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Given up € L2(9), it is well known that there exists f € L2(w x (0, T)) such that
the associated solution v to the heat equation

vi —Au="f1, in Qx(0,T),

v=0, on Q2 x(0,T), (1)
v(0)=v in Q
satisfies:
v(T)=0. 2)

Moreover, one also has the following estimate:

I1flolliz@) < Chllvoll iz (3)

for a constant Cy, the cost of controllability for the heat equation, of the form
oC(Qw)(141/T)
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The heat equation has a cost of controllability of order e/

T
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The main reason for the form of the of the constant Cj, is due to the fact that the
fundamental solution of the heat equation in RV is given by

O(x, 1) = We—i'f. (4)
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Consider now the Stokes system:

e — Ay +Vp=gl, inQx(0,T),

divy=0 inQx(0,T), 5)
y =0, ondQ x (0, T),

y(0)=yo in Q,

We also have that, given yo € L?(Q) with div yo = 0, there exists
g € L>(w x (0, T)) such that the associated solution yg to (5) satisfies:

y(T)=0.
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Nevertheless, for the Stokes system one has

|lg1wlliz(@) < Csllyolliz(. (6)

for a constant Cs, the cost of controllability for the Stokes equation, of the form
eC(Quw)(1+1/T)
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The Stokes system has a cost of controllability of order e¢

/T
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For N = 2, the fundamental solution of the Stokes system can be written as

M(z;x,t) = —AV(z; x, t)] + HessV(z; x, t),

where, for each z € R?, t > 0, V satisfies
—AV(z;x,t) = d(z — x, t).

For N = 3 we have a similar (much more complicated!) formula.
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OPEN PROBLEM

same order?

Are the cost of the controllability for the heat and the Stokes equation of the
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