ∈ R3,

System supplemented with Initial Conditions, and with the value of
the vorticity at the incoming flow (in ∂Ω(t)) for the uniqueness
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System under investigation

Main difficulties

1 The systems describing the motions of the fluid and the solid
are nonlinear and strongly coupled.

2 The fluid domain R3 \ S(t) is an unknown function of time

We follow in this work the same approach as in:

L. ROSIER and O. GLASS.

On the control of the motion of a boat.

Mathematical Models and Methods in Applied Sciences,
23(04):617–670, 2013.
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System in a frame linked to the solid
After a change of variables we obtain in Ω := R3 \ S(0)

Fluid





∂v

∂t
+ ((v − l − r × y) · ∇)v + r × v +∇q = 0, y ∈ Ω,

div v = 0, y ∈ Ω,

v · n̂ = (l + r × y) · n̂ +
∑

1≤j≤n
wj(t)χj(y), y ∈ ∂Ω,

lim
|y |→+∞

v(t, y) = 0,

Body





ml̇ =

∫

∂Ω

qn̂ dσ −mr × l ,

J0ṙ =

∫

∂Ω

q(y × n̂) dσ − r × J0r ,

and initial conditions (l(0), r(0)) = (h1, r0), v(0, y) = u0(y).
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Relation with Kirchhoff laws

We consider J =

(
mId 0

0 J0

)
+

(
M D
D∗ J

)
and

(P,Π) ∈ R3 × R3 defined by J
(

l
r

)
=

(
P
Π

)

Then the dynamics of the system are governed by the following
Kirchhoff equations

dP

dt
+ CM ẇ = (P + CMw)× r −

∑

1≤p≤n
wp

{
LMp l + RM

p r + WM
p w

}
,

dΠ

dt
+ C J ẇ = (Π + C Jw)× r + P × l −

∑

1≤p≤n
wp

{
LJp l + RJ

p r + W J
p w
}
,

where w(t) := (w1(t), ...,wn(t)) ∈ Rn denotes the control input.
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The dynamics of the full system (position and attitude)

Then, the dynamics of (h, q, l , r ,w) ∈ R3 × R3 × R3 × R3 × Rn is
given by





(
h′

q′

)
= g(q, l , r)

(
l ′

r ′

)
= J −1(Cw ′ + F (l , r ,w))

F (l , r ,w) = −



S(r) 0

S(l) S(r)



(
J
(
l
r

)
−Cw

)
−

n∑
p=1

wp



LMp l + RM

p r + WM
p w

LJp l + RJ
p r + W J

p w
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Rigid bodies with symmetries
Uncontrollability

Solid of revolution

∂Ω =
{(

y1, f (y1) cos(β), f (y1) sin(β)
)

:

y1 ∈ [a, b], β ∈ [0, 2π)
} Equation for angular velocity

J0ṙ =

∫

∂Ω

q(y × n̂) dσ − r × J0r

J0 · ê1 = (J1, 0, 0)∗

(y × n̂)e1 = 0

J1ṙ1 ≡ 0
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Linearize the system

The linearization of the system around (h, q, l , r ,w) = (0, 1, 0, 0, 0)
reads 




h′ = l
2q′ = r(
l ′

r ′

)
= J −1Cw ′

Taking w ′ ∈ Rn as control, it is controllable if, and only if,
rank(C ) = 6.
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Ellipsoidal vehicle

We assume here that the vehicle fills the ellipsoid

S =

{
y ∈ R3;

(
y1

c1

)2

+

(
y2

c2

)2

+

(
y3

c3

)2

≤ 1

}

where c1 > c2 > c3 > 0. Our first aim is to compute explicitly the
functions φi and ϕi for i = 1, 2, 3 for

Ω =

{
y ∈ R3;

(
y1

c1

)2

+

(
y2

c2

)2

+

(
y3

c3

)2

> 1

}
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Controllability of the ellipsoid with six controls
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Controllability of the ellipsoid with six controls

C = diag(C1,C2,C3,C4,C5,C6) and hence rank(C ) = 6

y1

y2

y3
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Rigid bodies with symmetries

Let us introduce the operators Si (y) = y − 2yiei , i.e.

S1(y) = (−y1, y2, y3),
S2(y) = (y1,−y2, y3),
S3(y) = (y1, y2,−y3).

Definition

Let i ∈ {1, 2, 3}. We say that Ω is symmetric with respect to
the plane {yi = 0} if Si (Ω) = Ω.

Let f : Ω ⊂ R3 → R. If f (Si (y)) = εif f (y) for any y ∈ Ω and
some number εif ∈ {−1, 1}, then f is said to be even (resp.
odd) with respect to Si if εif = 1 (resp. εif = −1 ).



Rodrigo Lecaros - Benasque 2013

Symmetric domain

We assume that

1 Ω is invariant under the operators S2 and S3, i.e.

Sp(Ω) = Ω, ∀p ∈ {2, 3},

2 εpχ1 = 1, i.e.

χ1(Sp(y)) = χ1(y) ∀y ∈ ∂Ω,∀p ∈ {2, 3}

In other words, the set S and the control χ1 are symmetric with
respect to the two planes {y2 = 0} and {y3 = 0}.
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Symmetric domain, Sp(Ω) = Ω and εpχ1
= 1 ∀p ∈ {2, 3}
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Symmetric domain, Sp(Ω) = Ω and εpχ1
= 1 ∀p ∈ {2, 3}
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Loop-shaped trajectory

We consider a special trajectory of the toy problem, constructed as
in the flatness approach due to M. Fliess, J. Levine, P. Martin, P.
Rouchon

We first define the trajectory

h1(t) = λ(1− cos(2πt/T ))

l1(t) = λ(2π/T ) sin(2πt/T )

We next solve the Cauchy problem

{
ẇ1 = α−1(l̇1 − βl1w1 − γw2

1)
w1(0) = 0

to design the control input.

Then w1 exists on [0,T ] for 0 < λ << 1. (h1, l1) = 0 at
t = 0,T . Nothing can be said about w1(T ).
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Return Method

We linearize along the above (non trivial) reference trajectory to
use the nonlinear terms. We obtain a system of the form

(
x ′

y ′

)
=

[
D(t) Id

0 A(t)

](
x
y

)
+

[
0

B(t)

]
w +

[
0

J −1C

]
w ′

where x = (h, ~q)∗ and y = (l , r)∗

D(t) = f (t)D + o(λ)
A(t) = f (t)A + o(λ)
B(t) = f (t)B + o(λ)

where

f (t) =
1

α
l1(t)
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Control result for potential flows

Theorem

Assume that Sp(Ω) = Ω and εpχ1 = 1 ∀p ∈ {2, 3} hold

α = −(CM)11

m+M11
6= 0

rank (C ,B + AJ −1C ) = 6

rank (C , 1
2JDJ −1C + B + AJ −1C ) = 6

Then for any T > 0 the system with state
(h, q, l , r) ∈ R3 × S3 × R6 and control w ∈ Rn, is locally
controllable around the origin in time T .

In the case when J0,m >> 1, the rank conditions are satisfied

rank (C ,B∞) = 6
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Controllability of the ellipsoid with four controls

Control χ1
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Figure : Ellipsoid with four controls.
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Controllability of the ellipsoid with four controls

We consider the same controllers χ1, χ4, χ5 and χ6 Then the
matrices B∞ = lim

m,J0→+∞
B and C are given by

C = −


C1 0 0 0
0 0 0 0
0 0 0 0
0 C4 0 0
0 0 C5 0
0 0 0 C6

 , B∞ = −


0 0 0 0
0 0 0 B6
0 0 B5 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

with

B5 =

∫

∂Ω

(∇ψ1 · ∇ψ5) n̂3, B6 =

∫

∂Ω

(∇ψ1 · ∇ψ6) n̂2,

where ∆ψj = 0 in Ω and ∂nψj = χj on ∂Ω.
Thus, if B5 6= 0 and B6 6= 0, we see that the rank conditions are
fulfilled, so that the local controllability of the system is ensured
for m and J0 large enough.
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Path Forward

Global controllability result.

Numerics.

Flow displays some vorticity.

Stabilization.

Disturbance rejection.
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Thank you!
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